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_ Propagation of a Ground Wave Pulse Around a Finitely Conducting 
____ Spherical Earth from a Damped Sinusoidal Source Current* Bus 
@ J. R. JOHLER} anp L. C. WALTERSt ad 
4 - . aise 
_ Summary—The form of the transient electromagnetic ground niques in radio navigation systems and the interest i = 


; wave which has been propagated over a finitely conducting spherical 
earth from a source current dipole can be calculated by a direct quad- 
4 rature evaluation of the Fourier integral. The method is illustrated 
- in this paper by a calculation of the transient field radiated by the 
particular case of the damped sinusoidal source current dipole. At 
short distances from the source, the earth was assumed to be a plane 

_ and the displacement currents in the earth were neglected. The pulse 
_ was then calculated by a direct evaluation of the Fourier integral and 
_ the integration was verified by special operational methods (inverse 
_ Laplace transformation). The form of this pulse was then predicted 
at great distance from the source by a direct evaluation of the 
_ Fourier integral in which the displacement currents in the earth and 
the earth’s curvature were introduced into the Fourier transform. 
_ The form of the transient signal was found to be dispersed by the 
- propagation medium. The most noteworthy attribute of this disper- 
sion is a stretching of the period of the wave so that the form of 
the source is somewhat obscured by the filtering action of the me- 
dium. 
INTRODUCTION 


9 [ RECENT YEARS, the interest in the change 


ees s per 


— Lt 


with distance in the form or shape of various propa- 
_-* gated radio-frequency transients, especially at low 
requencies, can be attributed to the use of pulse tech- 
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* 


« -* Manuscript received by the PGAP, April 21, 1958; revised man- 
-_ uscript received, October 23, 1958. 
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aper was in large measure completed in 1953 by NBS Radio Naviga- 
ion Project 1404-30-6815 sponsored by Rome Air Development 
enter, Rome, N. Y. The theory was further enhanced and reduced 
ere form in 1957 and 1958 on NBS Project 8830-1 1-8835 
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sferics which radiate from thunderstorms. The predic 
tion of these propagated transients at various distances, — +g 
employing idealized source models, constitutes the mal 
theoretical problem. ce, om 
This paper introduces a vertically polarized point ror 
source current or Hertz! dipole, the amplitude of ; hich — ee 
varies in time as a damped sinusoid. The step functi As 
and the impulse function are limiting cases of this 5 
general type of source. More complicated sources can be “a 
simulated by superposition of this basic type. 


‘THEORY 


The propagated pulse, at a distance, d, and a time, t, 
which is described in this paper as a space-time function, 
E(t, d), is built upon a source, F,(¢), for which the trans- 
form, f.(w), may be written: ies 


Ste 


Paya if Vere eiogn 


—3oO 


where w =2rf, f=frequency, cycles. 

The transfer function which characterizes the propa- 
gation medium, E(@, d), and the source integral (1) to- 
gether describe a Fourier transform, f(a, ane . 


f(a, d) = fo) E(, 4). (2). 
1H. Hertz, “Die Krafte Elektrischer Schwingungen Behiandelt 


Nach der Maxwell’schen Theorie,” Ann. Phys. Chem. (Leipzig), vol. 
36, pp. 1-22; 1889. 
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The function, E(w, d), can be interpreted as the ampli- 
tude, | E@, d)|, and the phase lag, Arg E(w, d), of a 
“continuous wave” signal, 7.e., a sinusoidal wave of con- 
stant amplitude, uninterrupted in time, and propagated 
around the surface of the earth from a Hertzian dipole 
source current. The product of such a function and the 
transform, f;(w), of the particular source under con- 
sideration, ,(t), (1), therefore describes the Fourier 
transform of a pulse. The propagated transient, E(t, d), 
can then be formally represented in space and time as a 
Fourier integral, 

1 a) 

BG, a) = ~{ exp (iwt)f;(w) E(w, d)dw. (3) 

Tf — 
Primary interest is concerned with the real part of the 
space-time function, Re E(¢, d), since this represents the 
instantaneous signal observed in an “infinite bandwidth” 
receiver. The amplitude envelope, | E(t, d)|, and the 
phase envelope, $(é, d), where 


E(t, d) = | E@, d)| exp {i[9¢, 2) — w]}, (4 


are only of secondary interest since these waveforms 
would ordinarily be recovered at the output of the re- 
ceiver with some sort of envelope detection. 

The source currents, F,(¢), employed in this paper 
may be represented in complex form for the cosine 
source, 


Re F,(t) = Re exp (—) 
= exp — cit) cos. wt, (0 < $<. 0) 
= 0, (t < 0) 
or for the sine source, 
—Im F,(f) = 
= €xp(—cit) sina, (0 <4 <— x) 
= 0, (¢ < 0) 


(Sa) 
Re 7 exp (—vi) 


(Sb) 
where 


V = 61 + twp. 


(Sc) 


The transform, E(w, d), which represents the propaga- 
tion medium, can be described as an amplitude and 
phase transfer characteristic for a pulse as follows: 


Ew, d) = | E(w, d)| 
exp {~i[ lod) -— 4 aot (6) 


nid 
a= —y, 
C 


where 


(6a) 


and where m is the index of refraction of air at the sur- 
face of the earth (471:~1.000338) and cis the speed of light 
[c~2.997925 (108) meters/second |. 


January 


It is convenient to write 


E(w, d) exp (iw!) ; 
= | E(w, d)| exp {io — a, d) += | (7) 


where the local time, t’, is 


v=t—a, (8) 
The primary propagation time, (6a), is thus included in 
the local time and ¢.(w, d) is the secondary phase or 
phase correction? resulting from the influence of the 
earth on the propagation mechanism. The time, ¢’=0, 
thus describes the earliest time at which the pulse signal 
could be observed. 

The neglect of the earth’s curvature and the displace- 
ment currents in the earth at short distances make pos- 
sible the employment of the operational calculus to give 
an immediate and somewhat useful solution to the prob- 
lem. Employing the symbol, s, as used in the operational 
method, 


(9) 


S = 1a, 


the Laplace transform of the Norton surface wave? is as 
follows: 


i 1 
DG, y= C2 hs) 10 
oe {i () + a(s + v) x a’s(s + = ce 
fsa) = fae = : ~ v/a exp (s%a) erfe (sa) (11) 
where 


Ipla2 210-7) 
Axis meee 


C=2 


(Zol = 1 ampere-meter, the dipole momentum). (12) 


m1 


k= » a constant, 


Co 


2 J. R. Johler, W. J. Kellar, and L. C. Walters, “Phase of the Low 
Radio-Frequency Ground Wave,” NBS Circular 573, pp. 1-6; 
June 27, 1956. 

* K. A. Norton, “The propagation of radio waves over the surface 
of the earth and in the upper atmosphere,” Proc. IRE, vol, 25, pp. 
1203-1236; September, 1937. See especially (57), p. 1212. See also 
K. A. Norton, “The propagation of radio waves over the surface of 
the earth in the upper atmosphere,” Proc. IRE, vol. 24, pp. 1367— 
1387; October, 1936. Also, K. A. Norton, “The physical reality of 
space and surface waves in the radiation field of radio antennas,” 
Proc. IRE, vol. 25, pp. 1192-1202; September, 1937. 

4A. Sommerfeld, “Uber Die Ausbreitung der Wellen in der 
Poses Telegraphie,” Ann. Phys., vol. 28, pp. 665-736; March, 


° The complementary error function, erfc (2) is defined, 


2 (-) 
erfc (z) = wall exp (—w?)du. 


iS 


e 


j 


¢ 
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where, wo is the permeability of space, bo=47(10-"), 
andé : 


nied 
Pat 


= p! 
2ouoc® 


(13) 


in which o is the conductivity of the earth (¢ =0.005 


mho/meter for typical land). 
The inverse Laplace transform of the Norton surface 
wave may then be written:? 


EY, d) = vC exp (— vt’) \-1 — vr/ra exp (va) 
| erte (—vV/a) — erfc (- — ra) + cs — _ 
2a av ay? 


e —{”? 1 
+ E “Lt r|c exp| re | + rc| |. (14) 


The introduction of the displacement currents (@ 40) 
and the earth’s curvature, Fig. 1, complicates the func- 


Surface of a 
Plane earth 
(X-Y plone) 


Positive current source dipole. ey 
(cosine source) 
FOSS a So 
Zaves 
\_ eee Ant el 


—Surtace of a 
Spherical earth 


Center of earth 


Fig. 1—Orientation of the source dipole and the earth with 
respect to coordinate systems. 


tion f(s). The transformation may be formally written 
as follows: 


(15) 
(16) 


E(t, d) = Felt’, @) + Fit, @) 
Fill’, d) = C&frls). 


The function, Fo(¢’, d), is of primary importance in 
this paper since the contributions from the induction 
and electrostatic fields, F;,-(t’, d), are quite minute at 


6 The index of refraction, m, of the earth’s atmosphere is constant 
at the surface value with respect to altitude for purposes of the sur- 
face wave transformation at short distances. The effect of the vertical 
lapse of the index of refraction at great distances is introduced as the 
factor, B, (29), (8~0.75). : 

7J. R. Johler, “Transient radiofrequency ground waves over the 
surface of a finitely conducting plane earth,” J. Res. NBS, vol. 60, 
pp. 281-285; April, 1958. See also, J. R. Johler, “Propagation of the 


radiofrequency ground wave transient over finitely conducting plane 


earth,” Geofis. pura e appl. (Milan), vol. 37, pp. 116-126; February, 
1957. 
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great distances. The function, F)(t’, d), may be re- 
written in the Fourier integral, (3), notation employing 
the variable w instead of the operational symbol s, 


1 ie) 
Full d) = 5 if exp ol) Eta a) 
T J x 


[FO exp (—iwt)dtdw (17) 


or, with the aid of (5a) and (5b), and evaluating the 
inner integral of (17), 


Bt, d) = = f "| Bw, a) 
toy 


C1 


cos E — ¢+ tan“! 


Ver + (w + w)? 


cos | + ¢./ + tan} See) 


i ae 
\/ Cy ee 
sin E — ¢/ + tan7! ere 
C1 
ray 
s Vee + (wy + 0)? 
‘ (ee w) 
sin | <r + ¢,/ + tan-! —MW— 
C1 
+ Sas ag re dw, (18) 
where 
Tv 
de = be — iy : (18a) 


It immediately becomes obvious that the real part of 
the amplitude time function (18), Re E(t’, d), is the de- 
sired function for the cosine source (5a), and the imagi- 
nary part, —Im E(t’, d)=Re [zE(t’, d) |, is the desired 
function for the sine source (5b). Thus the problem has 
been reduced to the evaluation of a real integral, 


f F,(w, d)dw 
0 


Re ic d) exp (iwt)dw. 


EV, d) 


ll 


(19) 


The transform of the pulse is asymmetrical as a result 
of the source function. The Fourier spectrum, f,(@, d), 
Fig. 2, can be determined for the transform, f(w, d), the 
amplitude spectrum, 


fw, d)| = | flo, d)+f(-e,4)| @20), (20) 
and the phase spectrum, 
e(w, d) = Arg [f(w, d) + f(—w, d)], (#20). (20a) 
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VERTICAL ELECTRIC DIPOLE 

pe - COSINE SOURCE y 
a rt lampere-meter; fo=I00kc = : a 

¢=2.5(10°); 7 =O005mhos/meter 5, 7 M0”) ar 

: €2=0; d=50miles FEL Hlud) v . y 
: 2 ~ he Gp 
Note: fx(w.d) = |f(w, d)] exp Li p(w.d)], 5 ga / Vas va 
The Fourier Spectrum ae ee oe Ifa) if Feet 
= ; WA jm icroseconds 


Fig. 2—Integrand of Fourier integral or image of pulse in the fre- 
quency-amplitude plane at small distance from the source, illus- 
trating the relation of the integrand to the Fourier spectrum 
waves, 


The integrand, F;(w, d), Figs. 2, 3, in the frequency- 
amplitude plane, is rather severely mutilated at great 
distances by the conduction and displacement currents 
in the earth and the effect of the earth’s curvature. This 
is quite advantageous from a computational point of 
view, since the convergence of the integral at higher 
frequencies is rapid, and, as a matter of fact, analog 
methods such as a planimeter integration could be em- 
ployed to evaluate the amplitude-time function, E(t’, d). 
However, numerical mastery of the problem is achieved 
by a reduction of the computation to a digital process. 

The integral, E(t’, d), which involves the limits zero 
and infinity is rewritten as the sum of integrals with 
finite limits as follows: 


C) by be 
f F(w, d)dw = f F (w, d)dw + if F (w, d)dw 
0 by 


0 


b3 


=f Fi(w,d)dw ++--, 


op) 


(21) 


where enough terms are taken so that any remainder 
error is small. Each finite integral is evaluated by Gaus- 
sian quadrature.*:* The limits of each finite integral are 
somewhat arbitrary, but are chosen consistent with the 
required accuracy and the availability of Gaussian 
quadrature weights and abscissas.® If the range of inte- 


®Z. Kopal, “Numerical Analysis,” John Wiley and Sons, Inc., 
New York, N. Y., p. 367; 1955. 
_ *P. Davis and P. Rabinowitz, “Abscissas and weights for Gaus- 
sian quadratures of high order,” J. Res. NBS, vol. 56, pp. 35-37; 
January, 1956. 


VERTICAL ELECTRIC DIPOLE COSINE SOURCE 
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o =0.005 mhos/meter 
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Fig. 3—Integrand of Fourier integral or image of pulse in the fre-_ 
quency-amplitude plane at great distance from the source. 


gration is increased for a given integrand and accuracy 
specification, either more intervals or more Gaussian 
weights and abscissas are required. Thus, it is possible 
to express each finite integral as a sum:® 


bn+1 M 
ib Fila; dda = WH los & 2 a en 
by m=1 


where e(M) is an error term which can, in general, be 
made arbitrarily small by increasing M, and where 


teed Sve any (22a) 
bnlatm + 3[bnzi + bn]. — (22b) 


The x,,’s are the Gaussian abscissas and M determines 
the number of values of F,(w, d) to be used in the quad- 
rature. The Gaussian weights and abscissas can be de- 
termined from the following considerations: 


mM = 


Om = A[dnvs = 


f(a)dx = Do Hf (xm) (23) 
Wm =3[bni1 — bn] Hm. (24) 


The x,,’s are the roots of the Legendre polynomial de- 
fined by 


a™ 
— (x? — 1)™ = 2In |IP,,(x) (25) 
an” 


a4 : . 
i 1959 - Johler and Walters: 


Propagation of a Ground Wave Pulse 5 
; psoas EX(ey dy =| EGold) (exp t a 

P(x) = eae ie eds iL = al aARGs s. 
PS) = = x? — an n= “. M1, ee 

2 2 gf ee 
P(x) = a Gee ke? = “le +4 | (32) 

3 > x 9 a C2 @ : 
ke? 

ee oes eg ed 

8 8 s= (33) 


(26) 


Polynomials of higher degree are determined by use of 
the recursion formula. 


y 


i | (m + 1) Paix) + MPm—(x) = (2m +1) *P p(x). (27) 


_ Upon determination of the roots, the weight coefficients, 
H,,, of the corresponding quadrature formula are evalu- 
ated as follows: 


soieorane 2) hile 
(1 = an?) [Pr (2m) }? 


& Ln (28) 
The results of Davis and Rabinowitz® (forty-eight 
Gaussian weights and abscissas) were employed in the 
quadrature. 

The amplitude | E(@, d)| and the phase correction, 

_ ¢-(w, d), for the ground wave were calculated by means 

_ of the convergent residue series (s series) of Watson,!° 

_ Bremmer,!2 van der Pol! and Norton,” employing 
the conventional time function, exp (—iwt) as fol- 
lows:?:14 


d 1/2 
E*(w,d) = — iwC | 28" (baa) <| 
Qa 


d 
om {if aerate S 
a 


a 
a 1 
mercer 
b,7 


: in which 
oe PBs. F 
a’ = the radius of the earth [a’~6.36739(108) |meters, 


10 G, N. Watson, “The diffraction of electric waves by the earth 
and the transmission of electric waves round the earth,” Proc. Roy. 
Soc. (London), vol. 95, p. 83; October, 1918; p. 546; July, 1919. 
1B, van der Pol and H. Bremmer, “The diffraction of electro- 
_ magnetic waves from an electrical point source round a finitely con- 
ducting sphere, with applications to radiotelegraphy and the theory 
of the rainbow,” Phil. Mag., vol. 24, pt. I, p. 141, July, 1937; pt. II, 
_ p. 825, November, 1937; Supp. J. Science, vol. 25, p. 817; June, 1938. 
12 H.. Bremmer, “Terrestrial Radio Waves; Theory of Propaga- 
- tion,” Elsevier Publishing Co., New York, N. Y., pp. 11-50; 1949. 
13 K, A. Norton, “The calculation of the ground wave field in 
tensity over a finitely conducting spherical earth,” Proc. IRE, vol. 
29, pp. 623-639; December, 1941. : 
, 4 J, R. Wait and H. H. Howe, “Amplitude and Phase Curves for 
Ground Wave Propagation in the Band 200 Cycles per Second to 500 
Kilocycles,” NBS Circular 574, pp. 1-17; May, 1956. 


(Rya’) 1/8 LD ton 1 1/2 
ky? 


and +, comprises the roots (see Appendix) of Riccati’s 
differential equation: 


é@ 


— 2827,+1=0. (34) 


Ts 

The amplitude and phase transfer characteristic of the 
ground wave is illustrated (Figs. 4, 5) in this paper for 
a conductivity, s=0.005 mho per meter, and a dielec- 
tric constant, &=15. It should be noted that at short 
distances, the induction and electrostatic fields enhance 
the amplitude and phase at low frequencies. The earth’s 
curvature and the conduction and displacement cur- 
rents in the earth enhance the phase and attenuate the 
signal rather severely at high frequencies and great dis- 
tances. The convergence of the infinite integral (21) is 
primarily a result of the exponential high frequency 
attenuation (29), 


d 
exp {—Im | ua’) mali - 
(e4 


THE SOURCE 


The cosine source used: in this paper employs an 
abrupt initial current (Figs. 7, 9, 11). The radiated field 
therefore propagates an impulse type of function which 
is superposed upon the sinusoid. This may be explained 
quite simply for the case of an infinite conducting earth: 
E(s) = 1 (vy = 0, a = 0) (35) 
then 

Gs a) = OS) = Ole (35a) 


6(t’) is the Dirac impulse function which can be defined 
in relation to the step function, z(t), as follows: 


fosoa = u(t), (36) 
where 

a(t) = 1, e>.0 (37) 

u(t) = 0, aU. (37a) 


15 Bremmer, op. cit., p. 45. 
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Fig. 4—Amplitude transfer characteristic of the ground wave. 


The step function response of the ground wave at con- 
siderable distance from the source is a modified impulse 
function. Indeed, this is merely a limiting case of (14), 
q=0,v=0, or, 


i —{? 
E(t’, d) = = Cexp| |. 
2a 


a (38) 


This is consistent with the step function response de- 
rived by Wait:!* It should be noted that the amplitude 
and duration of the impulse becomes finite as a result 
of the introduction of the finite conductivity of the 
earth into the propagation mechanism. 

The step function response resulting from the impul- 
sive radiated field of the cosine current source is implicit 
in the calculations of this paper. The sine current source 
on the other hand does not imply such an additional 
radiation field. 


16 J. R. Wait, “Transient fields of a vertical dipole over a homo- 
geneous curved ground,” Can. J. Res., vol. 34, pp. 27-35; Janu- 
ary, 1956. See also J. R. Wait, “The transient behaviour of the elec- 
tromagnetic ground wave over a spherical earth,” IRE TRANS. ON 
ANTENNAS AND PropaGation, vol. AP-5, pp. 198-202; April, 1957. 
Also J. R. Wait, “A note on the propagation of the transient ground 
wave,” Can. J. Phys., vol. 35, pp. 1146-1151; September, 1957. 
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Fig. 5—Phase transfer characteristic of the ground wave. 


It is quite possible to introduce the cosine current 
source less abruptly by redefining the source function, 
F(t), as follows: 


F(t) = exp (—vt) — exp (—&) (39) 


where 


E = 62 5 1W¢. (39a) 


v has been described previously (5c) and @ is assigned a 
large positive value (@>>c). In accord with the super- 
position principle, this merely involves the sum of two 
waves calculated as previously described (14), (18). The 
space-time function, E’(t’, d), may be written as follows 
(Figs. 9, 11): 


E' = E'(t, d) = E(t’, d — E(t’, d). (40) 


RESULTS OF THE COMPUTATION 


The detailed structure of the transient for various 
combinations of characteristic frequency, f., and damp- 
ing, C1, for both sine and cosine source functions was de- 
termined at great distance (Figs. 6-11, pp. 7-9). The 
transient waves with characteristic period, fc, of 100 kc, 
and a damping, q, of 2.5(105) (Figs. 6, 7), and at a dis- 
tance, d (Fig. 1), of 50 miles were calculated by both the 
operational formula (14) and the direct evaluation of the 
Fourier integral (18). In both cases, the earth was as- 
sumed to be a plane, and the displacement currents in 
the earth were neglected. Close agreement was found 
between the two methods, in Figs. 6, 7. 

The displacement currents in the earth and the effect 
of the earth’s curvature were then introduced by the 
calculation of the theory (29) of Watson, Bremmer, van 
der Pol, and Norton (29) at great distances (Figs. 4-11). 
The dispersion of the pulse at great distance was evident 
from the calculation. The most noteworthy attribute of 
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Fourier integral. 


this dispersion was an increase in the period of the pulse. 
The form of the source was somewhat obscured by the 
filtering action of the medium. 


Tue STEP, DELTA, AND GENERALIZED 
SOURCE FUNCTIONS 


The special case of the step function response of the 
ground wave has already been discussed (38) in con- 
nection with the damped cosine source. This formula- 
tion (38) can be readily extended to the spherical earth 
theory with the following result: 


BU, a) == f | Bo,d)| {— sin] ot — 62 ]bao. (40 


The special case of an impulse source function or 
“delta function,” 


F,(t) = 6(t) (42) 


reduces to the following simple formula: 


BO, d) = — [| Blo, d)| {cos fur! — 4. ]} do (43 
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where each of the above formulas is readily evaluated 
by the previously described quadrature (22). The re- 
sults can be checked against the operational methods 
based on the plane earth theory (14), which yields the 
following result for the impulse source function or delta 
function.'6 


1 al —1" 
/ — _—_—_ —— 
BW, d \-- BA | cexp| — |. 
During the past several years some very interesting 
papers have appeared which describe the propagation 
of a “delta” or impulse source function over the surface 
of the earth. Whereas it is questionable whether such a 
source function represents anything in nature, this is 
an important theoretical problem nonetheless, and pre- 
sumably the more complicated source functions could 
be synthesized by application of the superposition prin- 
ciple. 
The results of Levy and Keller!’ account for the 
earth’s curvature but neglect the displacement currents 


(44) 


17B, R. Levy and J. B. Keller, “Propagation of electromagnetic 
pulses around the earth,” IRE TRANS. ON ANTENNAS AND PROPAGA- 
TION, vol. AP-6, pp. 56-61; January, 1958. 


8 IRE 
VERTICAL ELECTRIC DIPOLE SOURCE 
-10 I, £= | ampere-meter ; f.= 10 ke 
ed ¢,=2.5(104); « =0.005 mhos/meter 
€ €,=15 
8 
2 6) 
i 
0 
05(10") 
3010) 
= ig ea 
Bos 110%) | 
e58 . 0 
Seo _ ait 
H Ev -i(l0) 
ge -200") 
5 310°) 
5 9 
2 4 20) 
2 a 
E4108) |- 
Oo 
3 0 
© 110°) |- 


=2I0°) 


00) i 


d=50 miles 


Instantaneous Source Current 
Re F(t), Amperes 


! ! t 


0 20 40 60 80 00 «20 40160 1) ~——.200 


Time, t, Microseconds 


Fig. 8—Instantaneous signal and corresponding damped sine wave 


source current of a propagated ground wave pulse. 


in the earth by the assumption of an infinite conduc- 
tivity. These authors then approximate the “lossy” case 
by taking only the first term in the infinite series which 
represents the roots of Riccati’s differential equation 
(34) (see Appendix). In contrast, the results of Pekeris 
and Alterman!* completely neglect the conduction cur- 
rents in the earth and consider only the displacement 
currents, and further assume that the earth is a plane, 
which is reasonable only at short distances. On the 
other hand, Wait,'* has developed a method for the solu- 
tion of this problem which not only considers displace- 
ment currents and conduction currents, but also the 
earth’s curvature. 

It seems to be quite possible to get an exact solution 
to this problem by the method described in this paper 
(43), especially since the delta or impulse source func- 
tion is a much simpler one than the sinusoid with which 
this paper is primarily concerned. 

The source functions which represent natural phe- 
nomena will not in general have the precise mathemati- 
cal form of a damped sinusoid. Since the application of 
the superposition principle is not always practical, 


18 C, L. Pekeris and Z. Alterman, “Radiation from an impulsive 
current in a vertical antenna placed on a dielectric ground,” J. Appl. 
Phys., vol. 28, pp. 1317-1323; November, 1957. 
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another approach to the general problem is appropriate. 
Indeed, it is quite possible to extend the theory to com- 
plicated waveforms. Consider an experiment in which 
the signal, Re E(¢’, d) is observed and recorded at some 
distance, d;, from the source. The theory is then re- 
quired to predict the form of the signal recorded at some 
other distance, d;. The theory is also required to deter- 
mine the form of the source, F;,(t). 

The spectrum (18), (20), (20a) can be determined di- 
rectly from the observed signal, Re E(t’, d): 


f.(w, d} = il : exp (—iwt’) Re E(t’, d)di’. (45) 


The infinite integral can, as before, be split into the sum 
of finite integrals subject to the previously described 
(21) conditions of convergence, 


ty? t2 
f,(w, d) -{ F(w, t/')di’ + dp F(w, t’)dt!’ + ++ - 
0 ty 


tn +1 
= i} F(w, t’)dt?’ + +--+, (46) 
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Fig. 10—Instantaneous signal and corresponding damped sine wave 
source current of a propagated ground wave pulse. 


ttt M 
yi F(a, td! = >) WnF (@, t'n); (47) 
tn m=1 ; 
mal, 2,3," >> Ml, (47a) 
bm! = (Unga — Un)tm + 2 Cag + tn). (47b) 


_ The spectrum of the source, fz,.(#), can then be deter- 
- mined, 


7 
/ 


; 


fa(@, d) | 
E(w, d) 


Since the real part of the signal, Re E(t’, d), was em- 


fe,s(@) = (48) 


ployed in the analysis (45), the source function, Re F,(¢), 


can be described as an integral with a symmetrical 
integrand, 


a Pe) = — “exp ON as (49) 
“ 
F,(!) = * J "| fealw) | {cos [wt + be.(w)]} de. (50) 
Also 
ile, 4) = ee Fad, (51) 
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and 


E(t’, d2) = “ i | fo(w, dz) | cos [wt + $2(w, dz) |dw. (52) 
0 

The integrals (50), (52) can be evaluated by previously 

described quadrature (22). 

The recovery of the form of the source (50) is not al- 
ways practical at great distance, since the ground wave 
is rather severely attenuated at high frequencies (Fig. 4). 
The limit of resolution for which the source can be re- 
covered at a given distance is experimental, 7.e., the 
resolution is dependent upon the accuracy with which 
the signal, Re E(¢’, d), can be observed and the accuracy 
with which the constants which characterize the propa- 
gation medium can be determined. But this is merely 
another way of stating that the form of the source is 
somewhat obscured by the propagation medium at 
great distances. 


CONCLUSIONS 


The form of the transient ground wave signal which 
has been propagated to great distance from a current . 
source has been theoretically determined. More compli- 
cated signals can be formed by superposition and the 


10 


simple signals such as the step function can be formed as 
limiting cases of the more general sinusoid. Complicated 
waveforms at a given distance from the source can be 
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APPENDIX | . 
The roots of Riccati’s differential equation (34) can be 
found as follows: 
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evaluated in practical experiments by a Fourier trans- 
formation employing numerical integration of the ob- 
served or real part of the signal. The signal can then be 
predicted at some other distance from the source by an 
inverse Fourier transformation employing similar nu- 
merical integration. The source can in principle be re- 
covered from the observed signal, but at great distance 
it is somewhat obscured by the propagation medium. 

The technique for the direct evaluation of the Fourier 
integral for the case of the ground wave suggests appli- 
cations to other problems, such as the propagation of a 
transient through a filter or the propagation of the 
transient sky wave. 
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On the Measurement of Virtual Height* 
I. KAY} 


Summary—A time dependent definition of the virtual height of a 
reflected wave train is suggested. This definition is such that its ac- 
curacy increases as the width of the incident pulse increases. More- 
over, it is theoretically possible to obtain an estimate of the virtual 
height with as small an error as desired, no matter what the nature 
of the reflecting medium. 

Suppose an incident pulse having width W and a carrier fre- 
‘quency @) produces a reflected wave which, when measured at a 
_ fixed point x=0 in space, is R(wo, w, t). The suggested definition of 
the virtual height h’(@») is 


h' (wo) = jm c} J) Rs, w, t) |?dé p J | Reo w, t) |2dt 


“8 eae fal T (wo, w, #) |2dt / [i T(wo, w, t) jar} : 


where c is the free space velocity of light. This relation for h’(wo) 
holds for any physically reasonable incident wave train and is inde- 
pendent of its envelope shape. ; 

An example is given of a reflected wave whose virtual height can- 
not be determined by inspection in the usual manner. The expression 
given here for the virtual height provides the correct result. 


INTRODUCTION 


UCH of the data obtained from radio sounding 
IV\ investigations of the upper atmosphere is given 
3 in terms of the virtual height reached by a nar- 
row pulse-modulated wave.transmitted from the earth. 
A virtual height record, which is a record of the group 
delay time of the test pulse multiplied by the free space 
velocity of light, is generally made from measurements 
of the time required roughly for the wave packet to go 
out from and return to the antenna from which it was 
_radiated. 

Some ambiguity in the measurement of the delay time 
of the pulse will always occur in a standard experiment. 
The reason for this ambiguity lies in the difficulty of 
prescribing a fixed point of reference on the pulse en- 
velope so that the movement of the wave group can be 
described as the movement of a single entity. The dif- 
ficulty, of course, occurs because the pulse envelope 
must undergo a certain amount of distortion in its 
travel back and forth, including some spreading of its 
energy over a longer time interval than that which de- 
termined its initial width. 

Still, in many cases the amount of distortion suffered 
by the pulse is small. When such a case is under con- 
sideration the ambiguity in the virtual height measure- 


* Manuscript received by the PGAP, December 26, 1957. The 
research reported here was sponsored by the Dept. of Defense under 
Contract No. DA49-170-sc-2253. ; ‘ 

+ New York University, Inst. of Mathematical Sciences, New 
Vork 3) N.Y. ; ee 

10. E. H. Rybeck, “A theoretical survey of the possibilities of de- 
termining the distribution of the free electrons in the upper atmos- 
phere,” Trans. Chalmers Univ. -T: ech., Gothenburg, Sweden, no. 3, 


pp. 1-74; 1942. 


~~ 


ment should be correspondingly small. It may be useful, 
however, to remark that in any case the ambiguity 
caused by the distortion of a test pulse in a radio sound- 
ing experiment is not inherent in this kind of measure- 
ment. It is due, rather, to the imprecise concept of group 
delay time used in the interpretation of the data sup- 
plied by the experiment. In the present paper an at- 
tempt will be made to overcome the difficulty by re- 
ferring to the precise definition of group delay time in- 
stead of the heuristic idea of it. 

The precise definition of virtual height is generally 
given as the free space velocity of light times the deriva- 
tive, with respect to frequency of the phase of the com- 
plex reflection coefficient characteristic of the medium 
being investigated.1? To be more explicit: imagine a 
CW of unit amplitude and frequency w incident on 
the medium. The complex number | r(w) | exp {j6(w) 
giving the amplitude | r(w)| and the phase $(w) of the 
reflected wave, is the reflection coefficient of the me- 
dium; the virtual height of a pulse at a frequency wo for 
this medium will be 


h’ = cdo/dw pare (1) 


where c is the free space velocity of light. 

If this precise definition of virtual height is used, a 
second criticism of the standard measurement technique 
comes to mind. Due to the so-called uncertainty princi- 
ple relating a transient waveform and its frequency 
spectrum, a very narrow pulse will have a spectrum 
which is rather evenly distributed over a broad fre- 
quency band; consequently, the idea of the group delay 
time of the pulse loses its intuitive meaning. The group 
delay time, then, will not necessarily be given correctly 
in terms of the phase derivative of the reflection co- 
efficient, at least according to the arguments ordinarily 
found in literature.!~’ In fact, in order to obtain a sensi- 
ble definition of group delay time, one must deal with a 
wave packet having a narrow-band frequency spectrum, 
that is, a wave packet considerably spread out in time. 
Therefore, it seems reasonable that in order to improve 
the accuracy and to remove the ambiguity of virtual 
height measurements, one should use as broad a pulse as 
possible in radio sounding experiments. 

It is the purpose of this paper to suggest the kind of 
measurement appropriate to the use of a broad test 
pulse instead of a narrow one. The analysis shows that, 
theoretically at least, the ambiguity in such a measure- 


2 J. Shmoys, “Limitations on the calculation of expected virtual 
height for specific ionospheric distribsions,” J. Geophys. Res., vol. 
57, pp. 95-111; 1952. 

3 J. A. Stratton, “Electromagnetic Theory,” McGraw-Hill Book 
Co., Inc., New York, N. Y., pp. 330-333; 1941. 
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ment can be made arbitrarily small for all. carrier fre- 
quencies no matter what the dispersive properties of the 
reflecting medium may be. In particular, the h’-f 
curves obtained at the present time from radio sound- 
ings of the ionosphere exhibit a great deal of ambiguity 
when the carrier frequency is near the penetration or 
critical frequency of a layer. Thus the use of a broad 
test pulse with the interpretation of virtual height sug- 
gested here offers the possibility for improving the ac- 
curacy of measurements at frequencies in the neighbor- 
hood of the critical frequency, for example. 


DEFINITIONS 


The proposed modification of the method for obtain- 
ing the virtual height is based on the following con- 
siderations. 

Suppose, at a point x=0 in free space below the me- 
dium to be investigated, the incident pulse is given by 
a real function of time ¢ 


I(wo, w, t) = I(t/w) cos wol, (2) 


where J(é/w) represents a more or less arbitrary pulse 
envelope with a maximum at f=0. The constant w, as- 
sumed positive, roughly fixes the width of the pulse in 
the sense that as w becomes large J(t/w) remains near 
its value at ¢=0 for a large range of ¢. For example, we 
might have 


I(i/w) = exp (—?/2w?), (3) 
a Gaussian envelope with standard deviation w or 
{ior —w/2 <f< w/2 
Tye) = 4 (4) 
0 for |¢| > w/2, 


a square pulse of width w. 
If we define the Fourier transform 


ile) = f 10) exp Giar)dr, i(w) = | ilo) | exp {jal} 


—o 


1 0 
I(r) = 5 [ @ ere ue (5) 


then the Fourier transform of the incident pulse (2) is 
the function 


i(wo, W, w) = f I(wo, w, t) exp (jwt)dt 


= (w/2) [if w(w + wo)} + i{ w(wo — w)}]. (6) 


In terms of the reflection coefficient r(w) the Fourier 
transform of the reflected wave packet R(wo, w, t) is 
r(w) i(w0, w, w) and we have 


1 ) 
R(wo, w, t) = all 1(w)i(wo, w, w) exp (—jwt)dw. (7) 
Tf —c9 
It will be shown later that under these conditions: 


¥ | R(wo, w, t) jar / fs, w, t) |2dt = |r (0) |? 


lim 


wo 
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and 


lim of t| R(wo, w, #) jar / f | R(wo, w, t) |2dz 


a fa Iwo, w,) at / dics ee ral 


= cdd(w)/dw iene = h'(w») [by (1)]. 


The relations (8) indicate that, except for quantities of 
infinitesimal order as w becomes large, the amplitude of 
the reflection coefficient and the virtual height of the in- 
cident pulse can be expressed in terms of the power, and 
the centroid of the power in the incident and reflected 
wave packets. The error committed in using (8) with 
large but finite w would seem to depend on wow as well 
as on the ratio of w to the effective width of the reflect- 
ing medium. 

In the case of a narrow incident pulse which produces 
a narrow reflected pulse, the measurement of virtual 
height obtained by the standard technique (consisting 
of a direct physical observation of the delay time) will 
give the same result as the approximation based on (8) 
where the actual finite value of w is used instead of 
w—o. Thus, the approximation suggested by (8) will 
always be at least as accurate as the standard method 
for measuring virtual height and should be more ac- 
curate when a broad incident pulse is used instead of a 
narrow one. 


EXAMPLE OF A DISPERSED REFLECTED PULSE 


It is easy to find reflection coefficients in connection 
with a given incident pulse of any desired width such 
that an inspection of the corresponding reflected wave 
packet will reveal no clue to the virtual height as defined 
by (1). If the incident pulse is sufficiently broad, how- 
ever, the computation suggested by (8) will always give 
the virtual height even in this case. 

Consider for example, a reflection coefficient 


r(w) = ja exp (2jwL)/(w + ja), (9) 


where a and L are real positive constants. The ampli- 
tude of r(w) is 


| rw) | = a/(o? + a), (10) 
the phase of r(w) is 
$(w) = — tan“! (a/w) + 4/2 + QL, (11) 
and thus the virtual height, according to (1), is 
h'(wo) = car/ (wo? + a2) + Qc. (12) 
Let us choose for the incident pulse 
I(wo, w, w) = I(t/w) cos wot, (13) 
where 
1; for |t]| <w 
Nao ss i for M >w 4) 


The reflected wave packet is given by the expression 
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t<2L—w 


R(wo, w, ¢t) = {sin 6[exp {a(2L — w — t)} sin (wow — 0) + sin { wo(t — 2L) + 6} |, 2L—w<ti<2L+w 
sin 6|exp {a(2L +w-— t)} sin (wow + 0) + exp {a(2L —w- t)} sin (wow — 6)], 2L+w<t, (15) 


where sin 0=a/(a?2+a?) 1/2, 

_ The envelope of R(wo, w, ¢) has essentially the same 

shape for any value of the carrier frequency wo. Thus, 
_there is no obvious way to obtain the virtual height (12) 
from R(wo, w, t) by inspection. (See Fig. 1.) 


a=| 
W=l 
L=5 
oe 617 
w= 127 


Fig. 1—Reflected pulse R(wo, w, ¢) vs time é. 


We can apply (8) to compute the virtual height, how- 
ever. We have: 


i(w) = te exp (jwt)dt = 2 sin w/w (16) 
so that by (6) 
(wo, W,w) = sin {w(w + wo)}/(w + w») 
+ sin {w(o — wo)}/(@ — wo). (17) 


We also have: 


f- | Z(wo, w, #) |2de = w+ o(w) 


—0co ‘i 


f ” | R(wo, w, 1) [?dt = wat /(a? + wo?) + o(w) 


I: t| R(wo, w, 2) |2dé 


—o 


= wot (oo? + a2)? + 2wLat/(a? + wnt) + o(w).(18) 


The general results (8) are thus verified in this special 
case. The error actually depends on wow and aw but not 
particularly on L, as a more detailed calculation will 
show. The quantity Z, according to (15), is just the 
distance of the edge of the reflecting medium divided 
by c, the free space velocity of light. The quantity a may 
be regarded as a measure of the width of the reflecting 
medium since r(w) becomes zero if a approaches zero. 


PROOF OF (8) 


Relations and definitions (5)—(7) are necessary for 
the proof of (8). A standard argument which is 
employed in the proof of the Fourier integral theorem 
will be used to demonstrate a preliminary result we shall 
require. 


Theorem A 


Let f(w) be continuous and uniformly bounded for all 
real w, and assume 


co 1 co 
it rear = —{ Filey aot 
aes Diy AX 
Then 


ft) | i(wo, w, w) |2deo 


w So eres 
=F od +4—an} J |H(e)[rd0 + ofa. 


Proof 
By (6) we have 
| é(coo, w, ) |? = ol ilwla oan) hl? ifwlo — on)} | 


+ i{w(w + wo) }i*{w(w — ao)} 
+ i*{ ww + wo) }i{ ww — wf]. (19) 


First we consider the first two terms on the right of 
(19) at the same time. We have 


fe — f(+.0)} | i{w(@ + wo)} [do 
= +f Iyle/w & ws) — 00} | ie) ao 
W J —« 


t =) Merson) — f(t) rian 
Wd _Vw 


AL foe fo Jeo 


a f(to)} | i(c) |2do. (20) 
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Consider the first term on the right of (20). We have 


— f 1 [fle/w + a) — fee) | | i(o) [*eo 
WwW —_vVw f 


< elie i(e) |"do (21) 


for w large enough, by the continuity of f(w) and w». The 
last two terms on the right of (20) are evidently equal 
to (1/w)o(1). Since € in (21) can be made as small as 
we please for large w, we have finally 


ff) | i{ w(w ze wo)} |2deo 


= (1/wyf(teon [| ile) de + (A/ado(4). (22) 


Now we consider the last two terms on the right of (19) 
one at a time. We have 


once + wo) bi*{w(wo — wo) } dw 
= (1/w) [fore + wo)i*(c)i(o + 2wow)do 


= (1/u) f flere + wo)i*(a)i(c + 2wow)do 


elles 


- f(o/w + w»)i*(c)i(o + 2wow)do. (23) 


By Schwartz’s inequality the first term of the right side 
of (23) is of order 


(1 /w) | fa ie ac] 


{f menos de] = 1/eo() 


wgw—Vw 


The second and third terms on the right side of (23) can 
also be estimated by Schwartz’s inequality: 


(1/w) i; ‘a H(a/w + «0)i*(c) ilo + 2oow)do 


is 
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and, of course, we have the same result for the other 
term. Combining these results with (22) we arrive a | 
Theorem A. 

From Plancherel’s theorem for the Fourier transform 
(7) and the fact that | r(w) | is an even function of w, we > 
obtain the first part of (8). To obtain the second part ) 
we start with Plancherel’s theorem applied to the first 
moment of a function. Thus, if f(w) is the Fourier trans-_ 
(24) 


form of F(t) we note that 
c} : ad a co) ; Z 
fi Fp [fat = hh f'(c)f*(w) deo. 


Applying (24) to the numerator of the first term on the > 
left of the second equation in (8) we have 


f t| R(wo, w, 2) |2dt 


=4q ° 
7 ak Gg, (7 W)ilwo, w, &)} -*(@)i* (wo, w, )deo 


ee ela 
= a it. 7, 1) + O(wo, w, w)} | wo, Ww, w) |? | rw) |2des 
1 sell: 
sad baie | r(w) | | i(wo, w, ) | } 
EL r@)| | tee, », «) | fede 
= 1 4 
= = S 


d 
a {$(w) + A(wo, w, w)} | i(wo, W, w |? | r(w) |2deo, 


for 


a 
[OE eee fiton wc 1FE 165 on 2 0) | J 


C) d ; 
= +f” £4 rte) I samt) do 20 


(25) 
A similar consideration applies to the numerator of the 
second term on the left of the second equation in (8). 
Combining these results with an application of Theorem 
A, we obtain the second relation in (8). 
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Back-Scattering Measurements with a Space-Separation Method* 
H. J. SCHMITT} 


Summary—A method for the experimental determination of the 


_back-scattering cross section of arbitrarily shaped obstacles is sug- 
_ gested, which, in a manner analogous to the Michelson interferom- 
_ eter in optics, makes use of a semitransparent mirror in order to 


‘Separate the incident wave and the reflected wave. A measurement 


_ setup is described, and possible sources of error are discussed. The 


accuracy of measurements is investigated by comparing the meas- 
ured values of the back-scattering cross section of circular metallic 


_ disks with the results obtained from the exact theory. 


INTRODUCTION 


HE investigation of the back-scattering cross sec- 
tion of arbitrarily shaped reflecting objects in- 
volves a determination of the field strength of the 


_ wave scattered in the opposite direction to the incident 


wave a large distance away from the scattering object. 
The incident wave is generally assumed to be a plane 


_wave. A rigorous theoretical treatment of the back- 


scattering behavior is limited to objects with a particu- 
lar kind of symmetry because of numerous mathe- 


matical difficulties. Various mathematically simpler 


approximation methods have been developed, however, 
which can be applied to more complicated diffraction 
problems. 

- The accuracy of these approximate solutions can only 
be checked by comparing the results with suitable ex- 
periments. The question of accurate experimental 
methods is therefore of importance, and several different 
methods for measuring the back-scattering cross section 
have been suggested, particularly in the range of micro- 
waves.! For example, the intensity of the back-scattered 
wave can be determined by a measurement of the stand- 
ing-wave ratio between the source and the object, re- 
sulting from the superposition of the scattered wave and 
the incident wave.” It is most advantageous to measure 
the small amount of energy scattered back directly by 
separating the scattered wave from the incident wave. 
This can be done in several ways: in a manner analogous 
to the technical application in radar, a separation in 
time can be achieved by transmitting very short pulses; 
a separation with regard to frequency may be had by 
making use of the Doppler effect if the obstacle is put 
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into fast motion; a separation is also possible by a direct 
cancellation of the amount of signal in the receiver due 
to the incident wave.5 ; 

All these methods have one feature in common: they 
contain as essential parts typical elements of high- 
frequency technique, either in the form of a field probe, 
a demodulator, a mixing device, or closed waveguides. 
The sensitivity and accuracy of these methods therefore 
depend critically on the features of these elements and 
on their careful construction, which may become dif- 
ficult in the region of very short wavelengths. 

In this report, a very simple method for the measure- 
ment of back-scattering cross sections is suggested which 
depends on a separation of the incident signal from the 
scattered signal but does not use typical waveguide ele- 
ments for this purpose. Therefore, the effectiveness is 
not restricted towards higher frequencies. A measure- 
ment setup will be described and tested by measure- 
ments of the back-scattering cross section of circular 
metallic disks at 1 cm and 3 cm wavelength. 


METHOD OF MEASUREMENTS 


The principle of the measurement procedure makes 
use of a separation in space of the back-scattered signal 
from the incident signal. It is plotted schematically in 
Fog: 


OBSTACLE 


an 
re 
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RECEIVING 
ANTENNA 


\/ 


Fig. 1—Separation of incident and back-scattered 
waves by a semitransparent mirror. 


A beam of electromagnetic waves is radiated from the 
source S towards the scattering object Q. Between ob- 
ject and source the beam has to cross a semitransparent 
mirror p, the surface of which is inclined at an angle of 
about 45 degrees against the direction of incidence. The 
incident wave, coming from the — direction, is split into 


4H. Scharfman and D. D. King, “Antenna scattering measure- 
ments by modulation of the scatterer,” Proc, IRE, vol. 42, pp. 854- 
858; May, 1954. ; 

5 J. Sevick, “An Experimental Method of Measuring Back- 
Scattering Cross Sections of Coupled Antennas,” Cruft Lab., Harvard 
University, Cambridge, Mass., Tech, Rep. No, 151; May, 1952. 
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two parts while hitting the mirror: a reflected wave (E’) 
traveling in the positive y direction, where it is assumed 
to be completely absorbed, and a transmitted wave 
Ei traveling in the direction towards the scattering 
object. Part of the energy of this wave is scattered back 
towards the source E’*, The scattered wave hits the 
back of the mirror and will be partly transmitted (E*) 
and partly reflected (EZ). The reflected part of the scat- 
tered wave travels in the direction of the negative y axis 
—that is, opposite to the primarily reflected wave. Here 
it is received by a directional antenna and can be meas- 
ured by any suitable device. 

The semitransparent mirror can be placed anywhere 
along the z axis between the source and the scattering 
object. Generally, it will be useful to arrange it about 
halfway between source and object in order to avoid any 
coupling between source and mirror or between object 
and mirror. ; 

On the total way from the source to the receiving an- 
tenna the reflected part of the scattered wave is once 
transmitted through the mirror (transmission factor d) 
and once reflected by the mirror (reflection factor 7). 
Neglecting losses in the mirror material, the received in- 
tensity is ultimately 


| E|? = const:r?-d? = const-r?(1 — r?). 


(1) 
For symmetry reason the received intensity reaches 
a maximum if 


poi? = 4, 


(2) 


Simultaneously, while fulfilling (2), the received in- 
tensity in the first approximation is independent of 
fluctuations in the transmitter frequency, since, if 


Gaia); 
the expression 


AE a0 | Hh? sor 
Ohta tees Or. tua) 


becomes zero because of 
d| El? 
Or is 


0. 


This fact is of definite importance since small frequency 
variations are difficult to avoid and may disturb con- 


siderably measurements involving the cancellation of 


the incident signal. 

A semitransparent mirror with small electric losses 
can easily be realized in the region of short electromag- 
netic waves and in the region of optics by a homogene- 
ous plane dielectric sheet of matched thickness | and di- 
electric constant e. If, for example, the electric vector is 
perpendicular to the plane of incidence, the transmission 
factor is given by® 


6 C. G. Montgomery, “Technique of Microwave Measurements,” 
McGraw-Hill Book Co,, Inc., New York, N. Y., p. 584; 1947. 
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with ¢=angle of incidence. 

Multiplying (3) with the conjugate complex value 
yields, for the transmitted energy, 
@=1—7 


1 
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For different values of €, the square of the transmission 
factor is plotted in Fig. 2 as a function of the thickness 


of the dielectric sheet. Obviously, the dielectric con- | 


stant must have a certain minimal value in order to 
reach r?=d?=3. A more instructive view may be gained 
from Fig. 3. For an angle of incidence of 45 degrees, the 
curves d?=const =0.5 are plotted as a function of e and 
1/X. The hatched region inside the fingers corresponds to 
values of d?<0.5, and, for the other region, 0.5<d?<1. 
Particularly for ¢<3.4, d? is always larger than 0.5. 

Two factors recommend operation in the lowest 
mode, that is, with the smallest possible thickness of the 
dielectric sheet. First, for loss tangents of the dielectric 
medium that are not too high, the absorption can be 
neglected and, second, the assumption made for the 
derivation of (4), 2. e., that a plane wave is incident on 
the mirror, is not generally fulfilled in the experiment. 
The incident wave can be described rather by a spheri- 
cal wave originating from the source. Corresponding to 
the dimensions of the scattering object, only a certain 
sector of this spherical wave is actually used in the 
measurement. Border rays of this sector hit the mirror 
under somewhat different angles and have to travel dif- 
ferent distances within the dielectric. A mutual phase 
shift between different rays within the sector is thereby 
produced. The phase distortion depends on the thick- 
ness of the sheet and is smallest for the lowest order. 

The effectiveness of this measurement principle obvi- 
ously depends on how far a direct coupling between the 
transmitting and receiving antennas on the one side and 
scattering object and receiving antenna on the other 
side can be avoided. It depends also on the degree to 
which the reception of scattered radiation from objects 
other than the original scatterer—for example, sur- 
rounding walls or the side edges of the mirror—can be 
suppressed. A sufficient decoupling of the two antennas 
necessarily requires the use of directional antennas, 
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Fig. 2—Transmission coefficient of a plane dielectric sheet as a func- 


tion of the thickness (angle of incidence ¢=45 degrees, electric 
vector perpendicular to the plane of incidence). 
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Fig. 3—Curves of constant transmission coefficients for a plane di- 
electric sheet (¢ =45 degrees). Points mark wavelength for a sheet 
thickness of 0.55 cm. 


thereby restricting application to the region of micro- 
waves and eventually still higher frequencies for which a 
sufficiently narrow beam can be achieved. It must be 
kept in mind, however, that the radiation pattern of 
these directional antennas may contain numerous side- 
lobes. But since the position of the receiving antenna 
along the negative y axis is arbitrary, in almost any case 
a position can be determined which is in a minimum of 
the radiation pattern of the transmitting antenna. And 
since the position of the scattering object along the 2 
axis is oblique, as long as it is situated in the far-zone 
field of both the transmitting and receiving antennas, 
a position can generally be found for which it is in a 
minimum of the pattern of the receiving antenna. There- 
by, a direct coupling can be adequately suppressed. 

In order to avoid any undesired scattered radiation, 
a reflection-free support must be provided for the object 
under investigation. For objects having a plane of sym- 
metry in which the electric field tangential to this plane 
vanishes, an image-screen technique can be used! in 


A 
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which the measurement setup is reduced to a half-space 
by putting a large metallic ground screen in the plane 
of symmetry. Although the space-separation method is 
not restricted to the ground screen technique, use of an 
image plane, where possible, is helpful, since electronic 
instruments such as the generator and the receiver can 
be put under the screen, 7.e., outside the field of incident 
and scattered waves. 

Using this technique and a sufficiently large mirror, 
the problem of undesired scattered radiation is simply 
to avoid a reflection of the two waves EE’ and E’ at the 
edges of the image plane. Eventually, if the equipment 
is set up in a closed room, care must be taken to mini- 
mize reflections at the surrounding walls. Both disturb- 
ances can be made small if a sufficiently large ground 
screen is used and the surrounding walls are covered 
with absorbers. Furthermore, a small reflection of EF, 
for example, can be compensated by a corresponding 
reflection of £*" in the other arm of the setup. Particu- 
larly in indoor measurements, it is necessary to make 
use of this possibility, since it is very difficult to mini- 
mize reflection to less than 2 per cent by means of the 
usual absorbers in the microwave region. As in the case 
of the cancellation method,’ it should be noted that the 
scattering object in the measurement space now has two 
effects: on the one hand, a wave is scattered from the 
object, and, on the other, the formerly existing compen- 
sation between the two arms of the setup is disturbed 
by the withdrawal of the scattered intensity from the 
incident wave. With the rough assumption that all 
waves are plane and the scattering object a nontrans- 
parent plane surface with purely geometrical reflection, 
a simple estimate of both effects yields, for the ampli- 
tude of the received signal,’ 


E = const(neMtetity + poeibzetity) | (5) 
where 


re¥1=reflection factor of the scattering surface, 
re¥2=reflection factor of the surrounding walls. 


Since the back-scattering cross section of any object is 
defined by 


(6) 


where p is the distance between receiving antenna and 
scattering object, only the square of the absolute value 
of the amplitude is of interest. 


| E |? = const (71? + ro? + 2rire cos (Wi — yo)).. . (7) 


The second and third terms represent distutbances in 
the accuracy of the measurements. If the objects under 
investigation are metallic plates with linear dimensions 
that are large compared to the wavelength, the assump- 


7 The reflection factor of the semitransparent mirror obviously is 
unimportant here, since both parts have once been reflected and once 
transmitted through the mirror. 
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tions made are in good approximation to the actual situ- 
ation. In this case, (1=1, 7x1), the maximum relative 
error is, with cos (¥i—y2) = +1, 


al El _ e 


that is, for an assumed reflection factor of 2 per cent, 
the measured value of the back-scattering cross section 
is accurate within 4 per cent. 

For a quantitative determination of ¢, it is feasible to 
compare the measured signal with the signal received 
from an object with a known back-scattering cross sec- 
tion. There is, however, the possibility of an absolute 
measurement of o if the transmission factor of the mir- 
ror is known. For this purpose the reflected part of the 
scattered wave, |£|?=r?-|H|2, is determined first 
and then the receiving antenna is fixed on the opposite 
arm of the setup in equal optical distance to the source 
as the scattering object. The received amplitude EH’ is 
equal to the amplitude of the incident field at the posi- 
tion of the object times a constant and known fatorc 


Z: (9) 


With this relation, the back-scattering cross section is 
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MEASUREMENT SETUP 


An indoor measurement setup was constructed em- 
bodying the space-separation principle, and the ground 
screen technique, with its special advantages, was used 
to determine the back-scattering behavior of symmetri- 
cal objects at 3-cem and 1-cm wavelength. The entire as- 
sembly is shown in Fig. 4. 

The essential part of the equipment consists of an 
aluminum ground screen 1.25 by 2.50 m in size, which 
is firmly mounted on a wooden frame. In the center of 
one of the narrow sides is fixed the transmitting horn 
antenna, dimensioned for either 3-cm or 1-cm wave- 
length. The semitransparent mirror is mounted in the 
middle of the image plane, extending across the whole 
screen and inclined at an angle of 45 degrees against the 
direction of incidence of the emitted wave. In the direc- 
tion of the primarily transmitted and reflected waves, 
the ground screen was enlarged by additional metal 
sheets of about 1-m length joined on the main screen. 
The edges of these pieces are polygon-shaped on the 
outside. Along the rim of the whole screen (hatched 
region), absorber material ¥s attached, extending about 
60 cm above the metallic plane. The polygon structure 
avoids a direct geometrical reflection on the surface of 
the absorbers in the direction towards the receiver and 
therefore decreases the disturbing scatter signal. The 
receiving antenna, also a horn, is situated on one of the 
wide sides of the ground screen. In the center of the 
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Fig. 4—Schematic diagram of experimental setup. 


narrow side, opposite to the source, a circular hole with 
a diameter of 20 cm is cut into the screen making it 
possible to insert fitting aluminum disks on which either 
the measurement sample can be mounted or a probe 
supported to investigate the field distribution. 

The klystron generators for 1-cm and 3-cm wave- 
length (types 2K33 and 2K25, respectively), as well as 
the receiving apparatus, are standard equipment and 
are located underneath the ground screen. The quad- 
ratic characteristic of the crystal detector has been 
checked at the particular wavelengths by measuring the 
sinusoidal field distribution in a waveguide. 

As a semitransparent mirror, a very homogeneous 
glass plate with a thickness of 5.56 mm and the dimen- 
sions 90180 cm was used. Two wooden beams with 
cut-in slots were mounted vertically on the framework 
of the ground screen, providing a firm support for the 
glass mirror. The dielectric constant of the glass ma- 
terial was measured at 3-cm wavelength in a waveguide. 
The dielectric constant was found to be e=4.5 and the 
loss tangent tan 6=0.005. For the particular thickness 
and dielectric constant of the glass plate, the wave- 
length corresponding to the scale of the ordinate is 
plotted in Fig. 3 (circles). It can be seen that, with 
\ =3.34 cm and 1.23 cm, the transmission factor is very 
close to d?=0.5. Since no absolute measurements of 
back-scattering cross section were intended, d? was not 
measured more precisely. 

The absorption material around the ground screen 
consists of enmeshed graphitized animal hair (“Ecco- 
sorb”). The average reflection factor of this material for 
vertically incident waves was found to be about 10 per 
cent and tended to increase slightly at oblique incidence. 
Owing to the inclined position of the absorbers with re- 
spect to the wavefronts, the geometrically reflected 
energy is almost completely suppressed and only scat- 
tered radiation from the irregular surface actually 
comes into the measurement room. At 1-cm wavelength, 
the amplitude of this scattered wave corresponds to a 
reflection factor of 3 per cent, while at 3 cm, this value 
is about 2 per cent (see Fig. 6). The signal in the receiver 
due to this remaining reflection may be fully cancelled 
by proper adjustment of the absorbers in the other arm 
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Fig. 5—Phase error and amplitude of the incident 
wave at the location of the obstacles. 


of the measurement equipment, so that without the 
sample the received signal is below the noise level of the 
receiving apparatus. A systematic error is thereby intro- 
duced which, under the foregoing assumption, is at most 
in the order of magnitude of 6 per cent for a wavelength 
of 1 cm, and 4 per cent for a wavelength of 3 cm. 
Transmitting and receiving antennas at a wavelength 
of 3 cm are two horns of equal dimensions with aper- 
tures of 17.5 17.5 cm? (including the image formed by 
the metallic screen). The beamwidth is approximately 


r 
Ta ~ 10° (D = length of the edges of the horn). 


For measurements at 1-cm wavelength, the aperture of 
the transmitting horn was 1212 cm? and that of the 
receiving horn 1010 cm?; the beamwidths were 6.5 
and 8 degrees, respectively. At a distance of s=230 cm 
between the sample and the apex of the horns, and at an 
optical distance of 180 cm between sample and receiving 
horn, the far-zone condition 


2D? 
So 


is sufficiently fulfilled. 

Under the assumption that a spherical wave with a 
wavelength of 3.34 cm originates at the apex of the 
transmitter horn, the field distribution in the region of 
the sample, perpendicular to the direction of propaga- 
tion, has been computed (Fig. 5, unbroken line). It must 
be remembered, however, that the glass mirror causes an 
additional field distortion. Applying simple ray optics, 
the effect of the mirror on the amplitude and phase of 
the field in the region of the sample also has been com- 
puted for the given dimensions of the dielectric sheet 
(dashed lines). Regarding the phase, the deviation of the 


we 
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Fig. 6—Measured amplitude of the incident wave 
in the region of the obstacles. 


actual field from a plane-wave distribution is mainly 
due to the spherical-wave nature of the transmitted sig- 
nal, Regarding amplitude, the main deviations are due 
to the dependence of the reflection and transmission 
factor of the glass plate on the angle of incidence. At 
i-cm wavelength, the phase distortion naturally is 
smaller, since the optical distance between source and 
sample is much larger. 

In order to measure the amplitude of the electric field 
in the region of the sample, an inset has been con- 
structed exactly fitting into the hole in the ground 
screen. The inset itself contains an eccentrically located 
smaller hole, also containing an inset, from which an 
eccentrically placed probe extends 5 mm above the 
ground screen. The probe can be rotated around the 
axis of the small inset. By this rotation and rotation of 
the large inset, the field in a circular region having a 
diameter of 14 cm can be investigated. The measured 
field strength along the y and gz axes is plotted in Fig. 6. 
While the field along the y axis is nearly constant in the 
region of measurement, a superposition of E’* with a 
weak wave reflected by the absorbers is indicated in the 
field distribution along the z axis. 


MEASUREMENT OF THE BACK-SCATTERING CROSS 
SECTION OF CIRCULAR METALLIC DISKS 


For a practical test and application of the measure- 
ment setup, the back-scattering cross sections of circu- 
lar metallic disks (radius a) have been measured, and 
the experimental results have been compared with the 
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EXACT THEORY 


APPROXIMATION FOR LARGE ka 
APPROXIMATION FOR SMALL ka 
MEASURED AT 1.23 cm WAVELENGTH 


Fig. 7—Back-scattering cross section of plane 
conducting circular disks. 


results of the exact theory of Andrejewski.® 

The rigorous solution of the diffraction problem by 
Andrejewski yields, for the Hertz vector of the scattered 
wave in the far zone (for a vertically incident plane 


wave), 
Rhos en ine an 7 
ie 1 - Vo(cos 0; ka; 0) + kUx(ka)|So(cos 0; ka) 
. 42 ye nepaas) 
+ cos 2¢ d2(cos 0; ka))} 
p 

ei tkp—wt) 

IL,** = kU,(ka) sin 2¢ 62(cos 6; ka) Rea (11) 
p 


where Vo (cos 0; ka; 0), Ui (ka), and ¢: (cos 8; ka) repre- 
sent complex functions defined by Andrejewski,® and 
6, @ are the usual spherical coordinates. These expres- 
sions simplify in the special case of the field along the 
z axis (6=0, 9=0), since in this case ¢: (1, ka) =0 


k? 
Ebe¢ — TI,°#¢ 
€0 
‘om BB e7 1 (kp—o t) 
=( finc. Vo(A; ka; 0) + — Ui(ka)go(1; bx) 
€0 is kp 
E,,°8¢ F Ko 
Pian ~ srs), eae 
Z0 £0 


F,b* = TER == Hse H,>*¢ = (), 
8W. Andrejewski, “Die Beugung elektromagnetischer Wellen an 
der leitenden Kreisscheibe und an der kreisfoermigen Oeffnung im 
leitenden ebenen Schirm,” thesis, Technische Hochschule, Aachen, 
Ger.; 1952. 
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EXACT THEORY 

APPROXIMATION FOR LARGE ka 
APPROXIMATION FOR SMALL ka 
MEASURED AT 3.34 cm WAVELENGTH 
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Fig. 8—Back-scattering cross section of plane 
conducting circular disks. 


Et follows with 


€0 5 
U, = —— E™-U 
k3 
that the back-scattering cross section according to (6) 
is given by 


Febse 2 
Ante 
o uP Eine 
Ct 
= | Vo(1; ka; 0) — U(ka)go(1; ka) |?. (13) 
ka? 
Or, if F is the surface of the metallic disk 
2 bes ray 14 
Focxyhha\taniot, Gite Webadh oe. 


The functions Vo (1; ka; 0), do (1; ka), and U(ka) are 
given numerically by Andrejewski for a value of ka= 10. 
In addition to this, fourteen values in the range of 
0 <ka<10 have been newly computed by means of their 
defining equations. The numerical results are compiled 
in the Appendix. The calculated curves of the back- 
scattering cross section are contained in Figs. 7 and 8 as 
unbroken lines. 

Of special interest for a comparison with the exact 
solution is the approximation for very small ka values as 
well as the Kirchhoff approximation for very large ka. 
In the case of small radii, the far-zone field can be repre- 
sented by the field of an electric dipole of a moment?® 

16 


mM, = — a eg hire. g3, 
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With the Poynting vector defined as 


Pbse = 8 kta® 


(16) 


7 : it follows, for the back-scattering cross section, that 
o 64 (ka)! 
Beto” 


(17) 


The approximate solution of the diffraction of a plane 
wave by a circular disk with a radius large compared 
to the wavelength has been given by Severin.® The field 

_ on the axis in front of the metallic disk is found to be 


sce 


Ebse —= Eine (cm _— (18) 


z 
Va? + 2? 
The expansion of this expression for large distances zg 
e yields ~;« 


fk ek eee) 
Fibse = j= Ejincegikz _. (19) 
2 z 
Therefore, the back-scattering cross section of large 
metallic disks is simply given by 


oO k : 
- (ka)?. (20) 
The evaluation of both approximations (Figs. 7 and 8, 
dashed line for ka<1, dashed-pointed line ka>>1) shows 
a good agreement with the results of rigorous solution 
in the respective regions, ka <0.5 and ka>3.5. 

For the experimental investigation, a number of sam- 
ples have been made and the back-scattering cross sec- 
tion has been measured in the region 1.28<ka<25 at 
1.23-cm wavelength, and in the region 0.6<ka <4.75 at 
3.34-cm wavelength. For small diameters of the disks 
(2a<1.5 cm) samples are milled out of 0.5-mm sheet 
brass, with a strip-type extension which is inserted into 
a matched slot on the ground screen to provide a sup- 
port for the samples [Fig. 9(a)]. Larger samples are 
worked out of full material on a lathe and have the 
form of the quarter-discus sketched in Fig. 9(b). The 
base is about 2 mm thick and contains a 0.09-inch 
thread to support the sample. The thickness at the edge 
is less than 0.5 mm, and great care was taken to get very 
_ flat surfaces of the disks. 

The results of the measurements are plotted in Fig. 7 
(for \=1.23 cm) and Fig. 8 (\=3.34 cm), together with 
the rigorously calculated curve and the approximate 
solutions for large and small values of ka. In the experi- 
ment, the theoretical values of the back-scattering cross 
section for disks with ka=10.5 (Fig. 7) and ka=2.82 
(Fig. 8) served as standards, and all numerical values of 
o were obtained by relating the measured signals to the 
measured intensities of the scattered wave for these 


disks. 
° H. Severin, “Beugung elektromagnetischer Zentimeterwellen an 


metallischen Kreisscheiben,” Z. angew. Physik, vol. 2, pp. 499-505; 
December, 1950. 
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Fig. 9—(a) Shape of obstacles for 2a<1.5 cm. 
(b) Shape of obstacles for 2a>2 cm. 


In the region from ka >0.75 to ka <17.5, experimental 
and theoretical results are in nearly complete agree- 
ment. For larger values of ka (ka >17.5), a noticeable 
discrepancy between measurement and theory occurs, 
due to the structure of the incident field which no longer 
can be considered a plane wave. A value of ka=17.5 
corresponds to a radius of 2.8 wavelengths. The phase 
error at the edge of the scattering object is about —7 
degrees, assuming a spherical wave and a distance of 
s=230 cm at 1.23-cm wavelength. The phase error 
rapidly increases with an increase in the dimensions of 
the disk, so that agreement cannot be expected for 
larger disks. As expected, the measured signal, 7.e., the 
back-scattering cross section, is too small. 

The deviation from the measured values at very small 
disks, however, is entirely due to the disturbing reflec- 
tion from the surrounding absorber walls. The assump- 
tions made while deriving the estimate of error (8) are 
no longer valid, since the small circular disks radiate in 
the form of a dipole in any direction. With P®* the 
Poynting vector of the scattered wave in the direction 
of the source and ¢ the reflection factor of the mirror, the 
intensity 


(21) 


will be received by the receiving horn, where D? is the 
absorption cross section of the antenna, which is as- 
sumed to be perfectly matched. On the other hand, a 
total amount of energy® 


128 (ka)t-a2 
Pig aps eee pn 
Di 2120 


Jagr ere D2 


(22) 


is withdrawn from the wave, £'”. Therefore, the com- 
pensation between both arms of the setup is disturbed, 
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giving rise to a signal in the receiver with the maximum 
intensity 


r?-7o7-To, 


where 7 is the reflection factor of the surrounding wall. 
Inserting P** (16) and comparing J; and J; yields, as a 
necessary condition for an exact measurement of o at 
very small values of ka, 
D? 
== Ths” Qs 
3 p? 

A more quantitative determination of the error in this 
case would involve a knowledge of the wave itself rather 
than the intensities. Within the order of magnitude, 
however, a comparison of the energies will give correct 
results. With D2~D? and the given dimensions (D = 17.5 
cm, p= 150 cm, and 7,=0.02), the maximum error which 
should be expected is of the order of 25 per cent. This 
value corresponds fairly well with the actually observed 
deviation. It should be noted that this systematic error 
occurs in all methods depending on a direct compensa- 
tion of the incident wave, in which the disturbing re- 
flection of surrounding walls could not be avoided. 


CONCLUSION 


The smallest back-scattering cross section measured 
here is 0.01 \?. No full use of the sensitivity of the 
method has yet been made due to low-power generators 
and (unnecessary) reflections from the surrounding 
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laboratory wall. The systematic limit, however, is only 
given by the beamwidth of transmitting and receiving 
antennas and their decoupling. It is estimated that this 
limit will be reached at back-scattering signals, which 
are at least a factor 10 or 100 smaller than the smallest 
measured here. 
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The functions V (1; ka; 0), bo (1; ka), and U,(ka) are 


defined in Andrejewski’s work. Numerical values have 
been additionally computed in Table I. 


TABLE I 
k3 = 
ka | U(ka)=— Ui(ka)| Vo(1; ka; 0) (1; ka) 
eo Hire 
0.5 1.224 —70.067 0.313+ 70.102 0.300+ 70.098 
1.0 1.792 —70.949 0.594-+4 70.421 0.494+ 70.356 
1.5 0.347 72.251 0.831+ 70.987 | 0.508+ 70.672 
2.0 —0.731—71.564 1.033+ 71.835 0.322+ 70.916 
Doe —1.084—71 .033 1.238+ 72.978 |—0.031+ 70.969 
3.0 —1.260—70.637 1.487+ 74.392 |—0.456+ 70.770 
S55) —1.474— 70.497 1.748+ 76.039 |—0.840+ 70.334 
4.0 —1.7574+ 70.456 2.046+ 77.900 |—1.028+70.247 
50 —0.608+-72 .237 2.519-+712.349 |—0.628—71.277 
6.0 1.408-+71 .440 2.999 +717.884 0.532 —71.235 
7.0 2.212 —70.034 3.510+724.406 1.383 —j0.034 
8.0 1.479 —j2 .402 3.9774 731.812 | 0.965+71.449 
9.0 —1.444—72.209 4.525+ 740.400 |—0.460+71 .638 
10.0 —2.583 —70.363 5.024+ 749.916 |—1.619+ 70.257 
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Scattering of a Surface Wave by a Discontinuity in Reactance* 
ALAN F. KAYt 


Summary—The following two-dimensional scattering problem is 
solved exactly by a Wiener-Hopf procedure. The incident field is a 
TM surface wave traveling in the positive x direction and guided by 
a reactive surface in the plane z=0. The surface has normal react- 
ance X) if x<0, and X,ifx>0. X) and X, are assumed positive and 
real. The discontinuity produces reflected and transmitted surface 
waves and a radiated field. Closed form expressions are found 
for the magnitudes of these fields. The reflected, radiated, and 
transmitted power flows, relative to that of the incident field, are 
plotted in universal curves. Conservation of energy is verified ex- 
actly. 


= Manuscript received by the PGAP, December 24, 1957; revised 
manuscript received, August 25, 1958. 
t Tech. Res. Group, New York, N. Y. 


INTRODUCTION 


ROBLEMS related to the guidance of surface 
Prreaves over a reactive surface occur in antenna and 

transmission line theory and in some models of 
propagation over the earth. Before proceeding, it is well 
to say what is meant by a reactive surface in this paper. 
For a given monochromatic source one may define at 
any boundary point P, between two media A and B, the 
normal surface impedance looking into medium A as the 
ratio of tangential and mutually orthogonal components 
of E and H at P. More specifically, if a local rectangular 
coordinate system is chosen so that the unit vector i, 


1959 


coincides with the outward normal to medium A at '‘P., 
then the normal surface impedance at P looking into 
medium A is a vector with two components Z and Z’, 


‘defined by 
E; Ey 


H, H, 


= Z'. 


In the general case, Z and Z’ are functions of both P and 
the incident field. In this paper we are concerned only 
with a two-dimensional problem in which the field is 
TM, so that only the definition of Z plays a role. More- 
over, we restrict our attention to flat surfaces of a 
special type in which Z is independent of both the par- 
ticular field which is incident on the surface and the 
- particular point on the surface. Despite these severe re- 
strictions, such surfaces exist at least approximately 
_ and are of considerable importance. It is not hard to 
show that an interface between free space and a medium 
with electromagnetic parameters p, €, and go has to first 
approximation a normal surface impedance of 


ipa 
Th —_——— 
a + iwe 


provided that, as in the case of the earth, Z; is small in 
magnitude compared to the characteristic impedance 
~/uo/€o of free space [11]. Here and elsewhere, we as- 
sume a time dependence of e~***. From the point of view 
of geometrical optics, one sees that a body of low im- 
pedance such as the earth constrains all rays just within 
its surface to be nearly normal to the surface regardless 
of the exterior angle of incidence. The impedance con- 
cept has been very useful in treating problems of propa- 
gation over the earth [11]. 

In this paper we are specifically concerned with loss- 
less or reactive surfaces. In this case, we may define X 


by 
4. Vie 
Ho 


as the normal surface reactance, normalized to free 
space, and X will be real. By a reactive surface in this 
paper we mean, therefore, one which imposes a bound- 
ary condition on any incident field which can be char- 
acterized by a single number, the reactance X. Such a 
surface may be realized approximately by corrugating 
a perfect conductor with rectangular grooves, spaced a 
distance D apart with groove depth d and groove width 
g [9], [10]. If D is small compared to the wavelength d, 


then — 
2 
New aS tan (=). 
D r 


One should note that such a surface is anisotropic, 
i.e., Z'=0*Z, and in any experiment where the three- 
_ dimensional nature of the world becomes important, the 
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present theory must be used with caution. It is also 
noteworthy that both inductive and capacitive surfaces 
may be made, depending on whether the integer part of 
4d/d is even or odd, respectively. 

The dielectric clad ground plane, on the other hand, 
is an example of a surface whose normal impedance 
depends on the incident field unless the dielectric con- 
stant is large. In particular for an incident plane wave 
the reactance depends strongly on_incidence angle even 
if the dielectric is thin compared to the wavelength 
[9]. The “fakir’s bed,” which is a regular array of metal 
pins normal to a flat metal surface, is a further example. 

In experiments performed at Technical Research 
Group, (TRG, Inc.) with a fakir’s bed, we have found 
that for all pin heights L, in the range 0<L<0.4X, with 
a pin spacing of 0.2A and pin diameter of 0.05\, the 
normal surface reactance clearly depends on the angle 
of incidence of an incident plane wave. The dependence 
in this case has also been verified theoretically. Even 
with such surfaces as the dielectric clad ground plane 
and fakir’s bed, however, we feel that the theory in this 
paper is useful for semiquantitative studies of surface 
waves. 

In this paper we assume that a surface wave is travel- 
ing over an infinite plane reactive surface, and we solve 
exactly for what happens when an abrupt discontinuity 
occurs in the value of the reactance. The material pre- 
sented here was obtained under sponsorship of the 
AFCRC and appeared in a recent report [3], which also 
contained several applications of the results. It is hoped 
that descriptions of the applications will also be pub- 
lished when they have been more fully investigated 
experimentally. 

A special case of this problem, namely zero reactance 
on the transmitted side of the discontinuity, was previ- 
ously solved independently by Bazer [1] and Senior 
[4]. Our method, and indeed, much of our notation, 
follows Bazer. Bazer was apparently unaware, however, 
of the great simplification which follows from neglecting 
phase and considering only the generally more impor- 
tant quantities, the magnitudes of the reflected and 
transmitted surface waves and of the radiated field. 
This simplification was first pointed out to the author 
by J. Lurye of TRG. Lurye, several years ago, in un- 
published notes, worked out the detailed solution of 
Bazer’s paper and obtained an energy balance in that 
case. Our paper may be considered, therefore, a direct 
generalization of Lurye’s work. 

Weill [8] has also considered the general problem and 
obtained formulas for the transmitted, reflected, and 
radiated fields, which are similar to (25), (26), and (31) 
here. Aside from notation and other minor differences in 
these formulas, his formula for the radiated field has 
several misprints. Weill’s [8] expansion! for the trans- 
mission coefficient for “loosely bound surface waves,” 
(small Xo, Xi case, in our notation), is also in error. 


1 See especially p. 246. 
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The chief original contributions of the present paper 
are the explicit formulas for the reflected, transmitted, 
and radiated field magnitudes, in which all contour 
integrals have been explicitly evaluated. The resulting 
formulas are suitable for simple computation, and 
numerical results obtained from them are presented 
here graphically. 


WIENER-Hopr SoruTION OF A STEP DISCONTINUITY 
IN THE NoRMAL REACTANCE OF A PLANE 
Bounp1nGc A Har-SPAceE (SEE Fie. 1) 


Fig. 1. 


Suppose a TM surface wave traveling in the positive 
x direction is guided by a reactive surface of normal 
reactance Xo. The only component of H in this incident 
field is the y component, normal to the paper, and it may 
be written in the form 
Wincl&, 2) = emer X02, > 0, mo = kv/1 + Xo (1) 
For x>0 the normal reactance is assumed to change 
abruptly to a value X;. This discontinuity in the react- 
ance at the origin causes a scattered field h,(x, z) which 
generally consists of transmitted and reflected surface 
waves and a radiation field. If we assume a slight con- 
ductivity in space, then h,(x, z) is exponentially small 
at great distances from the origin, and we may write it 
in the form 


he(ce, 2) = (1/2n) f  H(a)etonton dy (2) 


where 


w= Sk? — wu? or ir/u? — B?. (3) 
To properly define the branch of the square root, we 
have written w in (3) so that if the conductivity vanishes 


and if w is real, the square roots must be positive [1], 


[2]. Now? 
0h,(x, 2) 


= (1/2n) f 1IwH (u)eturte2) dy, (4) 


2 See p. 12 of Bazer [1]. 
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= — kXo(h,(x, 0) + hinc(x, 0)), « <0 
Oe Oe ae 
eo = — kX,(h,(x, 0) + hine(x, 0), «>0., @s 


We now define functions f~(u) and gt(u) as follows: 


(ikXy — w)H(u) = f-(u) 
k(X1 — Xo) 


(bX: - WH) += rw). ©) 
Using (2), (4), and (5) we may write (6) as 
f-(u) =i J ; ecze 0) + “. ee 0) | eriuedy 
gt(u) = a (Gaze 0) - “ BAd; 0) eds: iD 


From (7) it follows that f-(w) is analytic in the lower 
half-plane and gt(uz) is analytic in the upper half-plane. 
In the strip —Im k<u<Im k, where Im k is the imagi- 
nary part of k, both functions are analytic. From (7), 


o1(#) R(X, — Xo) 
—— f-(u) + ——* = gu), (8) 
oo(u) u — Mo 
where, in analogy with the definition (3.13) of [1], 
Be et ining 
i Je — ke oi (u) 
a oot (u) 
oy) = 1 = ee (9) 
Vu? — k? a0 (u) 
where 
ay = kXi, ao = kXo, (10) 


and the new functions in (9), o;+(u), 7=0 or 1, are the 
Wiener-Hopf factors’ defined by (4.6) of [1] as: 
oF ip 


oj*(u) = exp {(-1/2n% 


—woF ip 


log {1 — oe haha dz 
V/s? — k? 


Be 5 


In view of (9) we may write (8) as 


R(X ie Xo)o0*(mo) 


(u — mo)oi*(mo) 


oo (#) 


oy (u) 


Fw + 


gt (u)oo*(u) (12) 
ot (u) 


(u — mo) Lort(w) ort (mo) 


® The Wiener-Hopf factorization procedure is also described in 
the more readily accessible reference [12]. 
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The left member of (12) is analytic in the lower half- 
plane, the right member in the upper half-plane. There 
is an overlapping strip of analyticity, for the o;+(u) are 
analytic and not zero in this strip and in the indicated 
_half-plane, whether j=0 or 1. It can also be shown, fol- 
lowing the argument of [1], that both members of 
(12) are bounded by a constant for large | «|. By the 
Liouville Theorem, we have then, 


k(X1 — Xo)aot(mo)or-(u) 


Ge oidiosacG) 
R(X, Poe Xo) o1* (uw) oot (mo) 
a sas OS SEE ENE <0! URL Be Sa 
: (w) (u aes mo) E eal (13) 


From (2) and (7) we obtain the general solution for the 
scattered field. 


R(Xo— Xi 
Pea 
(fe oot (moor (ue dy ; (14) 
—o F1'(mo)ou (u)(u — mo)(RXo — Vu? — k?) 


Let us now seek expressions for the radiation field, and 
_ the transmitted and reflected surface waves, by evaluat- 
ing (14) asymptotically at large distances from the 
origin. Before doing so we need additional properties 
_ of the functions o;+(u). From the definition we see that 


jg=O0o0rl (15) 


1 

Aa yg Stee 

art) 
We, therefore, need consider in detail only o;~(u). We 
drop the subscript for the time being in order to deal 
with both cases simultaneously. We observe that since 
_ the integral in (11) is analytic (except for branch points 
at +k and logarithmic singularities at z= +m), and 
since the integrand is 0(1/|z | 2) for large |z |, we may 
deform the given integration contour to a new contour, 
- JI+I, shown in Fig. 2. 


Fig. 2. 


Without changing the value of o~(u), this contour 
“may be deformed slightly at any point except at z=k 
and g=m where the singularities of the integrand occur. 
This shows that o~(u) is analytic and nonzero (though 
multivalued) everywhere except possibly at k and m. 
And hence, in view of (15), o*(w) is regular and nonzero 
everywhere except possibly at w=—k or —m. It is 
important to know the singularities at these points. 
From (9) we may write 


ot (u)/u? — k? 


be (16) 
Jw — kh? — a 


a (u#) 
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Since o*+(w) is regular and not zero at w=k, we see that 
o-(u) has a branch point and zero of order one-half 
at u=k. Again since o+(u) is regular and nonzero at 


u=m, we see that o~(u) has a simple pole at u=m with 
residue 


2ria? 


res o (u) = 
u=m 


ot(m). (17) 


Likewise o+(u) has a branch point and singularity of 


order minus one-half at w= —k, and a zero at u= —™m: 
. ot(u) =mo (=m 
lim = Bae sie (18) 


u>—m U + m a® 


Another useful relation follows from (9) and (15): 


LITER a We 
TL Seah Mea ee 
Hence 
ao (u)o-(—u) = aN . (20) 


A. Transmitted Surface Wave 


For x large and positive, we may deform the contour 
in (14) to a line 1) parallel to the original contour which 
was along the real axis, 2) slightly in the upper half- 
plane, and 3) indented below at the singularities of the 
integrand which occur at u=k, mo, and m, where 

>= kvV/1 a5 X 0’, 


m = kv/i1+ Xi. (20a) 


The contribution of this contour other than in the 
immediate neighborhood of the singularities is negligible 
because of the rapid damping of the exponential term 
exp (7ux-+iwz) for large x. Provided neither Xo nor Xi 
is zero, the contribution in the neighborhood of u=k 
corresponds to a radiation field with decay of the order 
e*«/x for large x. This follows from the fact that the 
integrand is bounded at the branch point w= so that 
the integral is dominated by some integral of the form 


-) e7 inka 
M rds o/ ), 


Imk x 


(21) 


where v is the imaginary part of w. It is worth noting 
that the radiation far field, which in general decays like 
y—1/2 in a two-dimensional problem, has therefore a null 
in the direction parallel to the positive x axis. This will 
be demonstrated again when we obtain the expression 
for the radiation field (69). 

At “=m and m, we have simple poles. The residue of 
the pole at «=m» may be calculated as follows. We note 
that 


a oo* (mo) 


® wena? = ee 


aot (mo) 
ao (u)(RX9 — Vu? — k?) 


(22) 
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In view of (9), as wm, the factor in (22) approaches C. The Radiation Field 


—1/kXo. The residue at u =m of (14) is thus The radiation field may be isan ae (14) by a 
pe - es imox—kX 02 stationary phase evaluation of the integral. 
"| euity eimox—kX 02 = —— (23) Setting 
Xo o1* (mo) o71(Mo = r cos 8, z=rsin8, (27) 
Since from (9) 
o1(mo) = 1 — X1/Xo, (24) the stationary phase point occurs at 


we see that this surface wave exactly cancels that of 7 
the incident field. Of course, since no wave with vertical 
attenuation constant kX» can propagate over a bound-_ In the neighborhood of this point 


u=kcosi, w=ksind, Ww — k? = —iksing. (28) 


ary with normal reactance X, not equal to Xo, it is physi- Hp Bos BY 
cally necessary to have such total cancellation. We may yx + wz = kr — Wapins gait + 0(u — kos 6)’, (29) 
look upon this result, therefore, as a check on our work. sin 


From (14) and (17) we find the residue at =m to be ang with the usual stationary phase assumptions, 


aioe hs(x, 2) 
oo+ (mo)o1* (m1) (RX1)2em™ KX 12 s\ 
ees ort (mo)oo(mi)mi(m, — mo) say k(Xo — Xi) | /n2k sin? 6 oo*(mo)or (k cos 8) 
Qri ir o1t(mo)oo (Rk cos 8) 
Since we have shown that (25) is the dominant term in ew nes =? (30) 
the field at large positive values of x, with z fixed, the (k cos 8 — mo)(kXo + ik sin 8) : 


subscript ¢ is used to indicate the “transmitted” field. é 
It is clearly a pure surface wave. As a check on this Thus, the radiation field, indicated by a subscript R is 


: - (Xo — X1)o1-(—mo)o1-(k cos 8) sin 6e*" ; (31) 


formula, by substituting oo+(m1)/o0(m) for oo (m1), it Allowing for the change in notation, and the fact that 


is not hard to show that if X; approaches Xo, Bazer’s 6 is —@ here, we find that (31) with X; set 
halts, 2) > eimosbXoe xy o3x equal to zero, agrees with (8), of Bazer [1], as it should. 
tly, ) 1 0) 
Pete child: D. Evaluation of Reflected, Transmitted, and Radiated 
Fields 


B. Reflected Wave 


If x is large and negative, (14) may be evaluated 
by deforming the contour to a line, 1) parallel to the 
original contour (which was along the real axis), 2) 
slightly in the lower half plane, and 3) indented above 
at the singularities of the integrand which occur at 
u=—k and u=—mp. As in the case of the transmitted 
wave, the singularity at k gives rise to the radiation 
field which is negligible in the limit of the lossless case, 
in comparison to the contribution from the singularity 


To evaluate the scattered fields, /,(x, 2), hi(x, 2), and 
hr(x, 2), it is desirable to obtain closed form expressions 
for o-(u). While this does not appear to be entirely 
possible, we can find expressions suitable for computa- 
tion. More important, simple closed form expressions 
will be obtained for |o-(u)|, and these are all that is 
required for a complete description of power “flow. 
The method is based upon the fact that the derivative 
with respect to a of the exponent in o~(u) in (11) is 
explicitly integrable with respect to z. We first note 


at 4=—my. The latter, we shall now show, gives rise that if g is sufficiently small 
to the reflected surface wave. 
The residue at u= —mpy is = ad 
ee 
eo sce Re rade Sanne erate 
tee 2(kV/1 + X02)2a1* (mo) o0-(—mo) Hence for any fixed real u, it follows from (11) and 


(32) that 


ne ai Xo(Xo0 — X) (ay 2g st A lim oj;+(u) rele (33) 
r\w) 21 afd X,?) ae) é ’ a—0 


Now o~(u) may be expressed as an integral along the 
and this is the reflected surface wave, indicated by a Contour of Fig. 2 as follows: 
subscript r. 


4 See p. 13. 
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(I-—J 
o-(u) = exp { } ; (34) fe 
—27i 1 1 
wh Br re Bh CB ae 
ere 2m(m pas u) 2m(m a u) (ees (43) 
log (1 i, z ) and 
90 2 a k? 
I= dz, A+B+C=0 
dk u— 2 
A(m — u) = Bim+ u) 
a 
_ log (1 ae a=) : —muA + muB — mC = 1. (44) 
J= !, eh dz. (35) If by setting z—t=w, we write L(t) in the form 
Differentiation yields ae ies Ju? + 2tu + 12 — k? a me 
ar is Bs mt u i 
ah ar f (/e2? — a) (zi 1) we may evaluate L(t) by means of standard integral 
I tables (e.g., Pierce,®). However, we must be careful to 
oJ f ibe dz handle the singularity at ~=0 properly. Since the in- 
re Ji (/2 — # + a)(u— 2) : (36) Mae is above the origin, this is accomplished if we 
take 
By means of Cauchy’s Theorem, we may eliminate the ~e M-t 
need for the contour I and write L(t) = lim. | if an ik | 
e0 k—t € 


“=f dz 2ria 37 
Oa Rt (V2? — kh? — a)(z — nu) (m = s)m- he, 


ae 
where the last term is the residue obtained from crossing 


the pole at z=m. Thus 


al — J) 
a. Oa 
“ Pe Qmi 
a2 fant 
k 


(2? — m?)(z — u) (m — u)m 8) 


II 


where K is defined by (38). From (33), (34), and (38), 

-f Kda 

i ak. 
201 ; 


We may evaluate the integral in (38) explicitly. To do 
so it is first desirable to evaluate for real k and M 


M Jee — hP 
Lie f ai rg 
k 


g—=—t 


o-(u) = exp (39) 


Ext < M, (40) 
where the contour is indented above at z=. For in terms 
of this simpler integral we have 


K = 2 lim (AL(m) + BL(—m) + CL(u)) 


Mo 
2ria (41) 
(m — u)m 
where A, B, and C are the coefficients of the partial 
fraction expansion of 
1 “A B 


a me — 0) 


(42) 


2 pt 


Ve tu Pk 


- du — rif? — B. (46) 
Use of the tables then yields 
L(t) =V/M?—F+1 log ae) niv/t?— k? 
VM B+ / PP t 
—/P—F? log ae : Les (47) 
( VP —k? 


Because of the first two of the relations (44), the first 
two terms on the right of (47) do not contribute in the 
summation in (41). That is 


2ria 
(m — u)m 


where L(t) is obtained by dropping the first two terms 
of L(t) in (47) and letting M— ©. We obtain 


Tener Aa kt tog ea “e ri}. (49) 


This relation holds only for R<t< «. If —~ <i<k, we 
must determine the correct branch of the logarithm by 
analytic continuation. As ¢ decreases from + © to —%, 
following the correct indentations at +h, the function 
/#—k+t traces a curve shown in the complex plane 
in Fig. 3. When ¢ is less than —k, the logarithm of 
it+./f— has an imaginary part of —7i. Thus 


5 B. O. Pierce, “Short Table of Integrals,” Ginn and Co., Boston, 
Mass., p. 26; 1929. 


K = 2(ALi(m) + BLi(—m) + CLi(u)) + , (48) 


28 IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


(t=teo) 


Fig. 3. 
Lb Astictan i+ VW? — k? 

Li(t) = Vt? — k? E eee are ’ 

Oa <iti< — ik, (50) 
and 
Bb ALI t{—iVk? — ? . 

Gy = tk — 2 tog (——) + 7 |, 

foe ee im (51) 


where the principal branch of the logarithm (with: 


imaginary part between 0 and —7) is implied. It is 


perhaps worth noting, that if we set 
t= sin 0, (52) 

then 

Pah. 


Li(t) = — k(a/2 + 4) cos 6, (53) 


From (43), (48), (50), and (51), we obtain 
—a m+ a 
K=——* [tog ( ) = xi] 
mm — n) k 
a m— a 
— ———— log ( ) 
m(m + u) k 


AD Ao Hee 
ee 2V/u k og (o k2 + *) Es “| 


u? — m? k 
—2au m+ a Tia 
= l eee dacs 37) 
mm? — u?) ( k ) ei m(m + u) 


eR ye a) 
= | tog ( ) Sie ri]. (54) 


u? — m? k 


Eq. (54) holds for all u if we stipulate the branch of 
the logarithm of (/uw?—k?+u)/k, as the one whose 
imaginary part lies between 0 and —z. From (39) and 
(54) 


o (4) = exp jah — zs 

1 2 
Vile aes Juz — kh? + u\ 

a5 ; toe ( ) + ri} , (55) 
11 k 
where 
y log Ee dy 
a k “i 
Ig = 


0 p(p? — u?) 
e fee ktsinh tdt 
0 


kis Se eee. 
k? cosh? t — x? 


(56) 
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where we have set 
and 
Lye u—- Ve + @ 
n= [ 20 — = tog |“, (58) 
> Pb — #) u—k 
a d : 
j= [ee 
0 ur ae hk? cs y 
1 + 
2/u? — k? Ju? — k? — a 


[Note: The integrations in (58) and (59) may be readily 
verified by differentiating both members with respect 
to a. The second form of (56) follows from the substitu- 


tion log [(p+y)/k] =t.] 


These integrals hold in the limit for real ~ and real a, 
provided the branch of the logarithm is chosen so that 


lim Z,; = lim I, = 0, all u. (60) 


a—0 a—0 


It is desirable now to express o~(u) in a form which 
clearly shows the real and imaginary quantities in the 
exponent. In the following equations we assume that 
the imaginary part of k has vanished. We first observe 
that for real u and k if k?<u?<k?+a?, 


1 a — V/u> ate k? 
Vf ———————————— eS ee 5 
Nears (1 \ Ee oie 4 A r') (61) 


and.at, W7<k 
1 
iV kh? — uv 


ae 
-log ad fh eo 
—a— iVk? — = 
We also note that Io is real unless k?<u?<k?+a?, in 
which case 
We 
2 log (75) dy 
k 
0 pp? = ut) 


wi = 
= eee LO 
u k é 


Vani = 1m (— 


(62) 


Thy TP. 


(63) 


where PV means the principal value of the integral. 
Thus 


0, w? < k? or u? > B+ ag? 
Im I) = {—— og (11! -_— 
2| w_| k ; 
B< ur < kt a’, 
VEE 5 + 
y log (Na 
k 
0 VR + y?(k? + y? — 4?) 


(64) 
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We have, finally, the following expression for o~(u). 
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5 u—k +A u Rel 1 Je—R+u Rie: ae 
Wn poe ee = 8 las - u k? + @ 
Fag € pay oes ) are \ Stes wear 08 ( k ) a “| le eee S ails 


u—k 


u+ /u? — k? 


ifu > Sk? + a?; 


1/2 5 
= ( | exp “ (Re Ip - ie lo 
u — /k? +a? 71 : Qu g 


) 


k 


Pye es: 
= 5 E (—S) + ri] E (sae -- ri] ,ikR<u< VR + a; 


TL 


u—k 


a— Vu? — k? 


ss ( ye {* Re Io 1 [ a a— iv/ kh” — Y? 
= eee ies = ee Reale oi TG apes cP GNA ee 3 
bid ak ag E 1 271 - k ) ri] E (3 de a Bi = ri] ’ 


—u+~ /n — RP 


if u? < R; 


( u—k 5 {=(R ; ae 
4 ee eee ex = 3 
u— VR? + @ “ Tt Sin 2u o8| 


1 u 2 
+ 5—| tog|* > Y=" 

2m 

u—k 


( io i" Seine 1 [ 
5 (ag exp <——— + —| log 
pe ena. sical bites Meee ar 


As a check on this result, it is not hard to verify (20). 
A further check results from the verification that o—(w) 
has a zero of order one half at u~=k and a simple pole 
at u=~VJ/k?+a?. 

We obtain considerable simplification if we consider 
the magnitude of o~(z). Taking the square of the mag- 
nitude of (65) yields 


ng Nahin WO tear aa 
u—- VP + @l|/e — Bal’ 
—k 
a cet nearly u<k. (66) 
a) ee da? 


Using (66), (15), and (25), we find after some manip- 


ulation 
pie, aa 
tlX, 2 Pa fd ae Kr (SG ats Xo)? 


Again using (66) and (26), we find 


Xo%(Xo — X1)%e- Xe (68) 
(14+-X0?) (VIF XP+VItXY)? 


| hela, 2) [P= 


whereas, from (31) and (66), 


) 


k 


SP = ka om FA 
{fitse{ = sa) + a}, if -VPR+ae<u< —k; 
a— Vw — k? ; 


ut JB 


meas 1 
| og ce — k? — ")} ; 


if 2/8? ee en 
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Apart from a proportionality constant depending on the 
units, the power flows of the incident, reflected, and 
transmitted surface waves are given respectively by 


Te XS 1+ X02 
kV/1+ Xe i} e-*kXozdg = v: aa (70) 
0 2X9 
Bx/1 Xo A | h(x, 2) |2dz 
0 
= Xo(Xo oa mea) (71) 
WTF XVI F Xe + VIF XB)? 
and 
Or See 7 2XiVJ1+ X°? 
Se ee hdx,2) de = ———— — —. “(72 
VETERE f | i, 2) [ae a Pee 


The power reflection coefficient R is the ratio of (71) to 
WAU 


eae Re 
ee sea ee oe wel 


3 (73) 


and the power transmission coefficient 7 is the ratio of 


(72) to (70): 


aie QS, 
p= = 1-( =) Jae 
(Xa Xo)? Xe Xo 
(Xo — X21 + Xo? sin’? 6 aoe 
[hal I = aera Vit Krbr/1 + Xie — cos H)(Xei + sin® (V1 + Xa — cos 6) 
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x,<—— 


Fig. 4—Reflection coefficient at a discontinuity in normal reactance 
from Xo to 


X0o?(Xo — X1)? . 
(1 + Xo%)(V/1 + Xo? + V1 + X17)? 


Ries 
Universal curves for R and T vs Xo and X; are given 
in Figs. 4 and 5. The total radiated power is 


(Mage Noe eT 
Vi + Xe+ Vi + X%) 


ef | he(x, 2) |2rd0 = » (75) 
0 


where 
sin? 6d6 


0 (14+ X2—cos 6)(/1+X?—cos 6)(XP-+sin? 6) a) 


Where the radiation power coefficient P is the total 
power radiated divided by the power in the incident 
surface wave, conservation of energy requires 


1 hee oD, Geen GN 


E. Energy Balance 


We now verify conservation of energy as an inde- 
pendent check on our results. We may make the substi- 
tution in (76) of 
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Fig. 5—Transmission coefficient at a discontinuity in normal reac- 
tance from Xo to Xi 


— 4XoX 
~ (Xo + Xi)? 


We factor the denominator of (78) in order to evaluate 
I by the residue theorem. We find that 


its Z(Z2—1)%dZ 
(Z—a)(Z—A)(Z—b)?(Z—B)*(Z+b)(Z+ B) 
where 
a=V1+ XP-X% 
A=Vi+XP+X% 
b= V1+ Xe%— Xo 


B= V/1+ Xo? + Ane (80) 


The poles a, b, and —6 lie within the unit circle, whereas 
A, B, and —B lie exterior to the unit circle. If we write 
I as the sum of the three residues at the poles within 
the unit circle, we have 


| gt ee gS (81) 


where the subscripts indicate the pole in question. We 


te ag = i7d0. Ae = cos 8, find by a straightforward calculation 
aX 
jue Aaa = eee aa =’ (82) 
moe 6 (77) (Xo — XY)(V1 + XP — V1 + Xo*) 
Yi o —717wXo 
to yield a contour integral around the unit circle mae (Gio cs Ay gts CONE oe es (83) 
aks $ ZZ? — 1)*dZ 
8 2+ Dey oa (78) 
( ~ vit x2) ( u - viF X82) (xezs- =) 
4 
Since Z=b is a double pole, we have 
Ty 7 | as Z(Z* — 1)? 
dZ L(Z? — 2V1 4+ X22 + 1)(Z? + 2/1 + Xi + 1)(Z — a ihe (84) 
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ee ieee EM 1a 20 (bo aSyen AaKat SIAL 2 nw 
we find after considerabl i i Sy 
e manipulation that 22 ap. Cah ae) tee (VIFKE— VIX |. (89) 
Ss 2 
ys SS Se a ee ee vs U * 
2Xo(1 + Xe (V1 + Xo — Vi + Xi)? A little manipulation shows that (88) and (89) are 
a equal, as required. 
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Spherically Symmetric Lenses* 
ALAN F. KAY{ 


Summary—A design procedure is given for finding the index 
variation of a spherically (or cylindrically) symmetric lens which 
will produce, with some restrictions, any desired shaped beam pat- 
tern. Applications are made to a broad beam Luneberg lens, a bi- 
static Luneberg reflector, and a bistatic Eaton-Lippmann lens, and 
other examples are worked out. The practical importance of the index 
singularity at the center of lenses of the Eaton-Lippmann type is 
treated. 


INTRODUCTION 
elec Luneberg lens is but one of a number of 


spherical lenses which have been studied in the 
past.! The important property of spherically sym- 
metric lenses is their inherent perfect wide angle or 
scanning ability. The beam may emerge at various 
angles as in the Eaton lenses,!? or the focal point may 
be interior to the lens as in the lenses of Brown.* The 
Luneberg lens and most lenses of microwave interest 
have unit index on the surface. However, these lenses 
have been generalized by Brown’ to other spherically 
symmetric lenses having arbitrary index on the outer 
surface. me 
Recently, interest has been demonstrated in a shaped 
beam modification of the Luneberg lens.* This lens has 
a broader pencil beam than a Luneberg of the same 
diameter, since the emergent phase front is not plane 
but rather spherical of slight curvature. Since the rays 
are not collimated, we may think of this lens design as 
being of the “shaped beam” type. Geometrical optics 
should give a reasonable first approximation to the 
actual patterns achieved by these lenses just as it does 
for the shaped beam metal reflectors described by Sil- 
ver.® Since this type of analysis leads to patterns that 
are frequency independent, one application of the shaped 
beam lens is for “pencil beams” with constant beam- 
width over a broad band. As DeSize points out,‘ this 
permits broad-band, wide-angle coverage with a multi- 


_* Manuscript received by the PGAP, May 7, 1958; revised manu- 
script received, August 25, 1958. This paper was sponsored by 
AFCRC Antenna Lab. under Contract No. AF19(604)-4054. 

ie Res. Ne ok York, N. Y. 

. E. Eaton, n Extension of the Luneberg-Type Le e 
Oe Res. Lab., Washington, D. C., Rep. No. 4110: Peoruste 16. 


2K, Kelleher, “Variable-index lenses producing conical = 
fronts,” presented at URSI Symp. on Electromagnetic Wave Theory 
Univ. of Michigan, Ann Arbor, Mich. For abstract, see IRE TRANS. 
ON oa ae PROPAGATION, vol. AP-4, p. 586; July, 1956 
. Brown, icrowave wide angle scanner,” Wirel ,. 
30, pp. 250-235; October, 1953. ay acne 
. K. DeSize, “An investigation of the feasibility of obtaining < 
constant beam width Luneberg lens,” in “Abstracts of the Be) ae 
pone prosum on Ea Antenna Research and Develop- 
ment Program,” Univ. of Illinois, Urbana, IIl., Astia Doc. e 
138500; October, 1957. ee 
5S. Silver, “Microwave Antenna Theory and Design,” M.I.T 
Rad. Lab. Ser., McGraw-Hill Book Co., Inc., New York, N. Y., 
pp. 497-502; 1949, ee" 


plicity of fixed feeds without either failure of coverage 
at the high-frequency end of the band or wasteful over- 
lap at the low-frequency end. ae 

This paper is concerned with the improved design of 
shaped beam lenses of several types. In all cases the 
lenses themselves have circular symmetry so that the 
index n(r) is a function of the normalized radial distance 
r, which is defined as the radial coordinate divided by 
the lens radius a. All results, for lenses of unit radius, 
apply to lenses of arbitrary radius a by replacing r by 
r/a. 

The theory applies to three types of lenses of current 
practical interest and is developed for all three types in 


_a parallel exposition. Lenses of Type I have a point 


source on the surface. The Luneberg lens is an example. 
Lenses of Type II have a point source at infinity; a ray 
from the incident plane wave passes through the lens, 
reflects from a metallic coating on the surface, and then 
passes through the lens a second time before emerging. 
The metallic coating covers only a portion of the lens, 
of course, so that this description applies only to some 
of the rays. An example of this type of lens is the Lune- 
berg reflector, which is a Luneberg lens with a metallic 
reflector covering part of the surface. The final type 
considered, Type III, has a point source at infinity but 
has no reflecting coating on the surface. The Eaton- 
Lippmann lens, which is perhaps not so well known, is 
an example. It appears that Eaton! first described this 
lens whose index variation is 
2 
n(r) = —— 1. (1) 
r 

Eaton pointed out that with a point source on the sur- 
face, this lens acts like a flat metal plate reflector tan- 
gent to the lens at the point antipodal to the source. 
Lippmann* observed that this lens also returns a “plane 
wave” in the direction of an incident plane wave, inthe 
sense that every ray entering the lens ultimately emerges 
in the direction of its origin. 

Unfortunately, when the vector nature of the fields 
is taken into account, one finds that regardless of the in- 
cident polarization, the back-scattering cross section of 
a spherical Eaton-Lippmann lens is actually zero rather 
than the large value one would expect from scalar 
theory. This unusual situation is quite distinct from the 
Luneberg reflector where vector and scalar theories 
yield much the same results. A two-dimensional Eaton- 
Lippmann lens does, on the other hand, have a back- 


° B. A. Lippmann, “An Elementary Di i 
3 ; y Discussion of the Luneber 
ie Tech. Res. Group, New York, N. Y., Interim Tech. Ren 
0. 1, Contract No, AF19(604)-1015; 1954. 
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scattering cross section that is large for its size. Such 
_ a lens can be realized in a parallel plate region if in (1) 


> 
” 
J 
3 
2 


a 


_rrefers to the radial coordinate of cylindrical coordi- 


nates. 
The Luneberg reflector has application in radar echo 


_ enhancement because of its large back-scattering cross 


_ finite length may also have a similar application if a 


section in directions in which the metal surface is in the 
shadow zone. A cylindrical Eaton-Lippmann lens of 


large return is required only in or near the azimuth 


plane, 1.e., for an incident wave front nearly parallel to 


_ the lens axis. In this case the Eaton-Lippmann lens has 
_ the advantage over the Luneberg reflector of complete 
_ azimuth coverage. Moreover, an Eaton-Lippmanin lens 


returns circular polarization in the same sense as that 
of the incident signal, while a Luneberg reflector returns 


circular polarization of the opposite sense. The former, 


- therefore, gives a larger received signal at the terminals 


of a circular polarized radar antenna. 
The three lenses: Luneberg lens, Luneberg reflector, 
and Eaton-Lippmann lens may be considered proto- 


_ types of each of the three classes. In each case, applica- 


tions now exist for lenses similar to the prototypes but 
having broader beams. We have already mentioned an 
application of the broad-beam Luneberg lens. 

The broad-beam Luneberg reflector or broad-beam 
Eaton-Lippmann lens is useful when a large “bistatic 
cross section” is desired. By this, we mean that if a 
radar signal illuminates such a lens, it is desired that a 
large return occur in all directions 0 with respect to the 
back-scattering direction out to a maximum direction 
6,;; that is, the scattering pattern should be something 


like 


1D 8< 0; 


2) 
Gp 10 < F. ( 


FO = 4 


Here @ is the polar angle in a spherical or cylindrical 
coordinate system with polar axis in the back-scattering 
direction. In the case of the spherical lens, because of 
the symmetry of the lens, the pattern is independent of 
the azimuthal angle and is thus a function of 6 alone. 
We assume that F(@) is a given shaped beam pattern 
and that it is desired to find the index variation (7) 
for a lens (of any of the three types) which will produce 


this pattern. We assume that there exists an index n(r) 


which will produce this pattern and for which the vari- 
able 


E = &(r) = rn(r) (3) 
is a monotone function of 7 such that 
#(0) = 0, .£(1). = 1. (4) 


While it is possible to relax these assumptions and to 
replace them by mathematically weaker restrictions, 
present needs do not seem to justify the additional 
mathematical complexity. In the case of lenses of Type 
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I, the primary pattern of the feed F,(6) is prespecified, 
as well as the shaped beam pattern F(@). The index 
n(r) which is obtained depends on both patterns. Actual 
formulas for the index are given implicitly in terms of 
F(@) in such a manner that for many cases of interest, 
the index may be found with a slide rule, with sufficient 
accuracy for practical purposes, in less than an hour’s 
time. The broad-beam Luneberg lens, the bistatic Lune- 
berg reflector, and the bistatic Eaton-Lippmann lens 
are worked out in detail and the resulting indexes are ~ 
presented graphically. Another interesting case, the 
conical beam lens, is also worked out as an example. 

In certain tactical situations, systems analyses lead 
to optimum scattering patterns more sophisticated than 
that given by (2). The method may be readily applied 
to such cases. 

If the beam shape asked for is too “extreme,” the 
index found by this method will yield the desired beam 
shape on the basis of geometrical optics, but will fail 
to produce the desired pattern in practice, 7.e., when 
diffraction effects are also taken into account. The out- 
standing example of this defect is the case where F(@) 
is specified as a delta function, which, depending on the 
lens type, gives rise in this method to the Luneberg 
lens, the Luneberg reflector, or the Eaton-Lippmann 
lens. These lenses, of course, do not have delta function 
patterns, but do have the highest gain patterns they 
possibly can. Their emerging rays are collimated. Ex- 
perience with analogous problems, such as the break- 
down of performance of shaped beam metallic reflectors 
in the neighborhood of the csc? singularity, should serve 
as a guide for shaped beam lenses. In any case, the 
pattern which will actually be obtained for a given index 
lens may be more accurately predicted by evaluating a 
diffraction integral as described in Silver’ or Braun.” 


DESIGN OF SHAPED BEAM LENSES 


Consider the three types of lenses shown in Fig. 1. 
In Type I, a point source is located at P; with primary 
pattern F(a). The ray at angle a to the lens axis from 
P, reaches a point Py of minimum distance 7p to the lens 
center. The ray emerges from the lens at P2 at angle 6 to 
the axis. 

In the Type II and Type III lenses, a typical ray is 
initially parallel to the axis at a distance y from it and 
strikes the lens at P:. The point of minimum approach 
to the origin is Po. In the Type II lens, the ray reaches 
the lens surface at P; where it is reflected back into the 
lens by a metallic reflector. It then traverses the ray 
path segment P,P,’P,’ which is the symmetric image 
of P,P oP: with respect to OP;, and emerges at angle 
§ with respect to the axis. In the Type III lens, there 
is no metallic reflector; the lens itself bends the ray 


7E. H. Braun, “Radiation characteristics of the spherical Lune- 
berg lens,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-4, 
pp. 132-138; April, 1956. 
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y 


metal 
reflector 


Type If 


Type IIT 


Fig. 1. 


around to emerge at P; at angle @ to the axis. In all 
three cases, by symmetry, the ray path segments P,P; 
and PoP, are the images of each other in the line OP,. 

We desire to find an index n(r) in all three cases 
which will produce a given shaped beam pattern F(6), 
subject to the conditions of (4). We assume that there 
exists an index u(r) such that rn(r) is a monotone func- 
tion of 7, which will produce the required pattern. 


We have the following relationships among the angles 
of Fig. 1: 


Tio =} 
ato Type I 
2 
2r — 2a — 0 
~ = SSR Type II (5) 
2x — 2a — 6 
Stitoes Type III, 
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where the angle ¢ is given by® 
a dr 


ro rVrn*(r) zs y? 
and 
= sina. (7) 


The fact that the lenses produce patterns F(@) imposes 
conditions on m(r). Let us determine these conditions 
first for two-dimensional or cylindrical lenses. In the 
case of Type I lenses, by geometrical optics,’ the energy 
in the ray bundle consisting of all rays leaving the 
source between angles a and a+da is transported in the 
ray bundle consisting of all rays emerging from the lens 
at angles between 9 and 6+d8. Thus 


Pf(a)da = F(6)d8, (8) 


The constant P is a convenient normalizing factor which 
is determined by conservation of energy. In the case of 
lenses of Types II and III the analogous equation to (8) 
is 


Type I. 


Pdy = F(6)d0, Types II and III. (9) 


If we assume that the rays at y=0 and y=1, respec- 
tively, emerge at angles 0) and 0;, we have by integration 


a[2 61 
P f Fitaie= ih F(6)d8, Type I, 
0 6 


0 


91 
Piz f F(6)d0, Types II and II. (10) 
6 


0 
Eq. (10) is a statement of conservation of energy and 
serves to define P. Indefinite integrals for (8) and (9) 
yield 
8 


P i ~ "r(e)d8 = [ FCY)a¥, Type I, (11) 
0 , 


99 


8 
Py = f F(W%)d¥, Types I and ITI. 
0 


0 


(12) 


Eqs. (11) and (12) define @ as an implicit function of y 
in each case, and thus (5) and (7) define ¢ as a function 
of y: ¢=¢(y). The function ¢(y) is not always ex- 
pressible analytically, but with the pattern F(@) given 
[and, incase I also F(a) given], ¢(y) may be tabulated 
numerically using (5), (7), and (11) or (12); therefore, 
¢(y) can be considered known. 

We may now solve for m(r) in (6) by a standard pro- 
cedure. We first set 


E=rn(r),  flé)dé = dr/r (13) 


where f(£) is, as yet, an unknown function. From (6) 


® This relationship is well-known, and is given, for example, in 
ASE; Kay, “The impossibility of certain desirable Luneberg lens 
modifications,” IRE Trans. oN ANTENNAS AND PROPAGATION, -vol. 
AP-4, pp. 87-88; January, 1956. 

9S. Silver, “Microwave Antenna Theory and Design,” M.I.T. 
Rad. Lab. Ser., McGraw-Hill Book Co., Inc., New York, N. Y., 
pp. 112-114; 1949, 


‘a 


; 
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gt 
o(y) = yf eee : (14) From (17) we may then write 
ean oa 61 
_ To solve (14) for f(£), we multiply both sides by bx ho(é) — hi(), Type I 
PY ee where ¢ is a new variable satisfying 0<i<1. r) 
e then integrate the variable y from ¢ to 1. On the logr=1—h h T 
: : S = = 5 ig 
right side of (14), we exchange the order of integration ; 2a ae iy on : ae 
of y and & We use Abel’s identity,! 6; 
r er : = he(@) — 2in(®), Type TH, 
2 VP — PVE 2 ae oe where 
‘ to reduce the y integral. We obtain finally 1 (24) 
| mW) = | = vi=P 
o(y)dy * fhe pi Se Se ae 
on V5 Tair ieee” a ee and 
In view of (2) and (13) we may write (16) as 1 ¢! (4 — sin-y)dy 
*  o(y)dy 7 nee ade VP-P 
if Ss —log-r, —E=rn(r). (17) ; (25) 
Saar : te vias 
Last 
Eq. (17) gives u(r) implicitly as a function of r. For : los es }. 


the special cases considered below, the integral in (17) 
can be integrated explicitly, and in some cases n(r) may 
be expressed explicitly. In the general case, the left 
member of (17) is evaluated numerically for a repre- 
sentative number of values of £ in the interval 0<£é<1, 
and a graph or table of values of 7 vs £ is made. n(r) is 


3 then determined from 


(18) 


A. Wide-Beam and Bistatic Lenses 


If we define F(@) by (2) and for the sake of illustration 
set 


(19) 


for the Type I lens, we are seeking for the three lenses: 
a broad-beam Luneberg lens (Type I), a bistatic Lune- 
berg reflector (Type II), and a bistatic Eaton-Lippmann 
lens (Type III). We find from (10), that, 


Fi\(a) = cosa 


FP = ,,° Types I, I, and 1D. (20) 
From (11) and (12) 
6 = Oy, Types I, II, and III. (21) 
Thus from (5), 
Netao ia a 
aN ete amet Le Type I 
) 
2x — 2sin-! y — 0 
oy) = = Type II (22) 
a ain ty 
eee? go? ue Type III. 


2 


10 G, Doetsch, “Laplace-Transformation,” Dover Publications, 
Inc., New York, N. Y., pp. 293-294; 1943. 


The evaluation of the integral in (25) is described in 
the Appendix. From (23)—(25) we find, therefore, that 


e(iln) 9/18 Type I 


( é 
Vit Vi-# 


‘ea Wo e(81/2n) 4/18? Type II (26) 
Fa 
1+Vi-# 


We observe that a broad-beam lens of Type I with beam- 
width, say @, becomes, if it is covered with a reflecting 
surface, a broad-beam reflector of Type II with beam- 
width 26. This is a generalization of the fact that the 
Luneberg lens and the Luneberg reflector have the same 
index. For the broad-beam type lenses, the generaliza- 
tion is only true if /o(a@) =cos a. 

If 6; is zero, we may solve explicitly for & in all cases. 
Then using (18) we obtain 


e(rlnV/1-F Type III. 


/2 — 7, Type I and II 
n(r) = 2 
—— 1, ‘Type Til. 
Yr 


These correspond to the Luneberg lens and the Eaton- 
Lippmann lens, respectively, as they should. 

If 6; is small, a little manipulation shows that, to 
first order in 6 


(27) 


See | u(i — r?)? 
nr) = /2— (1 — ~—), “w<i1, (28) 
(ear) 
where 
201 0; 
“=—, Typel; w=-—» Typell, (29) 
TT Tv 


g, = 249,.2° = (2r log 2) 
ie = 124.6° 


1. 


————— I 


z : 1.0 
° +2 4 r 6 


Fig. 2—Cylindrical bistatic Luneberg reflector, Type II, cylindrical 
broad beam Luneberg lens, (Fo(a@)=cos a), Type I. 


¢,=F ull beamwidth of reflector. 
éL=Full beamwidth of lens. 


and 


gc (2-7) 
6:Kn, Type Ill. (30) 


& (1 — aN 


n(r) = es (1 


If 6; is less than 2/5 in Types II and III or less than 
7/10 in Type I, these approximations are accurate to 
within 1 per cent. 

For general values of 8;, (26) must be solved numeri- 
cally by tabulating 7 vs € for fixed 6; and computing 
n(r) by means of (18). Results are shown in Figs. 2 and 
3. One of the difficulties of the method is illustrated in 
this case. If the half beamwidth of the broad-beam 
Luneberg lens exceeds 62.3°= (2/2) log 2 radians, then 
the index which is required for the beam shaping turns 
out to be less than unity for part of the lens. Even 
larger beamwidths in this case lead to functions r(£) 
which are not monotonic but look like Fig. 4. No inverse 
function &(r) exists in the interval 0<r<1 except one 
for which (1) =£) <1. Hence by (18), (1) is less than 1, 
In a case such as this, no lens with rn(r) a monotone 
function of r and (1) =1 can do the job required. 


B. Conical Beam Lenses 


If we define F(9) as a Dirac delta function, 
F(0) = 6(6 — 6’), (31) 
the beam produced will be shaped like a conical shell 
in the three-dimensional case (unless 6’ is zero, in which 


case it will be a pencil beam). We observe from (11) and 


(12) that @ is a constant equal to 6’. From (5), (7), and 
(17) 


Oha(~) — h(E) 


/ 


log r = 25 h(t) — hi(é) Type II 


Type I 


(32) 


O’ho(§) — 2h(E) Type III, 
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fi(r) 


f°) ae 4 6 8 1.0 


Fig. 3—Cylindrical bistatic lens, Type III, half 
beamwidth =6,, Eaton-Lippman: #,:=0. 


1 
a iy 
O 
= eres 
Fig. 4. 


where ,(&) is defined by (25) and 


1 d 1 ie =o 
ine) = — [ —P— = — tog J “\ (33) 
BSE NY et 2 ie i 
We obtain from (32), 
tle lat «/ io ete Teeter 
Bes, pe Es VJ 1 — £2} 02-112, Type II (34) 
e-ole fA V1 — hr, Type IIT. 


In case 6’ =0, these three lenses reduce to the Luneberg 
lens, the Luneberg reflector, and the Eaton-Lippmann 
lens, respectively, as they should. For the general case, 
n(r) may be computed as before. The results for several 
®’ are shown in Fig. 5 for a lens of Type III. 
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Fig. 5—Conical beam lens, Type III, beam angle =9’, 
Eaton-Lippmann: 6’=0. 


THE SINGULARITY AT THE CENTER OF 
Tyee III LENsSEs 


Unless the ray at y=0 is not deviated at all, all 
lenses of Type III have a singularity in n(r) at r=0. 
At the center, the bistatic lens has a singularity of the 
same order as the Eaton-Lippmann lens. In fact, for 
small r, from (26), 


ae 
n(r) = \/— e"l2r, bistatic lens, r<1. (35) 
r 


The order of the singularity at the center of the 
conical beam, Type III, lens depends on 6’. From (34), 
it is not hard to show that 


2 ) (n—0/) [(2n—8) 


n(r) ~ (= (36) 


, conical beam lens, r<1. 


The order of the singularity at the origin decreases from 
—1i when @’ is zero to 0 when 6’=7. Only the limiting 
case 6’=7 has no singularity whatever at the origin. 
The existence of the singularity for the Type III 
lenses implies that the theoretical index cannot be ad- 
hered to near the center. Let us consider the practical 
effect of this limitation. Suppose that m,, is the index 
of the material of maximum index suitable for construc- 
tion of the lens. An inner cylinder of the lens, defined by 
0<r<?rm, where 
Riya ee (Oi) 


N(Tm) = Nm n(r) = Mm 


must be omitted from the construction. As a first ap- 
proximation, we may assume that all rays which would 
have entered this cylinder are not properly focused. 
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This consists of all rays in a strip of the wavefront of 
radius ym, where 
Vm = TN 


(38) 


The limiting ray which enters at y =m emerges at angle 
91, given from (10) and (12), by 


Ga { ” Rw) ay 7 ft "R08. 


Within the limitations of the validity of the geometrical 
optics assumption, therefore, the shaped beam pattern 
is unaffected in the region 


(39) 


0, <0< 41, (40) 
and seriously degraded in the region 
005 <6 < Oz. (41) 


For a pencil or conical beam Type III lens, these 
remarks are not applicable. The important phenomenon 
becomes the effect of the singularity on the scattering 
cross sections of these lenses. For example, o, the back 
scattering cross section of a cylindrical Eaton-Lippmann 
lens of finite length J when a free space plane wave is 
incident in the azimuthal plane, is given by 


¢ =G-A, (42) 


where G is the gain of the scattering pattern, and A is 
the area of that part of the incoming wavefront whose 
rays are actually focused. Thus 


A = 2(a — ym)l, (43) 


where a is the radius of the lens, and yp is given by (38). 
The gain of a perfectly focused aperture of area Ao is 
G = 4rA)/d?. (44) 


Because of the symmetry of the ray paths about the 
axis, d =A». Thus (42) becomes 
167/? 


. (45) 


(9) (a Bars Ym)? 

Therefore, the db loss in scattering cross section for 
the Eaton-Lippmann lens, due to the omission of the 
cylinder 0<r<rm, is 


10 logio (1 — ym)? = 20 logio {vin == an (46) 
Nm? + 1 
This is plotted in Fig. 6 vs mm. 
From (39), for the bistatic lens 
Oz = V¥un01 = TritinO 1. (47) 


For 2,=4, we obtain the following values: 


Bistatic Lens Minimum Focussed Angle 


64 On 

182 ESO” 

90° Qiee 
180° ail 
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db loss 

in oO due 
to non-use 
of material 
with index 
exceeding 


n° 


2 3 4 5 6 


ae max, usable index 


Fig. 6—Cylindrical Eaton-Lippmann lens. 


SPHERICAL LENSES 


The formulas which express conservation of energy 
flow must be appropriately modified for spherical lenses. 
In (8) through (12), in order to allow for the correct 
area elements, we must replace dy, da, d0, d8, and dy by 


ydy, sin ada, sin 6d0, sin BdB, and sin dy, respectively.: 


These changes do not affect the index variation for the 
conical beam lenses. For the broad-beam lenses of all 


three types defined by (2), we must replace (20) by 
P = 2(1 — cos 4), (52) 


and (21) by 
; el 
6 = cos {1 — (1 — cos 6,)y?] = 2 sin7 ( sin >). (53) 


This implies that (23) must be written as 


2hs(é) — Ma(é), Type l 
hs(t) — hn(é), Type IL 
2hs(€) — 2hx(é), Type III, 


log r = 


(54) 


wherel! 


1S. P. Morgan, “General Solution of the Luneberg Lens Prob- 
lem,” Bell Telephone Labs., Inc., Murray Hill, N. J. (submitted for 
publication in J. Appl. Phys.). The author is indebted to Dr. Morgan 
for first pointing out the necessary changes in the formulas in passing 
from cylindrical to spherical lenses. 
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sin! ( sin >) 
1 2 
Bee Vo as = 

The function h3(£) was first defined by Luneberg.” 
Fletcher, Murphy, and Young developed a power 
series for it in powers of sin (0;/2) which according to 
Morgan"! is satisfactory for @ less than about 60°. For 
larger values, the function has been tabulated by 
Morgan. 

Eq. (54), then, implicitly defines (r) as a function of 
r as in the cylindrical cases. 


h3() = * dy. (55) 


APPENDIX 
Evaluation of hi(t) 
To evaluate the integral in (25), let y=wt, then 


1/t a — sin! ut 


n= au (56) 
We differentiate (56) with respect to f. 
biG) ae ee f TS A ee 
Bis/L = Bos in bid sn eee 


By means of the Abel identity (15), (57) reduces to 


iy'() = — = - — (58) 
; re) eee es, | 
Standard integrals yield 
vg 1+ VJ/1-#? 
h(t) = — log {=~} ete log ¢ 

2 t 
T i+vVi-? 

eed ee nS ee 
= log 4-1, (59) 


which satisfies the initial condition #;(1) =0. 


 R. K. Luneberg, “Mathematical Theory of Optics,” Brown 
University, Providence, R. I., pp. 189-213; 1944. 

8 A. Fletcher, T. Murphy and A. Young, “Solutions of two optical 
pollen Proc, Roy. Soc. (London) A, vol. 223, pp. 216-225; April 22, 
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On the Design of Some Rhombic Antenna Arrays* 
A. A. DE CARVALHO FERNANDES} 


Summary—The expression of the field radiated by a rhombic 


_ antenna, taking into consideration both the vertical and the horizontal 


polarization components, is used to establish the theory of the array 
of two stacked rhombics and of the array of four rhombics in a 
stacked and interlaced arrangement. The main conclusions obtained 
are that for convenient values of the vertical and horizontal spacings 
between the antennas of the array, there is a greater concentration 
of power radiated along the directions of the main lobe of the pattern 
and, as a result, these arrays show an appreciable gain over a con- 
ventional rhombic. Practical rules for the design of these arrays for 
point-to-point and broadcasting are given in some detail. 


INTRODUCTION 
HORIZONTAL ANTENNA IN PRESENCE OF GROUND 


HOMBIC antennas and rhombic antenna arrays 
are still a very convenient solution for many 
radio communications problems both in the HF 

and in the VHF field. The theory of the rhombic antenna 
has been described in several papers!» and the arrays 
of perhaps greatest practical interest were described 
by Christiansen. 


List oF SYMBOLS 


ASR=array of stacked rhombic antennas. 
ASIR=array of stacked and interlaced rhombic an- 
tennas. 

H=average height of an horizontal antenna or 
array above ground. 

l=side of the rhombus. 

s,=horizontal spacing of the two partial ASR of 
an ASIR. 

S»= vertical spacing between the two antennas of 
an ASR. 

¢@=tilt angle. 

A=angle formed by the direction of radiation 
with the plane of the antenna (angle of ele- 
vation or angle of fire in horizontal antennas). 

yY=angle formed with the main diagonal of the 
rhombus by the projection of the direction of 
radiation on the plane of the antenna (azi- 
muth angle in horizontal antennas). 

\=wavelength. 


* Original manuscript received by the PGAP, March 24, 1958; 
revised manuscript received, October 20, 1958. 

+ Technical University of Lisbon, Portugal. Also, Standard 
Electrica, S.A.R.L., Lisbon. mS". : 

1. Bruce, “Developments in short-wave directive antennas, 
Proc. IRE, vol. 19, pp. 1406-1433; August, 1931. : 

2E. Bruce, A. C. Beck, and L. R. Lowry, “Horizontal rhombic 
antennas,” Proc. IRE, vol. 23, pp. 24-46; January, 1935. r 

3 W.N. Christiansen, “Directional patterns of rhombic antennae, 
AWA Tech. Rev., vol. 7, pp. 33-51; September, 1946. 7 

4 W. N. Christiansen, W. W. Jenvey, and R. D. Carman, R.F. 
measurements on rhombic antennae,” AWA Tech. Rev., vol. 7, pp. 

144: December, 1946. 
WON. ie cancen. “Rhombic antenna arrays,” AWA Tech. 


Rev., vol. 7, pp. 361-383; October, 1947. 


Fig. 1—Schematic representation of a rhombic antenna. / is the side 
of the rhombus and ¢ is the angle made by the side with the 
transverse diagonal (tilt angle). 


If we use the symbols summarized in this list, in 
reference to Fig. 1, we may obtain the following equa- 
tion,® 


Hf 
E = 480 — cos $ | F(A, @ — ¥)-Fa(A, 6 + Y)-Fu(A)|, (1) 


which gives the far field (taking into consideration both 
the horizontal and the vertical polarization components), 
due to the radiation from an horizontal rhombic an- 
tenna situated at height H above ground. Factors Fi, Fr, 
and Fy are given respectively by (2)—(4). 


al 
sin \- [1 — cos Asin (¢ — w) 


F\(A, ¢ — ¥) = Spe eae. (2) 


sin {= [1 — cos Asin (6 + nl 


[1 — cos A sin (6 + y)]2/? 
2rH sin A 


F(A, 6 + ¥) 


(3) 


Fy(A) = sin (4) 


To calculate J used in (1), one must know the power 
supplied to the antenna at its input terminals and the 
terminal impedance of the antenna. The theoretical 
derivation for the self and mutual impedances for 
rhombics is very complex and has recently been made 
by Channey.’~® However, the formulas obtained seem 


6 A, A. De C. Fernandes, “Teoria e Projecto de Antenas Rémbi- 
cas,” Coimbra Editora, Lda., Lisbon, Portugal, 1955. [See Secs. 9.2, 
9.3, and 9.4, where the basic assumptions underlying (1)-(7) are 
stated. For (1)-(4), it is assumed and justified that the current dis- 
tribution can be considered without attenuation, and the ground 
can be taken as an infinite plan of a perfect conductor.] 

7J. G. Channey, “Free space radiation impedance of rhombic 
antenna,” J. Appl. Phys., vol. 24, pp. 536-540; May, 1953. 

8 J. G. Channey, “Simplifications for mutual impedance of certain 
antennas,” J. Appl. Phys., vol. 24, pp. 747-750; June, 1953. 

9]. G. Channey, “Mutual impedance of stacked rhombic an- 
tennas,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-2, 
p. 39; January, 1954. 
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Fig. 2—Values of normalized terminal impedance (in relation to Zo 


=700 ohms) in a 2-wire rhombic antenna with /=61 m, ¢=60°, 
H=25 m; spacing between wires at side poles, 2 m. 


to be so complicated that they are of little practical 
use. On the other hand, it is relatively simple to measure 
the terminal impedance of a rhombic antenna, and ex- 
perience shows that in most practical cases the mutual 
impedance between the antenna and its image is small 
compared with its self-impedance Z,. Experience also 
shows that the terminal impedance Z, has a resistance 
component that varies slightly with the frequency 
(values of 600 and 700 ohms!® are representative for 
3-wire and 2-wire rhombics, respectively), and a react- 
ance component that varies more widely with the fre- 
quency although its value is usually only a fraction of 
the resistance component. In Fig. 2, we represent in a 
partial Smith chart the values of Z,/Z) (for Z)»=700 
ohms) obtained experimentally with a 2-wire rhombic 
over a frequency range from 6-22 mc. 

For approximate field intensity or gain calculations, 
one may consider the terminal impedance Z, reduced 
to its resistance component R;, and the value of JI 
(rms value) could be obtained from approximate (oy: 


where P represents the power supplied to the antenna at 
its terminals. 


ae Ac (5) 


ARRAY OF STACKED RHOMBICS—VERTICAL 
SPACING Factor 


If two rhombics are stacked, as shown in Pig. 3: 
and if they are fed in parallel, as indicated in Fig, 4, 
we have a typical case of a uniform broadside array 
since the currents at the input terminals of both anten- 
nas can be considered approximately of the same magni- 


10 A. E. Harper, “Rhombic Antenna Design,” D. Van Nostrand 


Co., Inc., New York, N. Y., secs. 12-15; 1941. See also, Fernandes 
op. cit., sec. 9.4. ; ‘ 


Fig. 3—Schematic representation of an ASR. s» is the vertical spacing 
between the two antennas of the array; H is the average height 
above ground. 


Fig. 4—Four-wire lead-down transmission line and 
feeding arrangement in an ASR. 


tude and phase. The magnitude of the radiated field can 
therefore be obtained by multiplying (1) by the vertical 
spacing factor, which can be derived from conventional 
array theory and is given by (6), s» being the vertical 
spacing of the two antennas. 


TSy 
cos ( sin a) | : 
IN 


The magnitude of the radiated field due to an array of 
two stacked rhombics is therefore given by (7), 


2F (A) = 2 (6) 


sites obbiat ces ¢| F(A, ¢ — ¥)- F(A, 6 + Y) 
‘Fu(A)-Fy(A)|, (7) 


where J is the input current at each of the antennas of 
the array. To calculate the height factor Fy(A), we use 
(4) where H now represents the average height of the 
array above ground. 

The calculation of current J is now more complicated 
than for a single rhombic because we will have to take 
into consideration the mutual impedances between the 
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two antennas of the array and between them and 
their images. 

It is fortunate, however, that the influence of the 
mutual impedance in the terminal impedance of the 
array seems to be small if the two antennas of the array 
are reasonably separated. In Fig. 5 we represent, in a 
partial Smith chart, the values of Z;/Z» (for Z)=320 
ohms) obtained experimentally with an array of two 2- 
wire stacked rhombics over a frequency range from 
6 to 26 mc. The measurements were made at the end-of 
the lead-down 4-wire tapered transmission line match- 
ing the theoretical 350 ohms driving point impedance 
to the value of 320 ohms used as characteristic impedance 
of the feeding transmission line. The analysis of Fig. 5 
shows that the terminal impedance of the array is re- 
markably constant over such a wide frequency range. 
On this basis we may write the approximate equation, 


e 


8 
a (8) 


[= 


where Ri; can be taken as 600 ohms for 3-wire rhombics 
and 700 ohms for 2-wire rhombics. The value of J (rms) 
mentioned in (7), required for approximate field inten- 
sity or gain calculations, can therefore be obtained from 
8). 
The pattern diagram of this type of array can be 
obtained from (7) and, to make it easier to study the 
influence of the vertical spacing factor on the pattern 
diagram of the array, the values of F,,(A) have been 
plotted in Fig. 6 for different values of s,/ and of A. 
From this figure we can see that for values of s, up to 
35 per cent of \ and for angles of elevation A less than 
24°, the value of F,,(A) is above 0.9. We also see that 
the smaller s,/d is, the closer F,.(A) is to unity; but in 
fixing the value of s, in practice, we must not make it too 
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Fig. 6—Variations of Fys(A) in function of the vertical spacing s, for 
different values of the angle of elevation A. 


small, otherwise the mutual impedance between the 
two antennas may become of great importance. A good 
practical rule is to make s, not smaller than twice the 
separation between the extreme wires of each rhombic 
at the side poles, when 2-wire or 3-wire rhombics are 
used (this separation is normally of the order of 15 per 
cent to 20 per cent of the average height of the antenna 
above ground). Following this criterion, we arrive 
normally at values of F,,(A) which are reasonably close 
to unity for the main lobe of the radiation pattern. 
Under these circumstances, the influence of the vertical 
spacing factor in the form of the main lobe of the pattern 
is very small and in most cases negligible. 

If, however, the position of the “nulls” of the diagram 
or the secondary lobes are to be taken into considera- 
tion, the graphs of Fig. 6 can be of great assistance either 
to fix the most convenient value of s, or, once it is already 
determined, to study in detail the influence of the 
vertical spacing factor in the complete pattern diagram 
of the array. 

It is also to be noted that the vertical spacing factor 
is not a function of the azimuthal angle y, which means 
that the form of the horizontal radiation pattern of an 
array of stacked rhombics is the same as of ja single 
rhombic. 

Comparing (7) and (1) and taking into consideration 
the values of J in both equations, we conclude that 
when F,,(A) is approximately equal to unity, an array 
of two stacked rhombics has a theoretical gain of 3 db 
over a single rhombic; in practice, when the ideal con- 
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Fig. 7—Schematic representation of an ASIR. si is the horizontal 
spacing between the two partial ASR’s. 


ditions on which the derivation of (1) and (7) cannot be 
completely met, a gain slightly smaller than 3 db is to 
be expected. The condition of F,,(A) being approxi- 
mately equal to unity will occur, as indicated above, for 
the directions of radiation covered by the main lobe in 
the majority of cases of practical interest. This circum- 
stance leads us to conclude that there is a greater con- 
centration of radiated power in the main lobe, to which 
a reduction of the importance of the secondary lobes 
must necessarily correspond. In fact, by plotting the 
complete pattern diagrams using (7) and (1), this same 
conclusion can be reached. 

As regards power dissipated in the termination de- 
vice, published data!! seem to indicate that the dissipa- 
tion is less in an array of stacked rhombics than in q 
conventional rhombic. This fact is, however, more diffi- 
cult to take theoretically into consideration. 


ARRAY OF STACKED AND INTERLACED RHOMBICS 
(A STR)—HorIzONTAL SPACING FACTOR 


If two arrays of stacked rhombics (ASR) are inter- 
laced, as shown in Fig. 7, and are fed with currents of 
the same magnitude but with a difference in phase equal 
to the phase delay in a wave traveling in the same 
direction along a distance equal to the horizontal spac- 
ing s;, the two partial arrays are then associated as a 
typical uniform end-fire arrangement. The magnitude 
of the radiated field due to the complete array compris- 
ing the 4 rhombics can therefore be obtained by multi- 
plying (7) by the horizontal spacing factor. This can be 
derived from conventional array theory and is given 
by (9) where A is the angle of elevation and Y the 
azimuthal angle. 


ZEA) = 2 


cos E (1 — cos A cos » |. (9) 


The magnitude of the radiated field due to an array 
of four rhombics in the stacked and interlaced arrange- 


1 Christiansen, op. cit., “Rhombic antenna arrays,” p. 379. 
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Fig. 8—Variation of F;,(A, y) in function of the aximuthal angle y 


for different values of the angle of elevation A and for s;,/A=1. 


Fig. 9—Variation of F,,(A, y) in function of the azimuthal angle yp 
for different values of the angle of elevation A and for s,/A=2. 


ment described above is given therefore by (10), 


I 
E = 1920— cos $| Fi(A, 6 — ¥)-Fi(A, 6 +) 
‘Fr (A): Fye(A)-Fis(A, ¥) |, (10) 


where J is the input current at each of the antennas of 
the array. 

In practice, the ASIR has a feeding point from which 
depart the transmission lines feeding each of the partial 
ASR, It is essential that the standing-wave ratio in both 
lines is as close to unity as possible and that the input 
impedances of both lines at the feeding point are the 
same. Also, in order to satisfy the condition of the phase 
difference at the input of the two, partial ASR being 
equal to the phase delay in a wave traveling along a 
distance equal to s,, one must insure that the difference 
in length of the two transmission lines from the com- 
mon feeding point to the input of each ASR is equal to 
Sh 

As regards the mutual impedances between the an- 
tennas of the array, experience shows that in most 
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Fig. 10—Variation of F;.(A, y) in function of the azimuthal angle y 
for different values of the angle of elevation A and for s;/A=3. 


practical cases their influence in the terminal impedances 
of both partial ASR is small. The magnitude of the 
current J (rms value), shown in (10), can therefore be 
calculated by the approximate equation (11), where Ry 
has the value mentioned 


i 


11 
RL, (11) 


[= 


a propos of (8). These equations can be used for ap- 
proximate field intensity or gain calculations involving 
these types of arrays. 

The influence of the horizontal spacing factor on the 
pattern diagram of an array can be studied by using 
the graphs shown in Figs. 8-11, each one having been 
drawn for a certain value of s,/\ from 1-4. From these 
graphs we can see that for the values of A and yw usually 
covered by the main lobe of the radiation pattern, the 
value of F;,(A, y) is approximately equal to unity, which 
means that the form of that main lobe is not affected 
much by the interlacing if the value of s, is within the 
limits covered by the above graphs. In these circum- 
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Fig. 11—Variation of F,.(A, y) in function of the azimuthal angle y 
for different values of the angle of elevation A and for 5;/A=4. 


stances, and by comparing (10), (7), and (1), we con- 
clude that the ASJR described has a theoretical gain of 
about 6 db over a conventional rhombic and of about 
3 db over an ASR with the same basic dimensions. It 
means that there is a greater concentration of power 
radiated in the directions covered by the main lobe of 
the pattern, with the corresponding reduction in the 
secondary lobes. Furthermore, experience shows!" that 
the percentage of power dissipated in the termination 
devices of the rhombics is lower than in the case of a 
conventional rhombic. 

In designing these arrays (ASR and ASIR), one 
should have in mind that the vertical and the horizontal 
spacings s, and s, should be large enough for the mutual 
impedances of the antennas of the array to have a negli- 
gible effect on the terminal impedance; but s, and s, 
should also be small enough for F,,(A) and F,,(A, w) to 
be as close as possible to unity for the useful directions 
of radiation. It is also to be noted that (6), (7), (9), 
and (10) assume that coupling between the antennas 
of the array has a negligible effect on the amplitude and 
phase of the current distribution in the antennas. 


PRACTICAL DESIGN 
Field of Application of Rhombic Antennas 


Among the antennas more commonly used for VHF 
and HF directional radiation, the rhombics and the 
arrays of rhombics have an outstanding position because 
they offer a reasonably high directivity at low cost, 
with the additional advantage of being useful over a 
wide range (1—2 or 1-3) of frequencies. 

With almost all types of antenna systems, cost in- 
creases with directivity (arrays of dipoles are a typical 
example). In the rhombic antenna, the directivity varies 
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with the geometric configuration of the antenna, the 
cost being only slightly affected; in consequence, the 
advantages of the rhombic antenna are accentuated 
with the increase of directivity. 

One of the inconveniences of the rhombics is the 
dissipation of power in the terminating device, but 
more importance has been given to this point than it 
probably merits. Actually, when we have an antenna 

system intended to provide a certain radiation beam, 
we are mainly interested in concentrating in that beam 
as much as possible of the available transmitter power; 
whether the wasted power is dissipated in the antenna 
or radiated in wrong directions is of no consequence to 
the main purpose of the antenna, the former case being 
obviously less harmful. 

For point-to-point communications or for highly 
directional broadcasting (with a total beamwidth up 
to, say, 15°-20°), the rhombic antenna is a very con- 


venient and, in general, the most economical solution; 


the array of 2 stacked rhombics (ASR) costs little more 
than a conventional rhombic (higher masts and more 
antenna wire, etc.), but introduces many advantages 
over a conventional rhombic (greater concentration 
of the power in the main beam and therefore less power 
wasted in secondary lobes and in the terminating de- 
vice). The signal gain, which can be obtained with rhom- 
bic antennas, is about 10-15 db over a horizontal half- 
wave dipole at the same average height, while the di- 
rectivity gain!* over a hypothetical isotropic antenna 
in free space is about 20-25 db. The use of arrays of 
stacked and interlaced rhombics introduces still greater 
concentration of power in the desired beam, but one 
must take into consideration that the cost of an ASIR 
is slightly more than twice the cost of an ASR. 

For broadcasting use and when a total beamwidth 
of about 20°-30° is required, conventional rhombic an- 
tennas have seldom been used because the curtains of 
dipoles can insure a higher gain for such a beamwidth. 
Actually, if one uses A STR, the same order of magnitude 
of gain can be obtained at appreciably lower cost, with 
the additional advantage of a wide frequency range,!* 


Geometric Configuration of the Antenna System 


The first step in the design of a rhombic antenna or 
of an array of rhombics is to calculate the optimum val- 
ues of H (average height above ground), / (side of the 
rhombus), ¢ (tilt angle), s, (vertical spacing), and s, 
(horizontal spacing), 7.e., to calculate the geometric con- 
figuration of the antenna system. In order to check the 
values obtained, the radiation pattern diagram should 
then be calculated; in practice, it is usually sufficient to 
calculate and draw the so-called vertical diagram (vary- 

Wthe Poti Bret ice A hori 
Radiodifusao) has in use, ne inte ered ee eee 
tal dipoles with reflectors (HR4 /4 arrays) and arrays of stacked and 
interlaced rhombics (A STR), giving a beamwidth of the order of 30° 


and having approximately the same gain. The tilt angle () of the 


rhombics is 40° which means that th i “ n¢ 
direction of radiation. cy are slightly “squashed” in the 
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ing A for y=0) and the “horizontal” diagram (vary- 
ing y for optimum A) for the different frequencies of 
interest. Additional steps involve the mechanical design 
of the antenna system and both the electrical and the 
mechanical design of the feeding and of the terminating 
arrangements (including the wide-band impedance 
matching sections when required). 

Several methods of calculating the geometric con- 
figuration of a rhombic antenna have been described 
in the available literature, but almost all of them ignore 
the horizontal beamwidth requirement which is essen- 
tial when the antenna is intended for broadcasting use. 
This is especially important when calculating the length 
1 and the tilt angle @. Another requirement, which is 
often ignored, is the necessity of the antenna having to 
operate in a certain frequency range. In the method 
described below, all these conditions are taken into 
consideration, enabling the most convenient compromise 
solution to be obtained. However, this solution will need 
to be analyzed further, bearing in mind the mechanical 
limitations of the system, availability of ground space, 
and other factors affecting the particular case being 
studied. 

In order to calculate the height H above ground, a 
simple criterion consists in obtaining the value that 
makes the factor Fy(A), given by (4), equal to unity 
(its maximum value) for the desired value of A (con- 
ditioned by the propagation path) and for the wave- 
length Ao corresponding to the midpoint frequency of 
the range and which will be given by 

Vt) CERES 
Oo SS (12) 
Amin et maz 

It can be easily seen that under these conditions, the 
value of /y(A) will be the same at the two extreme fre- 
quencies of the range. The value of H can therefore be 
calculated using (13), which follows directly from (4), 
if we take the minimum possible value of H, which 
makes Fy(A) equal to unity. 


Ao 
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In order to arrive at the most convenient values for 
/ and ¢, we must take into consideration two conflicting 
conditions: 1) we want the maximum possible field in 
the main direction of radiation; 2) we must insure that 
the horizontal beamwidth is greater than the minimum 
given by the specifications laid down for the antenna. 

If we consider (1)-(3), we conclude that for y=0 
(z.e., in the plane of maximum radiation) and when 
F'y(Q) = 1, the value of Eis proportional to a factor which 
we shall call gain factor,“ given by 


cos } 
Fg pe as (14) 
1—cosAsing 
Pep Ba graph of Fg in function of A and ¢ can be found in H. P. 
Williams, “Antenna Theory and Design,” Sir Isaac Pitman & Sons, 
Ltd., London, Eng., p. 287, Fig. 6.44; 1950. 


wb peatt 


1959 
and to the so-called length factor, given by 

F, = sin? E (1 — cos A sin 6) |. (15) 
The maximum value of the length factor is obviously 


unity and the maximum value of the gain factor, for 
the desired value of A =Ag, is reached when cos Ao=sin ¢, 


4.e., for practical purposes, when $= (1/2) —Ap. These 


conditions could be a basis for design, of course, if the 
beamwidth did not have to be considered. 

However, if this is an important factor, and it nor- 
mally is, even in point-to-point communications where 
it is sound to insure a certain beamwidth to take care 
of variations of direction at reflection points, another 


_ criterion will have to be followed. For the desired angle 


of fire Ao, we must insure that the ratio 

E(y = 0) 

EW = po) 
is below a certain limit if the total beamwidth 2 is 
to be obtained. For instance, for a 6-db drop at the 
“edges” of the beam, that ratio should have a maximum 
value of 2 over the whole frequency range of the an- 
tenna. 

Taking into consideration (1)—(3) and calculating 

the above ratio, we obtain the following approximate 
value 


E w=) 
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When we want to design an ASR, it is necessary to de- 
termine the value of the vertical spacing s,; the cri- 
terion outlined on page 41 can then be followed. 

For an ASIR, the value of s, will also have to be 
established. This is not critical and a sound criterion 
is to make it from 30-50 per cent of the main diagonal 
of the rhombus; the exact value to be used may depend 
on the mechanical conditions affecting the erection of 
the masts and the interlacing of the antennas. 


Feeding Arrangement 


It is well known that in a simple rhombic transmitting 
antenna it is common to have a 2-wire feeder with 600 
ohms characteristic impedance, and in a receiving an- 
tenna the most common solution consists in installing 
a wide-band impedance matching unit at the top of 
the end mast, the transmission line between it and the 
receiver being of coaxial type. 

In a transmitting array of stacked rhombics where 
the terminal impedance on the driving point of the array 
is about 300 to 350 ohms, the lead-down transmission 
line should be of the 4-wire type (the two wires of each 
side at the same potential). When high-power trans- 
mitters are used (about above 50 kw), it is convenient!® 
to choose a 4-wire transmission line, and a value of the 
characteristic impedance from 300 to 350 ohm is a con- 
venient one. It is of great interest to note that a slight 


_ | me 
sin? E (1 — cos Ao sin 6) | 


al 


(16) 


l 
Ew-yo) sin {= [1 — cos Ao sin (6 + volt -sin = [1 — cos Ag sin (¢ — valk 


in view of the fact that (17) 
[1 — cos Asin (¢ — y)]1/2-[1 — cos A sin (6 + y) |}? 


1—cosAsing 


(17) 


is roughly equal to unity for the directions of radiation 
of interest for the main lobe of the radiation pattern. 
The values of J and ¢ should heretofore be calculated 
so that (16) is below the value previously fixed (2, in 
the example seen) for all the frequencies of the range 
and for the desired angle of fire Ao. Because, for a certain 
antenna, the beamwidth decreases when the frequency 
increases, it is usually sufficient to make this calculation 
for the highest frequency of the range. Of the possible 
pairs of values for / and ¢, we should select those that 
make higher the gain factor of (14) and the length 
factor of (15). Tables or graphs of Fg and F;’° will be of 
considerable help in making these calculations. 
Actually the process outlined above is much simpler 
than it looks at first glance, and after a little practice it 
is very easy to follow. The most convenient values for 
Land ¢ can then be obtained after one or two attempts. 


18 Graphs of F; in function of A and 1/d, for different values of ¢ 
can be fond in Williams, ibid., pp. 288-289, Figs. 6.45(a)-6.45(d). 


impedance matching can be effected by varying con- 
veniently the distance between the side conductors of 
the feeding line from top to “ground” level; thus, we 
can make sure that the terminal impedance offered to 
the transmission line in all working frequencies of 
interest is within the desired values. If, however, the 
line coming from the transmitter is of the 2-wire type 
with a characteristic impedance of about 600 to 700 
ohm, the lead-down transmission line must take care 
of the impedance matching from the 4-wire 350-ohm 
(when using 2-wire rhombics) driving point at the top 
to the 2-wire 600-ohm one at the botton. An exponen- 
tial tapered line, where we vary gradually (from top to 
bottom) the separation of the side wires and the distance 
between the conductors, will provide the wideband 
impedance matching required. 

In the case of an array of stacked and interlaced 
rhombics, exponential lines can also be used for im- 
pedance matching. In Fig. 12 we see (at the bottom 
of the figure) the common feeding point for both ASR. 


16 F. C, McLean and F. D. Bolt, “The design and use of RF open- 
wire transmission lines and switchgear for -broadcasting systems,” 
Proc. IEE, vol. 93, pt. 3, sec. 2.1.2, p. 192, and sec. 6.1, p. 204; 1946. 
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Fig. 12—Detail of feeding arrangement in an ASIR. 


Two transmission lines (2-wire 640-ohm) depart from 
this point to each ASR and the parallel connection is 
made to the 320-ohm 4-wire line coming from the trans- 
mitter. The exponential transmission line matching 2- 
wire 640-ohm to 4-wire 350-ohm can also be seen in 
this figure. 


Terminating Arrangement 


In order to insure a progressive wave current dis- 
tribution in the antenna conductors, we must terminate 
a rhombic antenna by a resistance of the order of 700 
to 800 ohms in which a certain power will be dissipated. 
When this power is up to about 5 to 10 kw, it is easy 
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to build an association of noninductive resistances in a 
convenient housing at ground level and connect it to the. 


antenna terminating points by means of a dissipative 
transmission line. This last detail is very important 
since the line itself might dissipate almost as much 
power as the terminating resistances and an appreciable 
saving therefore can be made. For higher power, a 
greater length of dissipative line must be interposed 
between the terminating points of the antenna and the 
resistances. The most economical solution consists in 
using a tapered dissipative line and in reducing progres- 
sively!” the size of the wires so that a greater uniformity 
of power dissipated per meter of line is obtained. The 
line required is then much shorter than if it were of 
constant characteristics. 

In an ASR, we can either terminate each rhombic 
separately or terminate both of them together by 
means of a 4-wire dissipative line; in this case the taper- 
ing arrangement mentioned above can be of particular 
interest. In an ASIR the two partial ASR’s will have to 
be terminated separately. 
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Radiation Field of an Elliptical Helical Antenna* 
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Summary—Rigorous expressions for the radiation field of a heli- 
cal antenna of elliptical shape are derived on the assumption of a 
traveling-wave type of current distribution along the helix conductor. 
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The analysis is valid for integral and nonintegral numbers of turns. 
These expressions for the general helix are employed to determine 
the fields for the limiting case of a circular helical antenna, and the 
results are essentially the same as those derived by both Knudsen 
and Kornhauser. Allowing the ellipse to degenerate to the other 
limiting case, a solution for the radiation field is obtained for the 
planar or commonly known zig-zag antenna. Therefore, it is possible 


to achieve a truly circularly polarized field with an elliptical helix of 
slight ellipticity. 


January — 


INTRODUCTION 


HE helical beam antenna described by Kraus! is 
characterized by two significant properties, 


namely, the antenna radiation pattern is single- 
lobed over a rather broad frequency band, and the field 


_ is very nearly circularly polarized in a direction along the 


axis of the helix. In order to derive the far-field expres- 
sions, Kraus first approximates the circular helix with 
one consisting of square turns. Assuming a traveling- 
wave current distribution along the conductor the two 


_ electric field components are determined for one turn. 


Considering the single turn as one element in an array, 
the antenna radiation pattern is obtained by multiplying 
the unit pattern by an array factor appropriate to the 
number of turns and the turn-spacing of the helix. 

A different and somewhat more rigorous method of 
solving the radiation problem of a helical beam antenna 
has been presented by both Kornhauser? and Knudsen.* 
Assuming a current distribution of the form considered 
by Kraus,! the field components are formulated in terms 
of a vector potential. The total vector potential, and 
consequently the radiation field of the antenna, are de- 
termined by integrating the appropriate integrals over 
the length of the helix. 

In this paper, the radiation problem of a helical an- 
tenna of elliptical cross section is investigated. Expres- 
sions for the radiation field are developed using a method 
similar to the one employed by Knudsen.? From the 
general expressions, the radiation of a circular helix can 
‘be obtained readily by allowing the ellipse to degenerate 
to a circle. In the other limiting case, the resulting con- 
figuration is a planar helix, or the commonly known 
“7ig-zag” antenna. This antenna was first described by 
Cumming‘ who used a method of solution similar to that 
used by Kraus for the helical antenna. In a recent paper, 
Sengupta® has reported some theoretical and experi- 
mental investigations about the radiation properties of 
the single “zig-zag” antenna. Both of these degenerate 
or special cases are considered in this paper. The axial 
ratio of a helical antenna is a quantity of practical in- 
terest, and some calculations are included to illustrate 
the effect of helix shape on the polarization. It is shown 
that a truly circularly polarized field can result from a 
helix of mild ellipticity. 


DERIVATION OF THE RADIATION FIELD 


Consider a helical antenna of elliptical cross section 
located at the origin with its axis oriented along the 


1]. D. Kraus, “The helical antenna,” Proc. IRE, vol. 37, pp. 
263-272; March, 1949. i ; 

idly Kornhauser, “Radiation field of helical antennas with 
sinusoidal current,” J. Appl. Phys., vol. 22, pp. 887-891; July, 1951. 

3H. L. Knudsen, “The field radiated by circular and square heli- 
cal beam antennas,” Trans. Danish Acad. Tech. Sciences, no. 8, pp. 
3-55; 1950. 

4W. A. Cumming, “A non-resonant end-fire array for VHF and 
UHF,” IRE Trans. ON ANTENNAS AND PROPAGATION, vol. AP-3, 
pp. 52-58; April, 1955. ee aa f 

5 D. L. Sengupta, “The radiation characteristics of a zig-zag an- 
tenna,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-6, 


pp, 191-194; April, 1958. 
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(a) (b) 


Fig. 1—(a) Helical antenna located at origin of coordinate system. 
(b) Cross section of helix in x-y plane. 


z axis of the coordinate system extending from t=0 to 
t=to, as illustrated in Fig. 1(a). The helix is assumed to 
carry a traveling-wave current distribution of constant 
amplitude. It is required to determine the radiation 
field of the antenna at a distant point P. 

The problem will be formulated in terms of a Hertzian 
vector potential. In order to facilitate the analysis, the 
vector potential will be determined in rectangular com- 
ponents and by applying the appropriate rectangular- 
spherical coordinate transformation equations, the field 
is expressed in terms of a single spherical component. In 
the following analysis, the rationalized mks system of 
units is employed, and the time variation exp (iw) is 
understood. 

We shall first develop the equations of the helical an- 
tenna. As shown in Fig. 1(b), the cross section of the 
helix in the x-y plane is an ellipse which can be described 
by the following parametric equations: 


x= acost 


Oy Sia. (1) 


= 6 sint 
where a is the length of the semimajor axis and 6 is the 
length of the semiminor axis. 
The element of arc length ds’ along the ellipse is given 


by 
ds) = Vie + ay" 


= avV/1 — e? cos? tdt 


(2) 


where e=+/1—(b/a)? is the eccentricity of the ellipse. 
Let a’ be the pitch angle. The element of length dz, along 
the axis of the helix, is then 


dz = atana’vV/1 — e? cos? tdl. (3) 


Therefore 
z= a tana’K(e, t) 


where 
t 
K(e, t) -{ /1 — e? cos? tdt 
0 


is an elliptic integral of the second kind, From the 
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geometry, the arc length s along the helix conductor is 
given by 


s = aseca’K(e, t). (4) 
For purposes of the analysis, let us expand 
1/1 — e cos? t 


by use of the binomial theorem, and then integrate term 
by term. Retaining only two terms of the development 
we have then an approximate expression for K(e, ?) 
given by 


K(e, t) = cit — cz sin 21, 


where 


: Peon ge sae ‘ | 
Be taiee ye aoa Pe aan ee 
ae Is 64 


(5) 
e? e4 15 


é 
8 i 32) 1024 


Jeack a 


= 


Summarizing, the equations of the elliptical helix of 
pitch angle a’ are 
x% = acost 
y = bsint Vt) < "Fo. (6) 


a tan a’ K(e, t) 


I 


In Fig. 2, the function K(e, t) is plotted for various 
values of e from tabulated values given by Spenceley,® 
and from the approximate expression of (5). The agree- 
ment between the approximate and tabulated values is 
seen to be very good. 

The Hertzian vector potential II of any arbitrary elec- 
tric current distribution is given by 


1 


oi xp (—iRkR as 
Tl ay 2 ) f T(s) exp (éke-p)ds, (7) 


4rreiw 
where 


e=the permittivity of free space, 
k=21/) where d is the free-space wavelength, 
I(s) =the current in an element of length ds located 
at a point denoted by the vector 7, 
p=a unit vector in the direction of R. 


In terms of the coordinate system shown in Fig, 17) 
can be expanded as follows: 


1 exp(—ikR) 7_ 
= | Ie 


ATreiw 


T= 


-exp [ik(x cos ¢ sin @ + y sin ¢ sin 8 + z cos @) lds. (8) 


We shall assume that the current distribution along 
the helix conductor is a traveling wave of constant am- 
plitude given by the following form: 


Gr Ww. Spenceley and R. M. Spenceley, “Smithsonian Elliptic 
anges Tables,” Smithsonian Institution, Washington, D, Or 


— Kle,t) FROM TABULATED VALUES 


b/a= | 


b/a=0.9, K(e,t)=c,t 


K (e,t) 


b/a =0.5,K(e,t)=¢,t-¢, sin2t 


Fig. 2—Tabulated and approximate values of K(e, t) 
for three different b/a ratios. 


k 
I(s) = Ip exp (-i=;) (9) 
p 
where J is the amplitude and is the phase velocity of 
the current along the conductor relative to the velocity 
of light in free space. 
As mentioned earlier, the first task will be to deter- 
mine the three rectangular components of II. The expres- 
sion for the II, component becomes 


—alIy exp(—tkR)  * ( ake oa 
- if exp {| —7 — 
4rreiw R 0 p ) 


-exp [7k(x cos # sin 6 + y sin ¢ sin 8 + z cos @)|sin tdé. (10) 


Il, = 


In terms of the helix described in (6), one obtains upon 
substitution in (10), the following result: 


—alo exp(—ikR) 7% | 
ft sin ¢ 
R 0 


4rreiw 


Iie 
a 
. {exp E ee seca’K(e, /) + atana’K(e, f) cos@ 


+ acos ¢sin@cost+ b sing sin@ sin ‘)] dt. (11) 


Simplification of (11) yields 


—aly exp(—ikR) 7% 
II, = 5 f Sine 
Atreiw R 0 


-{exp [i(aK(e, t) + 8 cost + y sin t)|}dt (12) 


where 


sec a’ 
a= ba (tan a! cos 0 — 
iP 


8B = kasin 6 cos ¢, 


and 


Y = kd sin @ sin ¢, 


q 


4 
o 


.. 
— 
= 


A 
= 


VEN ay eee ee 


We ba Shy De 
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_ A further simplification of (12) can be obtained by em- 


ploying the following trigonometric identity: 


f cos (¢— 7) = Bcosi+ ysint (13) 
where 
t= VPP z 
b 
7 = tan! () = tan"! (— tan é). 
B a 
Therefore, it follows that 
—aly exp(—ikR) ¢% 
hi - sin ¢ 
A4rrelw R 0 


-{exp li(aK(e, t) + ¢ cos (¢ — t)) |} de 
—alo exp (=TkR) ¢% 
Fe Areiw R if ae 
. {exp [i(acit — ace sin 2¢ + & cos (¢ — r)) |} dé. (14) 


We may obtain a series expansion for (14) by utilizing 
the well-known Fourier-Bessel expansions, 


ine} 


exp [it cos (t — r)| = > i™Im(¢) exp [im(t — r)] 


m>=—o 


exp [iacs sin 21] = >> Jn(ace) exp (i2nt). 


n=—0o 


(15) 


Substituting the above identities in (14) yields the fol- 
lowing result: 


—aly exp (—ikR) 
R 


jMes = re 
Atretw 


DD PY nl) In(ac2) 


“exp (imr) sin t{ exp [i(acy + m — 2n)i|t dt. (16) 
0 


The integral in (16) can be evaluated by expressing sin ¢ 
in terms of its exponential equivalent; therefore, 


—1ikR 
Wee a exp ( 1 ) SE ne i” Tm(€)In(0ec2) 
Srreiw R m on 
exp [i(ac: + m — 2n + 1)to] — 1 
-exp (im) 4 cect ES arias, 


(17) 


exp [i(aci + m — 2n — 1)to] — ‘ 


acj -+m—2n-—1 


The y component of [i can be determined in exactly 
the same manner. Hence, for II, we have 


—ikR to 
as exp (— ik) f a 
Areiw R 0 
- {exp [i(acit — ace sin 2t + £ Cos G — r)) |} dé 
S- b1o exp (—1kR) DY HP nlf) In (ace) 
R ™ nm 


Areiw 


-exp i [- cos t{exp [i(ac1 + m — 2n)t|} dt. (18) 
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Evaluation of the integral yields 


_ —6Io exp (—ikR) 


II 
R 


ae es uu UI m(§) Ince) 

exp [i(ac: + m — 2n + 1)t| — 1 
acy +m—2n+1 

exp [i(acy + m — 2n — 1)to| — “| 


acy +m— 2n—1 


-exp (—imr)} 


(19) 


Similarly, the expression for II, becomes 
- al) tana’ exp (—ikR) { i to i 
= e t 
Atreiw R g 0 es 
— ace sin 2¢ + ¢ cos (t — 7)) |dt 


to 
aa dex f cos 2¢ exp [i(acit — ace sin 2¢ 
0 


+ ¢ cos (f — ~))ar 
ol o tana’ exp (—ikR) 


aS ee ae ae x pe UI m(E)In(ace) 


to 
-exp (—imr) fox f exp [i(ac: + m — 2n)t|dt 
0 


to 
_ dee f cos 2t exp [i(ac, + m — 2n)ilar} .> 20) 
0 


Evaluation of (20) gives 


aly tana’ exp (—ikR) 


Il, = Ra n 
Aa re uu du "I m(S)In( ace) 


exp [i(acy + m + 2n)to| — 1 


-exp (—1imr) < —c¢ 
PC )4 : acy +m — 2n 


ie li(acy + m — 2n + 2)to] — 1 
te 09 

"OA ey ee mt nn 4 
“ exp [i(ac: + m — 2n — 2)to] — |} 


(21) 
acy +m — In — 2 


Case I: Near-Circular b=a 


The expressions developed above are valid for an el- 
liptical helix of arbitrary shape. Where the helix is al- 
most circular or only slightly elliptical, the expressions 
can be greatly simplified. For this case, we let c.=0, and 
approximate K(e, t) with only the first term. From in- 
spection of the expressions for II, the resulting equations 
are as follows: 


alg 


Srreiw 


“exp (—imr) ‘ 


exp a : imt.,(0) 


exp [i(ac, + m+ 1)to] — 1 
ac, t+m+1 
exp [i(ac, + m — 1)to] — 1 
a ac; t+m—1 \ 


II, = 


(22) 
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—bIy exp (—ikR Me: 
lg-= a ore >, iJ m(C) exp (—imr) 
Srrew R m 


(exp [i(acr + m + 1)to] — 1 
“exp (—imr) § BEET 
i exp [i(aci + m — 1)to] — 4 

acy t+m— 1 


(23) 


aly tana’ exp (—ikR) > 
Atrew R A 
exp [i(ac: + m)to] — “| 


ac, +m 


i”™Im(S) 


z 


-exp (—imr) ‘ot (24) 


Case IT: Circular Helix b=a 


When b=<a the ellipse degenerates to a circle, and for 
this limiting case, e=0. Therefore, c:= 1, and from (13) 
we find that 


¢ = kasin 8, T= 9. (25) 


Introducing the results of (25) in the expressions for 
the near-circular case, one obtains directly the expres- 
sions for the circular helix, namely 
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In order to determine the components of I in spherical — 
coordinates, we employ the following coordinate trans-_ 
formation equations:’ 

Il, = I, sin @ cos + Ily sin 6 sin @ + II, cos 0 
Ily = Il, cos @ cos @ + Il, cos 6 sin @ — I, sind ~ 
Il, = — Il, sin ¢ + II, cos ¢. 

The electric field components can be derived from the 


Hertzian vector by applying the following vector 
relationship: 


(29) 


E = wel + V(V-TD) (30) 


where p is the permeability of free space. 

A useful quantity which is often employed to describe 
the polarization of the radiation field of a helical an- 
tenna is the axial ratio. The axial ratio AR is defined as 
the ratio of the Hp and Ey, components; that is, 


We shall restrict our attention to the fields along the 
z axis of the helix. Hence 9=¢@=0 and from (29) it 
follows that 


ly = I, 
aly exp(—ikR = 
es = a= Y. i” Jn(ka sin 6) He =ohly, (31) 
ahaa Ae Since the electric field is directly proportional to II in 
: exp [i(a + m+ 1)to] — 1 spherical coordinates, the axial ratio can be obtained 
-exp (—im®@) Keira directly from the rectangular components already deter- 
mined. Consequently, for the three cases considered we 
__ exp lita + m — 1)to] — ‘| (26) have: 
atm—1 1) Elliptical: 
YS Jn (ace) E [iacr — 2n + 1)to] — 1 exp [i(ees — 2n — 1)ta] — 4 
eed eee x acy — 2n+1 acy — 2n —1 
F E ; 32 
HSS Jilaa) E he spe Se elt) a 
n ac; — 2n+1 Qty = 28 = 1 
—alIg exp (—ikR : : 
ll, = a7 p = ) Ss i"Jn(ka sin 0) 2) Near-Circular: 
o ~ exp [i(acr — 1)to] — 1 acy +1 
exp |7 a } atu a 
iy (ima) { xp [i(a + m+ 1)t] — 1 Write a exp wien 1)to] — 1 acy — 1 Bray 
atm+1 b exp [i(ac: — 1)to] — 1 aci+ 1 
+ exp [i(a + m — 1)t| — 1 exp [i(ac1 + 1)to] — 1 ac: — . 
Ae Tate \ (27) 3) Circular: 
Bee (Laks ee a) AC Ses enh te! 
Il, = ee t”Im(ka sin 6) | AR| ~*~ exp li(a + 1)to| ae eee 
Tew) R ~ oa : (34) 
exp [i(a — 1)f] —1 a+1 
exp (img) {— Pe + mel — 2 en ne le es 
atm : ) "S. A. Schelkunoff, “Electromagnetic Waves,” D. Van Nostrand 


Co., Inc., New York, N. Y.; 1943. 
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Fig. 3—Effect of helix shape on the axial ratio 
of the radiation field. 


Note that for all three cases, the two field components 
are in phase quadrature. 

For a helix possessing an integral number of turns, 
that is, fy=2nm (n=1, 2, - - - ), where u is the number 
of turns, a relatively simple relationship for AR can be 
derived for the near-circular case. From (33) it follows 

that 


ac, + 1 
aye a AG 1 35 
b acy +1 oe. 
oC = 1 
Hence, we have 
(ha 
AR =— —-- (36) 
, b acy : 


If one assumes that the value for the relative phase 
velocity p of the current corresponds to the condition of 
increased directivity, as considered by Kraus,! we have 


1 


Big A) cos a’ 
sin —— 
re 2n (ON 


where C, is the circumference of the helix in wave- 
lengths. Inserting the value of p in (12), we obtain the 
following result for a: 


5 = *) rd 
ee. 5, a(a + 5) 


In (38) the following approximation has been used for 
Cx: 


(38) 


Cy =~ (a + b). 


Inserting @ in (36) yields 
a+b = + *) 1 


ACA (39) 
2b 


AR = 


2n 


C1 


Eq. (39) gives the axial ratio of a near-circular helix 
in terms of its shape and length. For a circular helix, 
the result is identical with the one given by Kraus.! 
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Fig. 4—One of the helical antennas used in 
the axial ratio measurements. 
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Fig. 5—Effect of number of turns on the axial 
ratio of the radiation field. 


In order to determine the effect of helix shape on the 
polarization of the radiation field, the axial ratio is 
plotted as a function of the b/a ratio, as shown in Fig. 
3. A 6-turn helix of pitch angle 12° and a circumference 
of one wavelength was assumed in the calculations. The 
relative phase velocity » was determined from (37), and 
the solid curve was calculated using the rigorous expres- 
sion given by (32). It is observed that as the helix de- 
parts from circular, the axial ratio approaches unity. 
For a b/a ratio of about 0.9 the field is almost circularly 
polarized. The dotted curve was obtained from (39) and 
illustrates to what extent the approximate expression 
can be used to determine the axial ratio. The circled 
points are measured values and the agreement between 
calculated and measured results is quite good. 

A photograph of one of the helical antennas used in 
the measurements is shown in Fig. 4. The helix con- 
ductor is supported by means of a polystyrene foam 
form of low permittivity. The ground plane is about ? 
wavelength in diameter and the helix is energized at its 
periphery. 

Fig. 5 illustrates the effect of helix turns on the axial 
ratio. The axial ratio was measured for three different 
values of ellipticity corresponding to 6/a ratios of 1.0, 
0.9, and 0.8. It can be seen that the axial ratio is an os- 
cillating function of the number of turns and the mini- 
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mum axial ratio occurs for a helix containing an integral 
or a half-integral number of turns. Calculations were 
carried out for a 0.9 helix, represented by the dashed 
curve of Fig. 5. Again, the agreement between measured 
and calculated values is seen to be fairly good. 


Case IIT: Planar Helix b=0 


For the case where b =0, the resulting configuration is 

a planar helix or the commonly known “zig-zag” an- 
tenna. This degenerate case can be described by the 
following parametric equations: 

x = acost 

Bacal 

z = 2/x at tan a’ 
(40) 


s = 2/m at sec a’. 


Since 6=0, only I, and II, components exist. Com- 
paring (39) with (6) we observe that 


2 
K(e,é) = —t.. 
Tv 


Hence from (5) we find that 


From the general expression for IT, given by (17), the 
x component of II for this special case becomes 


aly exp (—ikR) 
Se “aad BE 
Srreiw R : Xu AMA? 
{oP [i(acy + m + 1)to] — 1 
acy + m + 1 
__ exp [i(acy + m — 1)to] — \ a) 
acy — m—1 


Similarly, the II, component becomes 


alo tana’ exp (—ikR) 


ay ee R x JulB) 
{— 2 exp [i(acy + m)to| — 1 
1 acy tm \ ; (42) 


The spherical components of II are then obtained 
through the following transformation equations: 
Ilp = II, cos # cos ¢ — TI, sin 8, 


Ils = — II, sin ¢. (43) 
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Fig. 6—Calculated radiation pattern for a 6-turn 
planar helix antenna. 


We note that for this degenerate case, the radiation 
field in a plane containing the antenna is linearly 
polarized. 

As an example to illustrate the results given by (41) 
and (42), the radiation pattern was calculated for a 6- 
turn planar helix. The values for a and the pitch angle 
a’ were chosen to be 0.295 and 10° to correspond with 
the dimensions used by Cumming,‘ who found that a 
phase velocity of 91 per cent gave the best fit with the 
measured pattern; consequently, in our calculations a 
value of p=0.91 was used. Fig. 6 shows a pattern of the 
antenna in the y-z plane. 


CONCLUSIONS 


Expressions for the radiation field of a helical antenna 
of elliptical shape have been derived assuming a travel- 
ing-wave current distribution of constant amplitude. 
Furthermore, in the calculations we have assumed that 
the value for the relative phase velocity of the current 
is the same as that calculated from the increased direc- 
tivity condition considered by Kraus! for the circular 
case. For elliptical helices of slight ellipticity this as- 
sumption seems very reasonable. However, for small 
values of b/a ratio, one would expect that this assump- 
tion would no longer be valid. 
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The Rectangular Loop Antenna as a Dipole* 
RONOLD KING} 


Summary—An integral equation for the current in a rectangular 
; loop of wire is derived for a loop that is driven by two generators lo- 
_ cated at the centers of one pair of opposite sides. The EMF’s are 
equal in magnitude and in phase in the sense that they maintain 
currents in the generators that are in the same direction relative to 
the coordinate system and, therefore, in opposite directions from the 
point of view of circulation around the loop. An approximate solution 
is obtained for the distribution of current around the loop and for the 
driving-point impedance. It is shown that the solution for the rec- 
tangle of wire reduces to that of the symmetrically driven folded 
dipole when one dimension is made electrically small and to a sec- 
_ tion of transmission line driven simultaneously at both ends when 
the other dimension is made small. The loop that is electrically small 
in both directions is also examined. 


INTRODUCTION 


HE circuit properties of the rectangular loop an- 
tenna have been studied in the past primarily in 

two special cases: the electrically small loop 
shown in Fig. 1(a) and the folded dipole shown in Fig. 
1(b). An analysis! of the former usually depends upon 
the assumption that the current is essentially uniform 
in amplitude and phase in a circulatory sense around 
the loop when this is driven by a generator located at 
the center of one side. The currents at corresponding 
points in opposite sides are then equal in magnitude and 
instantaneously opposite in direction with respect to the 
space coordinates, so that, by analogy with the balanced 
open-wire line, they may be called currents in a trans- 
mission-line mode. Possible currents in opposite pairs of 
sides that are equal and instantaneously codirectional at 
corresponding points, currents that belong to what may 
be called a transverse dipole mode, are ignored or neg- 
lected in such an analysis. The conventional folded di- 
pole shown in Fig. 1(b) is a rectangular loop that is 
electrically small in one dimension but not in the other; 
it is driven by a generator at the center of one of the 
longer sides. The folded dipole has been analyzed by the 
method of symmetrical components?®* which, in effect, 
divides the current into two independent parts and per- 
mits their separate determination as currents in the 
antisymmetrical or transmission-line mode, and cur- 
rents in the symmetrical or dipole mode. The former are 
excited by equal and opposite generators, the latter by 


* Manuscript received by the PGAP, October 14, 1957. The re- 
search reported in this document was made possible through support 
extended to Harvard University by the Arfhed Forces Special 
Weapons Project, under ONR Contract Nonr-1866(26). 

+ Cruft Lab., Harvard sae ees “a Sper cares 

1See, e.g., R. W. P. King, “Electromagnetic i 
McGraw-Hill Book Co., Inc., New York, N. Y., pp. 421-431; 1945. 

2R, W. P. King, H. R. Minno, and A. H. Wing, Jr., “Transmis- 
sion Lines, Antennas, and Wave Guides,” McGraw-Hill Book Co., 
Inc., New York, N. Y., pp. 224-226; 1945. i ae 

3R. W. P. King, “Theory of Linear Antennas, Harvard Uni- 


versity Press, Cambridge, Mass., pp. 334-361; 1956. 


(b) 


Fig. 1—Extreme types of loop antennas. (a) Conventional loop. 
Perimeter is small compared to wavelength; currents are equal in 
amplitude and opposite in direction on opposite sides. (b) Folded 
dipole. Perimeter is near a wavelength; dipole-mode currents Ip 
are equal and codirectional. Transmission-line currents J7 are 
equal and opposite. 


equal and codirectional generators at the centers of both 
of the longer sides. By superposition the generator 
EMEF’s add on one side, subtract and cancel on the 
other. 

When a rectangular loop of arbitrary dimensions is 
driven at the center of one side by a voltage V°’, currents 
in both the transmission-line mode and the dipole mode 
are excited. The former are maintained by the voltages 
4Ve and —3YV*, respectively, at the centers of the two 
longer sides, the latter by two equal voltages 3 V* at the 
centers of these sides. As an essential step in the com- 
plete analysis of the general rectangular loop as a trans- 
mitting and receiving antenna, and in order to deter- 
mine the circuit properties of the rectangular loop as a 
dipole antenna in its own right (Fig. 2) it is the purpose 
of the present study to investigate the currents in, and 
impedance of a rectangle of dimensions 2¢ and 2d con- 
structed of a single turn of wire of radius a and driven 
at the centers of the sides of length 2d by generators 
with equal and codirectional EMF’s. The currents 
maintained by these generators are in the vertical dipole 
mode and no others are generated. The loop to be an- 
alyzed is shown in Fig. 3. Note that the method used 
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a GENERATOR 


Fig. 2—Horizontal loop as a dipole antenna maintaining a 
horizontally polarized electric field. 


Fig. 3—Rectangular loop excited in the vertical dipole mode. 


in the previous analysis’* of the symmetrical or dipole 
mode specifically in the folded dipole cannot be applied 
in general, since it assumes that the pair of sides of 
length 2c is so short that it contributes negligibly to the 
problem. In the proposed analysis the sides of length 2c 
are not so restricted. They may be electrically long or 
short, and longer or shorter than the other pair of sides 
that contain the generators. 


THE INTEGRAL EQUATIONS 


The integral equations for the currents in the four 
sides of the loop may be obtained from the boundary 
conditions obeyed by the tangential component of the 
electric field at the highly conducting surfaces of the 
rectangle of wire. For sides 1 and 2 they may be ex- 


pressed in terms of the scalar and vector potentials @ 
and A as follows: 


bv =Odbi(e) — jw (0A, 


Ey = and cL = (= Es But.) =0 (la) 
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Hf 2 | 
By = a =e nee Bet As) +0 (tb) 


Ox? 


Bo? 


where By =W/Uo = 27/No and 0 = 1/-~/eouo=3 X108 meters © 


/sec. The vector and scalar potentials at arbitrary points 
on the surface of conductors 1 and 2 have the following 
forms. Note that the symmetry relations, 


A3 = Ai, Agee Ap, (2) 
have been invoked. 
A, = &Aiz + Az, $1 = b1z) + $103 
| OAs jw 0Axz 
P(e) = as =; Pile) ia seed sae (3a) 
Bo? Ox Bo 0z 
A> = LA on + Ao, 2 = 2(2) ba 2(2)5 
18) 0A x jw 0Aoz 
$2(2) = : ss mle" 7 = = ; (3b) 
Bo? ox Bo? 02 
where 
1 d 
Ae => f F,(2') Kia(Z, z')dz’, 
Anvo Jd a 
giz) = f g2(x’) Kip(z, x’) dx’ (4a) 
47ren J _¢ 
vitie rf Tost) Koa(#, 2/)dx", 
Arvo —c 
d ~ 
duc) = — fale) ane, ae (4b) 
Arreo it 


The notation vp=1/po is used, where po=4rX1077 
farad/m. The kernels are defined as follows: 


Kra(z, 2’) = Kir(z, 2’) + Kis(z, 2’), 


Kap(z, x’) = Kio(z, x’) — Kul(z, x’), (5a) 
Koa(x, x’) = Koo(x, x’) — Kea(x, x’), 
Kop(x, 2’) = Kar(x, 2’) + Ka3(x, 2’), (5b) 
where 
eiBoRi; 
Kij(u, v'!) = Ri (Sc) 
The several distances are defined as follows: 
Ru= VJ (2'—2)? +a? Riy=V (2 —2)?+4d?, (6a) 


Re=V(d+2)?+(c+x’)?, Ru=V(d—2)?+(c+2’)?, (6b) 


R»= / (x! —x)?+ a?, Rog =e V/ (x! = x)?+4c?, (6c) 
Ra=V(c+x)?+(d+2’')?, Ro3= V(c—x)?+ (d+2’)?, (6d) 

The solutions of (1a) and (1b) for A;, and Agz, re- 
spectively, may be expressed as sums of trigonometric 
functions and a particular integral. They may then be 


combined with (4a) and (4b) to obtain the following 
integral equations in which {9 = V/uoeo: 


J anuary — 


ey ntl 


. i i Rr Oe ee Oe PN ee ee ee ee 


ek St a 


me 
So 
Q 
a) 


d 
perv0A s4(2) -{ T(z’) Kra(z, 2’)dz! 
—d 


= cos Boz + Co, sin Boz — Or4(z)], (7a) 
Be Act& i: Talal) aa x!)de! 
Eide 
= z [Ciz cos Box + Coz sin Box — B24(x)]. (7b) 
‘The particular integrals in (7a) and (7b) are 
81a(8) = Bo J dic0(w) cos Bus — w)dw 
— $1(2)(0) sin Boz, (8a) 
baa(#) = Bo f daca) cos pola — w)du 
— $22)(0) sin Box. (8b) 


As a consequence of geometrical and electrical sym- 
metry and the assumed parang conditions, the following 
relations obtain: 


Ai—2) = Au(z), Aie(—2z) = — Arz(z) (9a) 


o1(—2) = — giz), $1@)(0) = 0, 
lim:.o [¢1(z) — $1(—2)] = 2¢1¢)(0) = V* (9b) 
in—2) = 11(2),-g.(—2)°= —qulz) (9c) 
Aoz(—x) = — Aoz(x), Ao(—x%) =A2.(x), Aor(0) = 0 (9d) 
o2(—x) = g2(x) (9e) 
To—%) = — Inzc(x), g2(—*) = g2(z). (9f) 


The continuity of both current and scalar potential at 
the corners demands that 


Iy(—d) = —In(—c), $¢1(—d) = ¢2(—c). (10) 
It follows directly from (7b) with (9d) that 
Crs Eo 0. (11) 


Expressions for the scalar potentials corresponding to 
(7a) and (7b) for the vector potentials but specialized 
to satisfy (9a)—(9f) and (11) are readily obtained. Thus, 


$1(2) = — Cy sin Boz + C2, cos Boz + Ow(z), 22 9, (12) 
oi(z) = — Ci, sin Boz — Coz cos Boz + Oiw(z), 20, (13) 
where 


6iy(z) = bo f : d1(2)(w) sin Bo(z — w)dw. (14) 


Similarly, and for positive and negative values of x, 


1 0004(x) 
= Co, cos Box — — 
Bo 


2(x) + $2(2)(«) 


= Coz cos Box + Oxy (x), (15) 
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where 
Oxy (x) = po f $2(2)(w) sin Bo(x — w)dw 
0 


+ $2(2)(0) cos Box. (16) 


The driving voltage as defined in (9b) now may be intro- 
duced. With (12) and (13) it follows that 


(17) 


The simultaneous integral equations for the currents 
I,, and Ie, are: 


d 
f Ti2(2') Ria(z, 2)dz’ 
—d 


—74r 

= ca | Cs cos Boz + — ve sin Bo | z | — ole) | (18a) 
0 

if Tox(%)Kea(x, x')dx! = abs [Coz Sin Box — O04(x)]| (18b) 


where Ci, and C2, may be evaluated by requiring con- 
tinuity of current and scalar potential at the corners, as 
specified in (10). Note that with the equations of 
continuity, 
Oli. 


Oz 


ol 2a 


+ jog: = 0, yas alee mee 


6,4(z) is a function of Ie4(x), and 024 (x) is a function of 
Tis, 


APPROXIMATE SOLUTIONS OF THE 
INTEGRAL EQUATIONS 


The simultaneous integral equations (18a) and (18b) 
may be solved approximately for the currents 
I,(z) =13(z) and J2(x) = —Is(«) by a method of iteration 
resembling that used in the analysis of coupled parallel 
antennas.* The present problem is complicated by the 
presence of two equations rather than one. In devising a 
suitable iteration procedure two points are noteworthy. 
First, the mutual terms interrelating the two equations 
are limited to the particular integrals which take ac- 
cout of capacitive coupling between adjacent, mutually 
perpendicular sides. Since this effect is significant 
primarily near the corners, it may be assumed that it is 
not of primary significance in determining the distribu- 
tions of current and may be included in the first correc- 
tion term. The second point to be noted is that the oscil- 
lation of charges and currents in the rectangle when ex- 
cited in the dipole mode as shown in Fig. 3 must cor- 
respond roughly to that in two parallel center-driven 
antennas each of length 2(c+d). This follows from the 
fact that the currents are continuous at the corners and 
vanish at the centers x=0, z=+d, of the two sides 
without generators. This suggests that (18a) and (18b) 
may be expressed as follows: 


4 Tbid., p. 264 ff. 
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d+e d 
f T1,(2’) Kir(z, 2’) dz’ +f Ty,(2') Krs(z, 2’) de" 
—(dte) -d 


—d d+e 7 ' 
= ( f ) hale) al 2) dz 
—(d+c) d 


—jAr 


0 


(20a) 


d+e ie 
f Toz(x) Koe(a, x’) da! -f Toa (x!) Roa (te, & asx! 
—(d+e) 


—=@ 


—c d+c 
2 (f fe Tox’) K13(x, 2”) da! 
—(d+c) c 
—j4ar 
= = 


(20b) 


[Cor sin Box — O24(x)| + 52(x) 


where 


—d dte 
$i(z) = (f Ap ) nate) neale z')dz' ' (21a) 


—(d+e) 


Araya ( ip aoe f fe) Tool") rate, x!)dx’. (21D) 


—(dte) 


Note that Kea(z, 2’), Kia(x, x’), Roa in (20a), and Rjg in 
(20b) are obtained from (5) and (6) with x substituted 
for z and vice versa. 

In the integral on the left in (20a), J:-(2’) is the actual 
current in side 1 of the rectangle in the range —dSz’ 
<d. In the ranges —(c+d)S$zS —d and dSzS(c+d), 
the current is the fictitious extension in the z direction 
of currents actually existing in the top and bottom of 
the loop as J,(x’) and I4,(«’). Similarly, in the integral 
on the left in (20b), J2,(x’) actually exists only in the 
range —cSx Sc. Outside this range the currents are the 
fictitious extension in the x direction of actual currents 
in the vertical sides in the z direction.. This is shown 
schematically in Fig. 4 for sides 1 and 2. The addition 
of the integrals J,(z) and J2(x), respectively, to both 
sides of (21a) and (21b) modifies the left sides (which 
are proportional to the tangential components of the 
vector potential) in a manner to improve the constancy 
of the ratio of vector potential to current especially near 
the corners where large deviations occur. Note that 
whereas the change in the direction of the current at a 
corner, for example at z= —d, x= —c, can involve no 
great modification in its amplitude or distribution as 
compared with the current at the corresponding point 
z= —d in two parallel antennas of length 2(c+d) when 
driven by equal generators in phase, this is not true of 
the component of the vector potential tangent to the 
conductor. The currents in the conductor on the two 
sides of the right-angle bend do not contribute to the 
same component of the vector potential as they do when 
there is no bend and the conductor is straight. 
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= | c: cos Boz + . V¢ sin Bo| z | — ale) | + 91(2) 


Fig. 4—Actual and fictitious conductors and currents used in estab- 
lishing the integral equation in a form suitable for iteration. 


The solutions of (21) by iteration may be carried out 
much as in the case of two parallel antennas.* For this 
purpose let 
F,,(3") Toz(x’) 

5 gala, x’) = (22) 
I,,(2) Toe(x) 
be approximate relative distributions of current. Also 
let the following functions be defined: 


gi(z, z') = 


d+c 


Wilz) =, + yilz) = fi g1(2, 2) Kir(z, 2’)d2’ 


—(d+c) 


d 
+f g1(2, 2’) Kis(z, 2’)dz’ 
—d 


—d d+ec 
oe (f te f ) an, 2’) Koa(z, 2’)d2’ (23a) 
—(d+e) d 


d+c 


W(x) = V, + y2(x) = if g(x, x") Koo(x, x )dx’ 


—(d+c) 


-{ go(x, x) Koala, x’) da’ 


c d+c 
ie (f ts J ) en x’) Kis(x, x’)da’ (23b) 
—(d+c) ec 


where W, is an appropriately defined magnitude and 
¥i(z) and y2(x) are the necessary and presumably small 
functions required to make (23) exact. If gi(z, 2’) and 
g2(x, x’) can be so chosen that they are good approxi- 
mations of the actual current distributions, the follow- 
ing integrals are small: 


d+e 
Dave if [Zse(2") — Taa(e)gu(e, 2°)]5ar(z, 2")de! 
—(d+c) 


. f - [Uule) = Tsle)aule, 2] asl, 2’) 


d 


es ( fp tsk if a) [L1.(2") 


— I1.(z)gi(z, 2’) |Koal(z, z')dz’ (24a) 


J anuary 


‘e 


1959 


d+ce - 
Do(x) = f evils ve(a’) — Ton(x) go(a, x’) |Xo0(a, x’) dx! 


= Jf ec — Lon) ga(a, x’) |Kou(x, 2”) de! 


(Lt ese 


— Tec(x)go(x, x’) |Krs(x, x yd’, ~ (24) 


With (23) and (24) , the integral equations of (20) 
may be rearranged as follows: 


—jAr 1 
Ty, => CW, | Cs Cos Boz + 2 Ve sin Bo| z | ] 
L1(2) 
=i ©, (25a) 
jon 2 L G 
hai = tw, Coz Sin Box + _ (25b) 
where 
. jAr 
Li(z) = en 614(z) + P,(z), (26a) 
0 
jan 
ry piciea 
and 
Pi(z) = 91(2) — Di(z) — I1(2)y1(2) 


= I,,(z)V, -f Iy,(2') Kia(z, 2’)dz’, .(26c) 


The functions 014(z) and 624(x) are defined in (8). In 
order to assure exact continuity of current at the corners 
in the form 1,,(—d) = —J2,(—c) even in approximate 


- expressions, it is advantageous to subtract the quantity 


0=J,.(—d)+J.:(—c) from (25a). The result is 


—jAr 


Ps) = | Ceo Boz — cos Bod) 


0s 


1 
+ is Ve(sin Bo| 2 | — sin Bod) + Coz sin Be | 


1 
+ = [Lu) - L(=d) ~ 1-0]. (27) 


8 


Note that (25) or (27) and (25b) are still integral equa- 


- tions for the currents since these occur on the right in 


1,(z) and L2(x) under the signs of integration. However, 
the expressions are now so arranged that if a proper 
choice is made of the distribution functions gi(z, 2’) and 
go(x, x’) and of the parameter W,, the sum of the terms 
on the right in which the currents occur is small com- 
pared with the zeroth-order terms. Accordingly, (27) 
and (25b) are in forms appropriate for iteration. Sug- 
gested zeroth-order currents and charges are: 
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[Z12(2) ]o = Th 
Cow, 


Os 


E 12(COS Boz — Cos Bod) 


1 
+ i) V°(sin Bo| z | — sin Bod) + Coz sin ee, (28a) 


Atre 1 
[q*(z)]o = : | ~Cs sin Boz + a V¢ cos au, 
0<z<d, (28b) 
—Arey , 1 
[q1(2) Jo = | Cs sin Boz + oa V* cos pe, 
= S205 se 
. —jAr ; 
[Ton(x) |o = = Coz sin Box, (29a) 
Os 
Ate 
[ga(«) lo = —— Coz cos Bow. (29b) 


& 


The substitution of these zeroth-order currents and 
charges in the several parts of L;(z) and L2(x) as defined 
in (26), and the use of (23) leads to the following first- 
order integrals: 


F3,(z) =a W,(cos Boz =ancOs Bod) = [C.(d, Z) an C2-(d, z)| 
+ [E.(d, z) + E,.(d, z)| cos Bod (30a) 
Gu(z) = W,(sin Bo |z|—sin Bod) —[S.(d, 2) +S2(d, 2)] 


+ [E,(d, 2) + Ex(d, z)| sin Bod (30b) 
Hy,(z) = [¥, — E,(d, 2) — Es-(d, z)] sin Boc (30d) 
Gai(x) = W, sin Box — Sa(c, x) + Sea(c, x) (30c) 


where the following functions are involved: 


h ; eo Bo Ry e180 R2i ; 

Ci(h, 2) ={ cos | Ba + Re, Jee, (31a) 
Sie f Reaaer + ——] diss (GI) 
0 Ri; Roi 
he e—iBoRii e180 Rai : 

Exh, 2) -[ | Ri, + Ra, Jen, (31c) 


e180 R2i 


h e Poké 
S:(h, 2) -{ sin Bx! | — 
0 


dz’. > (31d 
Ri; Roi | Say 


In these expressions 
Ri = Ve =e +R; Ra = Ve + 2)? +P. 


The integral functions in (31) may be expressed in 
terms of the tabulated generalized sine and cosine inte- 
gral functions.®* Other integrals involved in Ly(z) and 


(32) 


5 Tbid., pp. 97, 274. 
6 “Tables of Generalized Sine- and Cosine-Integral Functions,” 


Harvard University Press, Cambridge, Mass.; 1948. 
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L(x) are 


ful) = it pate) cos Bo(z — w)Bodw, (33a) 


far(x) = J onto cos Bo(% — w)Bodw — pzi(0) sin Bow, (33b) 


pa(x) = fi exo cos Bo(~ — w)Bodw — o21(0) sin Box. (33c) 


The quantities p11, p21, and oe; introduced in (33) are 
defined as follows. Note that Kia(z, x’) and K2,(x, 2’) 
are defined in (5). 


pu(z) = le cos Box’ Kin(z, x’) (34a) 


ae 


d 
poi(x) -{ cos Boz’ [Kon(«, 2’) — Ken(x, —2’)]dz’ (34b) 
0 


d 
o21(*) =f sin Boz’ Kop(x, 2’)dz’. (34c) 


d 


These integrals can also be expressed in terms of the 
tabulated generalized sine and cosine integrals. In terms 
of the integrals (31a)—(31c) and (33) the first-order ex- 
pressions for Z;(z) and Z2(x) are - 

—ji4r 
[Z(z)]h = = 


O+ts 


1 
{CrP at oa V°Gu(z) 


+ Coz[H (2) ~ fats} (35a) 


of —j4ar 
[Zo(x)]1 = aa 


Ots 


{CuGal) + Cizpo1(x) 


1 = 
Bey fala) (35b) 


If these values are substituted in (27) and (25b), the 
following first-order solutions for the currents are 
obtained: 

—jAr 
[Ti-(z) 1 = = 


O+s 


1 
| Cs {Fo =e v, [Fuse = pa(—a]} 
+or{c : G 
: oe aa net fal—o)]} 


fra Gae fsin Boe + 
1 (36a) 
y, ie — fiz — Go(—c)| | 


- —j4r 
[To2(x)]1 a CoV 


0+s 


| Cs fsin Box + van 


3 


HO. RG 
Y, ae ed 6b) 


ae Gis 


January 


where 


Fo, = cos Boz — cos Bod, 


Go. = sin Bo| 2 | — sin Bod, (36c) 
Fy, = F41(z) a Fy,(—d), 

Giz = Guz) — Gu(—d), (36d) 
Au, = Hu(z) — Hu(—4d), 

fis = fulz) = fii =d). (36e) 


In order to evaluate the constants Ci, and C2, in terms 
of V¢ the conditions (10) requiring continuity of scalar 
potential and current at the corners must be introduced. 
The first-order expressions for the scalar potential are 
obtained from (13) and (15) by substituting zeroth- 
order values of the charges in (14) and (16). The follow- 
ing integrals are involved: 


haley Be ‘A onto ae Ble whee ee 
7 : 
hoi (x) = bo f poi(w) sin Bo(x —s w)dw 
0 
+ p21(0) cos Box, (37b) 
ko(x) = Bo f o21(w) sin Bo(x — w)dw 
0 
+ o2:(0) cos Box. (37c) 


In terms of these integrals the first-order potentials are: 
[o1(z) |, = == Cu sin Boz 

Cc oz/t1(2) 

Ts < S|) ae 


1 
Sera V° cos Boz + z<0, (38a) 


[p2(«) |i = Coz cos Box 
; | k ( ) a V °hto3(x 
: v, CyRei(x) + D 21( )|. (38b) 


With (10), (25), (35), and (38) the fqllowing pair of 
equations is obtained for the two constants C,, and Coz: 


Cizdii + Cardin = $V %1 (39a) 
Cid + Cozdo2 = 3V be (39b) 
where, for first-order values, 
1 
a11 = Cos Bod + oF [Fi(—d) + pa(—o)], (40a) 
aig = — Boe 
1 

a ce [Go(—c) + His(—d) —fiu(—d)], (40b) 

b i : 
1= — sin Bod — s [Giu(—d) — for(—0)], (40c) 


koi(—c) 


8 


d21 = sin Bod + 


? (41a) 
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his(—d)- where 
@22 = — cos Boc + ———— Al 
See (41b) Biz) = Mu(@) — Mu(—d) — Mn(—c) (46a) 
and 
bs = cos Bod tok) 
ae een re ; ; (41c)  Mu(z) = Nucos Bos — Dy sin Bol z2| + Fu(z) sin Bo(c + d) 
It follows directly that — Gir(2) cos Bole + d) + Hu(z) — fue), 
: e ven, : VEN, Ma1(x) = Nou sin Box + Goi(«) -+- pax) sin Bole + d) 
ee area A (42) + fei(%) cos Bo(c + d). (46b) 
ee Higher-order terms may be obtained by continuing the 
iteration. 
NaN i=eObaihon — Podin The first-order driving-point impedance is given by 
= sin Bo(c + d) + Niu/V, + Ni2/V,?, (43a) [Zi = —joovs | cos Bolc + d) + D,/Y, 
No = beaiibiaa: = 1 + Noi/¥, + No2/WV.?, (43b) tn ag sin Bo(c + d) + Ce Gp 
D = ayjd22 — ay2421 The corresponding admittance is [Vy in]i:=1/[Z1 inh. 
— [cos Bole + d) + Di/¥, + D2/¥,?]. The coefficient D, in (47) is given by (44e). The corre-_ 


(43c) 
The following quantities occur in (43): 
Nu = — hu(—d@) sin Bod 

+ [Gu(—d) — for(—c)] cos Boc — he1(—c)sin Boc 

— [Go(—c) + Hu(—d) — fu(—d)] cos Bod (44a) 
i Ce his(—d)|—Gir(—d) + foi(—c)| 

+ hox(—c)[Gei(—0) + Hu(—d) — fiu(—d)] (44b) 
Na = [Fu(—d) + poa(—o)] cos Bod 

+ [Gu(—d) — fo(—o) + kes(—c)] sin Bod 
Noe = kei(—c)[Gu(—d) — fai(—o)] 

— hei(—c) [Fii(—d) + po(—c) (44d) 
D, = [Fiu(—d) + pa(—o)] cos Boc — his(—d) cos Bod 

+ [Ga(—¢) + Hu(—d) — fu(—4)] sin Bod 

—kei(—c) sin Boc 
Dz = — [Fu(—d) + pa(—¢) |hu(—4) 

+ [Go(—e) + Hu(—d) — fu(—4)]ko(—c). (44f) 
If the equations of (43) are substituted for (42) and 
(36a) and (36b), the following expressions are obtained 


for the currents if only terms of order 1/¥V, are retained 
in both numerator and denominator: 


(44c) 


(44e) 


= jaaV* 
[Z1.(2) 1 = is 
ES Bic +d—|z l)+ ae), (45a) 
cos Bo(c + d) + Di/WVs 
j2rV°T sin Box + no | (45b) 
[ra(a)) = aver eer 


eee ee 


sponding value of B,(0) is obtained from (46a) with 
2=0. It is: 
B,(0) = Fi1(0) sin Bo(e + d) — Gii(0) cos Bo(c + d) 

+ Gii(—d) cos Boc — Goi(—c) cos Bod 

+ H11(0) — Hii(—d) cos Bod — fir(0) 

+ fi(—d) cos Bod — hyi1(—d) sin Bod 

— fe1(—c) cos Boe — hei(—c) sin Roc. (48a) 


If use is made of (30) in (48a) and (44e) the following 
formulas are obtained: 


Bi(0) = [W, — Cu(d, 0) — Ce-(d, 0) + E,(d, —d) 
+ Es-(d, —d)] sin Bo(c + d) 
+ [S.(d, 0) + S2.(d, 0)] cos Bo(c + d) 
— [S.(d, —d) + S2-(d, —d)] cos Boc 
+ [Sa(c, —c) — S2a(c, —c)] cos Bod 
— fi(0) + fir(—d) cos Bod — fus(—d) sin Bod 
— fei(—c) cos Boc — hoi(—c) sin Boc, (48b) 

D, = [E.(d, —d) + E2.(d, —d)] cos Bo(c + d) 

— [Ci(d, —d) + Cu(d, —d)] cos Boc 
— [Sa(c, —c) — Sea(c, —c)] sin Bod 
— fir(—d) sin Bod — hy1(—d) cos Bod 
+ poi(—c) cos Boc — koi(—c) sin Boc. — (48c) 


If the real and imaginary parts of D; and B,(0) are 
separated and the notation D,=D/J+jD", By,(0) 
=Bi{+jB", is introduced, the impedance [Z, in|: 
= [Ri in]: tj[X1 in]: may be separated into its resistive 
and reactive parts as follows: 


fo (Di sin Bo(c + d) — By! cos Bo(c + d) + [DEBE — DIB" ]/¥, 

[Ri ina = af [sin Bo(c + @) + BY/wW,|? + [B2/¥, |? (49a) 
~fo ([sin Bo(c + 2) + B/W] [cos Bole + @) + Di/v] + BEDI 

[Xinha = a [sin Bo(c + d) + Bi/¥,P[B2/¥,)? . (49b) 


These are the final first-order formulas. 
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THE EXPANSION PARAMETER 


The selection of an appropriate expansion parameter 
W, depends upon the evaluation of W,(z) and W2(x) as 
defined in (23). As shown for the comparable problem 
in the analysis of the linear antenna’ very satisfactory 
results are obtained with zeroth-order distribution func- 
tions. In the case at hand this means that the distribu- 
tion functions, 


sin Bo(c + d — | 2|) 


gi(2, 2) = sin Bo(c + d — [z|) 
sin Box’ 
N= ; (50) 
Balt #) sin Box 


are to be substituted in (23a) and (23b). The result for 
W.(z) with z=0 and the definitions (31) is: 
Vi(2) = esc Bole + d — 2){sin Bole + d)[Cuc + 4, 2) 
+C2-(d, Z) ie Coale as d, Z) + Coad, 2) | 
— cos Bole + d)[Sa(c + 4, 2) + S2e(d, 2) 


—Seale + d, 2) + Coa(d, 2)]}. (51) 
Correspondingly with (31d) the result for V2(x) is: 
W(x) = csc Box[Sa(c + d, x) — Seale, x) 

+ See(c + d, #) — Soe(c, x)|. (52) 


Since both W(z) and W.(«) are proportional to the 
ratio of zeroth-order vector potential to zeroth-order 
current at points along conductors that have the same 
radii and similar distributions of current, the magnitude 
of W,(z) and W(x) should be essentially constant and 
equal except as modified by asymmetries. In general, a 
good choice of W is the magnitude of Y(z) at a point z 
where the vector potential and the current both have 
maxima. In the presently considered case of the loop 
excited in the dipole mode, an even better choice owing 
to more complete symmetry is at the centers of the sides 
without generators (with fictitious extensions) where 
both the vector potential and the current vanish, but 
where their ratio has a definite and constant value. 
Thus, let ¥,=|limz.o ¥2(0)|. This function is readily 
evaluated directly from the integrals by differentiating 
the indeterminate form when expressed as 0/0. An inte- 
gration by parts in the numerator leads to the following 
formula for the expansion parameter W, of the symmet- 
rical or dipole mode in the rectangle: 


VY, = WV. = (CAG oP d, 0) ae Co(c =f d, 0) ns Caalc, 0) 


yp e~iBoR1 e180 Rs 
= CAc,0) — {sin Bole + ) Se | 
0 


Ry Rs 
eg i8oR2 = g—iBoRg 
— sin Boc on } 
; L aie aioe 2 


(53) 
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where 

pa ee 
Ki Vie dP? +, Ry: = Ve + 4d? + @? 
R= V6 +O)? + 40 +e", Ke = V/502 + a2. | 


(54a) 


(54b) 


Note that in (54) a? usually is negligible except when c 
or d becomes very small. The difference functions 71(2) 
and y2(x) are given by ~ 


yi(z) = Wiz) — Ve, 24) = Wo(x) — Ws. (55) 


With the expansion parameter YW, as defined in (53), 
substituted in (45) for the distributions of current, and 
in (47) or (49a) and (49b) for the impedance, the first- 
order circuit properties of the rectangular loop of arbi- 
trary size are determined when it is driven so that only 
the vertical dipole mode is excited. Important special 
cases must still be considered. 


FOLDED DIPOLE AND TRANSMISSION LINE 


When the dimension 2d or 2c of the rectangle of wire 
is kept electrically small (89d<«1 or Boc<«1) while the 
other dimension is unrestricted, the loop becomes on the 
one hand a symmetrically driven folded dipole, on the 
other hand a section of transmission line driven simul- 
taneously at both ends by codirectional generators. 
Both of these special cases have been analyzed: the 
former (see King®:’) by neglecting corner effects and 
treating the two sides of the long and narrow rectangle 
as two closely spaced symmetrically driven dipoles; the 
latter in terms of transmission-line theory for the react- 
ance and the Poynting vector theorem for the radiation 
resistance. ®:® 

It is readily verified that when c is small (53) becomes 


261A ginlbed 
We OC eee 


a Bo 


E1804 | | (56) 
This is essentially equivalent to the expansion parame- 
ter WV, for two closely spaced symmetrically driven an- 
tennas or for the folded dipole.*7 Moreover, if the capac- 
itive coupling at the corners is neglected when c is suf- 
ficiently small by setting the functions f,1(z), foi(x), and 
bu(x) as defined in (33) equal to zero, (46b) and (48c) 
for Mu(z) and D; reduce essentially to the correspond- 
ing functions characteristic of the symmetrically driven 
pair of parallel antennas. Small differences are a conse- 
quence of the definition of W, in (53) in terms of ¥2(x) 


instead of W,(z). It follows that (47) reduces to the 
formula for the folded dipole. 


a King, “Theory of Linear Antennas,” op. cit., pp. 267-270, 335- 


fault E. Storer and R. W. P. King, “Radiation resistance of two- 
wire gate are ae yb 39, pp. 1408-1412; November, 1951. 
. W. P. King, “Transmission-Line Th 2 -Hi 
Book Co., Inc., New York, N.Y. 1955. ogee: 
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When the dimension 2d is small compared with the 


_ wavelength and ¢ so that Bod<1, c’>d’, the expansion 
_ parameter y, reduces to 


% ii 2d 
8 = n — ie 
| 3 (57) 
The leading term in the reactance is : 
Xin = — R, cot Boc (58a) 
_ where 
Sikes mvlod edd 
ee =—In—, (58b) 


- is the familiar expression for the characteristic imped- 
- ance of a lossless two-wire line with wire spacing 2d. 
The leading term in the resistance has not been evalu- 
¥ ated in general when Bod<1 and oc is unrestricted. 
_ However, the special case when both Bod and oc are 
small is considered below. 


THE ELECTRICALLY SMALL Loop As A DIPOLE 


An important special case is the electrically small 
rectangular loop defined by the inequality 


Bor(c + d)? <1. 


The general formula for the expansion parameter re- 
duces to the following approximate form: 


(59) 


C d d 
yi2 Es a rn sy ioral Samed 
a V 4c? + a? 
C C 
— sinh! — — sinh—! a 
2d V/4c* + a? 


1 | 1 1 
ag e i ee G ‘i ") me 
where the R’s are defined in (54). It is readily verified 
that when d is small compared with c, (60) reduces to 
(57). Alternatively, when d is large compared with c 
but small enough to satisfy the inequality Bo’d’<1, (60) 
and (56) both give 


2d 2¢ 
v= 2[2m——In=—2] (61) 


a a 

in agreement with the value found in the literature!® for 
an electrically short two-element cage antenna 

Approximate expressions for the resistance and re- 
actance may be obtained by simplifying (49a) and (49b). 
With (59) it is clear that the small integrals (33) are 
predominately real, so that the leading terms in B," and 
Dare: 


10 King, “Theory of Linear Antennas,” op. cit., p. 274. 
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d 

BH = 28d? (S + c) + 4 Bo'd?c?; 
3 3 
d 

Di = 463d (= ap ‘) (62) 


With these values the leading terms in the resistance 
and reactance are: 


fo (d + 3c)(d + 2c) — 4c? 
R in Sa Kes 
; 30 ia f (d +c)? | we 
> fF0Ws 
PE De Bi(oHe a) (of) 


where Y, is given by (60) in general, and by (57) or (61) 
in special cases. 
Note that with c<d, 


6 
Res * Bod? = 406,24? ohms (65) 
Tv 


in agreement with the approximate formula 


Riin = a Bo?d? = 206o?d? ohms 
67 

for the isolated dipole of half-length d. The factor 2 is 
explained by the fact that the symmetrical impedances 
of two parallel dipoles driven in phase by two generators 
are in zeroth order, double the value for a single isolated 
antenna. Alternatively, when d<c the rectangle be- 
comes a transmission line of length 2¢ and with spacing 
b=2d. The line is driven at each end so that the currents 
vanish at the centers of the long sides. In this case 


2 
Riin = = aye = 808 )?d? ohms = 206,262 ohms. 
Tv 


(66) 
This is the resistance seen by each generator. It is equal 
to the resistance of a short end-loaded dipole of half- 
length d with an essentially uniform current. Contribu- 
tions to the radiation from the equal and opposite cur- 
rents in the electrically short sections of line is of higher 
order than contributions from the short ends. 


CONCLUSION 


The circuit properties of the rectangular loop antenna 
have been determined when the loop is driven in a trans- 
verse mode by equal and codirectional generators at the 
centers of one pair of parallel sides. First-order expres- 
sions for the currents and the identical input impedances 
at the two driving points are given in a form that in- 
volves only tabulated functions. It is shown that the new 
formula for the impedance is consistent with previously 
available formulas for the symmetrically driven folded 
dipole and for the transmission line. 
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Properties of Slotted Dielectric Interfaces* 
ROBERT E. COLLIN 


Summary—A theoretical analysis of slotted dielectric interfaces 
based on an application of the Rayleigh-Ritz method is presented. 
Formulas for calculating the equivalent circuit parameters are 
derived for arbitrary polarization and angles of incidence. Numerical 
results are given which show that the slotted dielectric interface be- 
haves essentially as a homogeneous anisotropic dielectric interface. 
Formulas and numerical values of the equivalent dielectric con- 
stants are also given. 


INTRODUCTION 


tion has made the use of solid dielectric lenses 
more attractive since size and weight are no longer 
serious limiting factors, while at the same time con- 
struction of artificial dielectric lenses is more difficult. 
This same trend towards shorter wavelengths has 
brought about the introduction of optical techniques 
and components such as dielectric prisms and plates. 
The above components require quarter-wave matching 
layers at all air-dielectric and dielectric-dielectric inter- 
faces if their performance is not to be seriously degraded 
by reflections at the interfaces. Homogeneous dielectric 
matching layers are usually not feasible because of the 
lack of homogeneous dielectric material having the re- 
quired variation in dielectric constant. This has brought 
about the technique of slotting the dielectric interface 
so as to obtain a simulated quarter-wave transformer. 
The idea of using a slotted dielectric interface for a 
matching section is not new. It apparently was applied 
by Fox, prior to 1943, to the problem of matching an 
empty and dielectric filled waveguide.! A brief study of 
slotted dielectric interfaces was made by Garnham in 
1951.2 However, the interface effect was not studied in 
detail and the results were limited to normal incidence. 
Further results were presented by Collin and Brown,’ 
but again, only the case of normal incidence with the 
electric vector pardllel to the slots was analyzed in de- 
tail. These results were subsequently extended to the 
case of oblique incidence.t The results obtained show 
that the dominant effect of the slotted interface is just 
a change in wave impedance. Experimental work by 


“ees increasing use of millimeter wavelength radia- 


* Manuscript received by the PGAP, October 23, 1957; revised 
manuscript received September 9, 1958. 
t Elec. Eng. Dept., Case Inst. of Tech., Cleveland 6, Ohio. 
Poe at Canadian Armament Res. and Dev. Establ., Valcartier 
. Q., Can. ; 
1 A. G. Fox, U.S. Patent No. 2,411,534; filed March 30, 1943 
2R. oH: Garnham, “Some Methods of Preventing the Reflection 
of Electromagnetic Waves at the Boundary Between Two Dielec- 
trics; RB: Tech. Note 131; August, 1951. 
Z : R. oe ane Jz pe “The design of quarter-wave match- 
ing layers for dielectric surfaces,” Proc. TEE(London), vol. 
pp. 193-158; March, 1956. ee ait, 
; . E. Collin, “Reflection and transmission at a slotted dielectri 
interface,” Can. J. Phys., vol. 34, pp. 398-411; April, 1956. ai 
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Jones, Morita, and Cohn’ have substantiated these ) 
results to some extent. To date no systematic study of — 


the slotted dielectric interface parameters as a function 
of angle of incidence and polarization has been made. 


The desire for a more detailed knowledge of the inter- i 


face parameters resulted in the following analysis being 
undertaken. 
In principle, there is no great difficulty in determining 
the proper modes of propagation for the slotted di- 
electric and solid dielectric regions, and matching the 
tangential field components at the interface. In practice, 


the numerical work is very tedious because of the com- 


plexity of the eigenfunctions in the slotted section. A 
reduction in numerical work is obtained by approximat- 
ing the eigenfunctions in the slotted section by a finite 
series of the eigenfunctions for the solid dielectric region 
by means of the Rayleigh-Ritz method.’ If the slotted 
section is assumed semi-infinite in length (or terminated 
in a matched load) the mode amplitudes, reflection, and 
transmission coefficients are complex. This complication 
in the subsequent numerical calculations can be avoided 
by terminating the slotted section in a short-circuit. All 
the mode amplitudes in this case may be taken as either 
pure real or imaginary. Using this technique, one ob- 
tains an expression for the bilinear transformation relat- 
ing the electric field null on the input side to the short- 
circuit position on the output side. From the four co- 
efficients involved in this transformation, the equivalent 
circuit parameters are readily determined.° 

The analysis to be presented here shows that the 
slotted dielectric medium behaves essentially as a homo- 
geneous anisotropic dielectric with equivalent dielectric 
constants determined, so as to yield the same phase 
velocities in the equivalent homogeneous medium as 
actually exist in the slotted medium. In particular, the 
Brewster angle phenomenon is still preserved. 


First-ORDER ANALYSIS OF INTERFACE PARAMETERS 


The basic slotted dielectric interface to be considered 
is illustrated in Fig. 1. It consists of dielectric slabs of 


5 E. M. T. Jones and S. B. Cohn, “Surface matching of dielectric 
lenses,” J. Appl. Phys., vol. 26, pp. 452-457; April, 1955. 

SE. M. T. Jones, T. Morita, and S. B. Cohn, “Measured per- 
formance of matched dielectric lenses,” IRE TRANS. ON ANTENNAS 
AND PropaGaTion, vol. AP-4, pp. 31-33, January, 1956. 

’ T. Morita and S. B. Cohn, “Microwave lens matching by simu- 
lated quarter-wave transformers,” IRE TRANS. ON ANTENNAS AND 
PROPAGATION, vol. AP-4, pp. 33-39; January, 1956. 

Ai Sea Collin and R. Vaillancourt, “Application of Rayleigh-Ritz 
method to dielectric steps in waveguides,” IRE TRANs. ON MicRo- 
cee THEORY AND TECHNIQUES, vol. MTT-5, pp. 177-184; July, 
ae Be E, Ott ae of equivalent circuit parameters,” 

ANS. ON MICROWAVE THEORY AND TECHNI , - 
5, pp. 266-267; October, 1957. Or gee 
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shorting plane 
Fig. 1—Slotted dielectric interface, 


thickness 2¢ and dielectric constant x, separated by 
slabs of thickness 2d and dielectric constant Kk). The 


_ homogeneous medium in z<0 is assumed to have a di- 


electric constant k2 also. For convenience, all the dielec- 
tric constants will be normalized with respect to that of 
the medium in z<0 and the dielectric constant of the 
slabs denoted by x where k=x;/k. The spacing of the 
slabs is D and is chosen small enough so no higher order 
modes propagate; 7.e., 


Xo 
‘S , 
x;/2(1 + cos 0,) 


_ where k; is the largest of x; or ke, Ao is the free space wave- 


length, and cos 6, is the direction cosine between the 
wave normal and the x axis in the medium with di- 
electric constant k;. 

Four separate cases of importance in practice will be 


- considered. 


1) Plane of incidence in xz plane and with incident 
electric vector parallel to slabs (perpendicular 
polarization). 

Plane of incidence in yz plane and with incident 
electric vector parallel to slabs (parallel polariza- 
tion). 

Plane of incidence as in case 2 but with incident 
electric vector perpendicular to slabs (perpendicu- 
lar polarization). 

Plane of incidence as in case 1 but with incident 
electric vector perpendicular to slabs (parallel 
polarization). 


.; 
3) 


4) 


In addition, first-order results will be given for a gen- 
eral angle of incidence and arbitrary polarization for the 
case when D is small as compared with the wavelength. 

The two basic sets of modes which may exist in the 
slotted dielectric region are the longitudinal section elec- 
tric and magnetic (LSE and LSM) modes. These modes 
may be derived from a magnetic and an electric Hertz- 
ian potential function, respectively, by means of the 
following equations® for the LSE modes; 


Sa JopoV X =u (1a) 
H=VxXVxX™ (1b) 
Venu + Kea = 0, (1c) 


while for the LSM modes, 
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H = jweoY X xz (2a) 
K(“)E=VXVX xe (2b) 

Vere + xk?xg — kK 1(Vx)V-xz = 0, (2c) 


where my and mz have components along the x axis only, 
k? = Uok2€9, and k is given by 


ae —ttnmDs«xsi+nD, 220, 
k= : 
1, _ otherwise, 


with x” an arbitrary integer. 

Instead of solving (1) and (2) rigorously, the solutions 
for the modes in the slotted section are approximated 
by a series of the corresponding modes in the homogene- 
ous region <0 as determined by the Rayleigh-Ritz 
method. The basic theory has already been covered® so 
the derivation of the required solutions will only be out- 
lined briefly here. Initially, a first-order approximate 
solution, utilizing only the dominant modes, will be 
given. This solution gives results for the equivalent di- 
electric constants, accurate to within a few per cent, but 
does not give any information on the relative phase 
shifts of the reflected and transmitted waves which arise 
from the higher order mode contributions at the inter- 
face. This additional information and the corrections to 
the equivalent dielectric constants, as obtained by tak- 
ing the first two higher order modes into account, are 
considered in a later section. 

For the four special cases listed above, the interface 
can be characterized by a lossless four-terminal network. 
A convenient equivalent circuit representation is an 
ideal transformer of turns ratio 2:1 and two lengths of 
transmission line of electrical lengths 6, and @., as illus- 
trated in Fig. 2. Let ¢2 be the electrical position of a 
short-circuit in the slotted section and ¢, be the elec- 
trical distance of an electric field null from the interface 
on the input side. The relationship between ¢; and ¢2 
which will be derived below is of the form 


A+ B tan ¢2 


RR ReES (3) 
C+ D tan do 


tan ¢, = 


and the equivalent circuit parameters are given by,’ 


foe ee eae CD) 


6, = — — tan (4a) 
Pie 2 ee a Da 

A — Btané@ 
6; = — tan“! eee etn f (4b) 

C — D tan 4 

AD — BC)(Aj + tan? 62) 
nL, = \ ) ES (4c) 
(C — D tan 62)?(1 + tan? 61) , 
where for parallel polarization 
a/K_e — sin? 0; 

A= (4d) 


Ke COS 0; 


and for perpendicular polarization 
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Fig. 2—Equivalent circuit of interface for one mode. 


cos 0; 


LZ = 
~/Ke — sin? 6; 


(4e) 


In the expressions for Z;, 0; is the angle of incidence 
measured from the interface normal, and x, is the equiv- 
alent dielectric constant of the slotted medium normal- 
ized with respect to ka. Eqs. (4d) and (4e) are the usual 
normalized wave impedances of an isotropic, homogene- 
ous, dielectric medium. When only the dominant modes 
are taken into account, the constants A ahd D in (3) are 
zero, and the only circuit parameter required is ?Z. 

For case 4, as well as for general angles of incidence, 
the slotted dielectric medium has anisotropic properties 
and (4d) is not the appropriate expression to use for the 
normalized wave impedance.’? Also, for general angles 
of incidence both LSE and LSM propagating modes are 
excited when either an LSM or LSE mode is incident. 
The interface must, therefore, be characterized by an 
equivalent circuit with ten parameters connecting to- 
gether four transmission lines. For a dominant mode 
approximation, this equivalent circuit simplifies to one 
with three parameters only. The coupling of the two 
modes is brought about by the polarization current in 
the dielectric slabs. 


Case 1 


The incident field is an H mode, and only higher order 
H modes are excited (with no variation with y, the LSE 
and LSM modes are identical with the E and H modes), 
The fields may be derived from the one scalar compo- 
nent E,(x, z). The boundary conditions are continuity 
of H, and its normal derivative at all interfaces. For a 
wave incident at an angle 6;, E, has the following form 
for the incident wave, 


Ey = Age-thaNoz (5) 
where 
=k sin 6; 
To? = h? — R?, 


Since the structure is periodic along the x axis with a 
period D, the electric field in the slotted section is of the 
form 


(x) etbz — F(x) ethatbe, 


10 R. E. Collin, “A simple artificial anisotropic dielectric medium.” 
IRE Trans. ON MicROWAVE THEORY AND TECHNIOU ae 
pp. 206-209; April, 1958. eg 
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where F(x) is a periodic function of x with period D.- 


For the approximation of the Kth mode in the slotted 
section the following form is chosen: 


N ate 
Wr(x)eteee = otPK* DY) Bax / —g-ithtinr|D)z=, (6) 
n=—N D 
The wave equation satisfied by y;, in the slotted section 
is : 
dy 
To + (KE + Bx = 0. (7) 
x 


Multiplying by ¥.* (the asterisk denotes conjugate 
value) and integrating the second derivative by parts 
once over the range 


D D 
sas ag a: 
2 2 


gives 


Die het 
f [= He =< Kaa )ea Bea | dx =0, (8) 


D/2 ae 20%. 


since both y; and dy;,/dx are continuous, and ¥;(dy*,./dx 
is periodic. Eq. (8) is a variational expression for 6;?. 
Substituting the expression for Y from (6) into (8) and 
equating all the partial derivatives 0/0b..* to zero 
yields the following matrix eigenvalue system for de- 
termining the eigenvalues 6,2? and eigenvector com- 
ponents bnz: 


N 
De bnk|T'n2Den : [ok We as BxSsn| Pa 0, 


n=—N 


s=-—WN---WN, (9) 


2nmr \? 
| Oe =(h + ) — k? 
D 


2t 


sin (n — s)r — 


where 


Tin = Xe 
(n — s)r 
Xe=K—-1l 
to h="s, 
in = | ; 
0, ns, 


and the b,,, are subjected to the normalization condition 


N 
af baxbnt = Sx. 


n=—N 


The matrix elements in (9) are real and, hence, the bn, 
may be chosen as real also. 


For a one-mode approximation (9) gives the following 
result for 8,2, 


Di 
Boe =? — (1 ue 15) k. (10) 
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The equivalent dielectric constant of a homogeneous 
dielectric, which would give the same value of Bo, is 
readily seen to be given by 


i 2t 
Ka Means 
a eae 4 ’ 


(11) 
where x, is normalized with respect to kK. The value for 
Ke given by (11) is just the average value of x and is equal 
to the low-frequency value given by Morita and Cohn.? 
For a one-mode approximation the electric field on the 
input side is taken as 


Ae" sin | To| (z+ a), 
and on the output side as 

Boe? sin | Bo| (g — J, 
where a is the location of a field minimum in the region 
2<0 and / is the short-circuit position in the region 


2>0. From the continuity condition on E, and 0F,/dz 
at z=0, one obtains the relation 


To To 
tan |[| « = tang: = — —tan | 6o|/ = — — tan @o. (12) 
Bo Bo 


Using (3) and (4c) shows that 7?Z, is equal to I'p/Bo. 
From (9) and (10) one finds that 


To 
SS SS SS) 

Bole /Ke sin 0; 
hence, the turns ratio m of the ideal transformer is 
equal to unity, and the slotted section is equivalent to 
a homogeneous medium with a normalized wave im- 


pedance given by (4e), and an equivalent dielectric con- 
stant given by (11). 


cos 0; 


Zi (13) 


Case 2 

The incident mode is an LSE mode, and both higher 
order LSE and LSM modes are excited by the interface. 
For the first-order approximation only the dominant 
LSE mode is considered. The analysis is similar to that 
for case 1 with the exception that the factor e~” is re- 
placed by e~*¥. In the region z<0, the Hertzian poten- 
tial for the incident and reflected fields is 


wu = Age?" cos | To | (2 + a), 
while for the fields in the slotted section 


am = Boe cos | Bo| (ig —J), 


where 
Ty? = 2 — k? 
Bo? = h? — Kek® 
h=ksin 0; 
ice et Sona 
K ae X D 


The transverse field components £, and H, are given by 
(1a) and (1b) as follows: 
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A, = kk’ry. 
The continuity of these fields at z=0 gives 


Bo 


tan Pi =— tan do. (14) 


Keio 
From the definition of By) and Ip, one obtains the relation 


Bo V/Ke — sin? 6; 
iGella 


nL = 


’ (15) 


Ke COS 0; 


which is identical with (4d). Thus the slotted section 
behaves as a homogeneous medium with an equivalent 
dielectric constant x. given by (11) again. Since the in- 
cident wave is parallel polarized, an angle of incidence 
6, (the Brewster angle) exists so that Z, equals unity and 
no reflection occurs. From (15) one obtains 


(ie 
Ket 1 


in direct analogy with homogeneous dielectric material. 
For 0;<, Z1 is less than unity while for 0;>6, Z: is 
greater than unity. Thus as 0; increases from zero to a 
value greater than 6, the phase angle of the reflection 
coefficient changes discontinuously from 7 to 0 as the 
angle & is passed through. The equivalent transmission 
line circuit for the interface may be chosen as the junc- 
tion of two lines with characteristic impedances of unity 
and Z,, or alternatively, as two transmission lines of 
characteristic impedance unity and Z; connected to- 
gether through two sections of line and an ideal trans- 
former as in Fig. 2 with 


sin 0) = (16) 


OT<a07 
CO; S03 


n =A, 6, = 62 = 0, 


n= Z-, 6, = : — 7/2, 
This latter representation corresponds to the type of 
equivalent circuit given by (4), when ?Z, is always 
chosen less than unity and higher order modes are taken 
into account. Fig. 3 illustrates the discontinuous change 
in 6, and 6, as the Brewster angle is passed through, as 
well as the continuous but rapid change in these angles 


when higher order modes are included. 


Case 3 

The incident mode is an LSM mode, and both LSM 
and LSE higher order modes are excited at the interface. 
An appropriate form for the Hertzian potential rz in 
the region z<0 is 


we = Ace?” sin | To | (2 + a) 


(17) 


N 
! é : 
+ »S, A ne? hy—7 an 12 Oe TDs 
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Fig. 3—Equivalent circuit parameters for 2:/D=34, D=0.75 d/x¥?2, 


«=2.56 (parallel polarization, plane of incidence parallel to slabs). 
Broken curves = first-order solution. 


where 


and the prime means omission of the term 2=0. The 
variational expression for the propagation constants Wx 
for the Kth LSM mode in the slotted section is 


( 1 Ee dpx* 
=P Py AUS dk 


ACC ped pk ve Wb | dx = 0, (18) 


where y; is the approximation to the Kth eigenfunc- 
tion; 7.é., 
2nrx 


N 
Ve = » Qnk COS —— e~i-1K2, 
n=0 D 


(19) 
The coefficients A, are determined by a minimization 
of (18). For a single mode approximation it is found that 


yo = h? — x,k? 


e 2t ~1 
«= [1-* =] 
k D 


rg : 
tan ¢; = — ed tan do (20) 
Tp cos 6; 


n?Zy a = ——— 
Yo We — sin? 6; 


January 


Again the slotted section behaves as a homogeneous di- 
electric with a dielectric constant x, which may be 
shown to be equal to the low-frequency value obtained 
from the rigorous eigenvalue equation as D/X ap- 
proaches zero.’ 


Case 4 


From the analysis of the previous cases, it is seen that 
the equivalent dielectric constant is different for the two 
polarizations, the electric vector parallel to the slabs, 
and the electric vector perpendicular to the slabs. For 
this reason, the dielectric slab medium behaves essen- 
tially like a uniaxial anisotropic dielectric medium. With 
incidence in the xz plane and parallel polarization, the 
electric vector has components both parallel and per- 
pendicular to the slabs. The incident mode is an E mode 
and only higher order E modes are excited. These modes 
may be derived from a suitable Hertzian potential vz. 
The approximate eigenfunctions and propagation con- 


_stants in the slotted region are obtained from a varia- 


tional integral of the form given in (18). In the region 
z<0, the Hertzian potential for the incident and re- 
flected waves is 


we = Ace sin | To| (g + a). 


If the approximation ~y)=e—”*-% is substituted into 
(18), the resulting value of yo? is h?—x.k? where k, is 
given in (20). This approximation does not even bring 
out the anisotropic effects and. is a poor one to use. A 
better first-order solution for this case is given in the 
next section as a special case of the first-order solution 
for a general angle of incidence. 


GENERAL ANGLE OF INCIDENCE 


A plane wave incident at a general angle can be repre- 
sented as a superposition of an LSE and an LSM mode. 
Both LSE and LSM modes are excited in the slotted 
section when either an LSE or LSM mode is incident at 
a general angle. The fundamental LSE and LSM modes 
in the slotted dielectric section propagate with different 
phase velocities and, hence, such a medium has aniso- 
tropic properties. The anisotropic properties of such a 
medium are discussed in detail elsewhere.!° A first-order 
solution for the reflection and transmission coefficients 
of the interface for general angles of incidence, will be 
given here; 7.e., no higher order modes are taken into 
account, A further assumption, that DA, will be made 
so that the slotted dielectric section may be treated as 
a homogeneous anisotropic dielectric. 

For the slotted dielectric medium, the equivalent 
normalized dielectric constants are x, along the x axis 
and « along the y and zg axes where 


Ka = E vsti =| (21a) 
rer wD) 
e 2t 
Kp = PDA (21b) 


—<<_" + 
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From Collin,!® the two fundamental modes of propaga- 
tion are derivable from xy and x, as follows: 


for the ordinary wave 


E = — jouoV X xu (22a) 
H=VXVX xy (22b) 
Tu = a, exp — jkyL-r, (22¢) 
for the extraordinary wave 
E= k*xng + wp VV - xe (23a) 
H = jweok.V Xxx (23b) 
Te = a, exp — jBL-r, (23c) 


where L is a unit vector in the direction of the wave 
normal, and r is the position vector a,x+a,y+a,z. The 
propagation constants are given below; 

kp = kp '/2k (24a) 
Rkakp 


[Li*ka? + (1 — L,?)ke?]1/2 


Bs ) (24b) 


where ka=k,'/*k. When these two modes are excited by 
a plane wave incident from z<0, they do not have the 
same wave normals. Let the Hertzian potentials for the 
waves in the region <0 be 


tm = az|ouok®N.(1 — N,2)|/? 
, -[Ao exp — jkN-r + Ay, exp — jkN’-r| (25a) 
me = az|weoxok®N,(1 — N,”)}/? 
-[Bo exp — jkN-r + Bi exp — jkN’-r], (25b) 
where the wave unit normals are given by 
N = a,N, + a,N, + aN, 
N’ = a,N, + a,N, — a.N,z. 
On the output side, suitable forms for the Hertzian 
potentials are 


<u = az[wuoks*Lie(1 rx Ley? 

-[C, exp — jkoLi-r + Co exp — jkoLi-r] (26a) 
tz = az|weoK 28k? L2.(1 = Ty,2) |-¥/? 

-[D, exp — j8L2-r + Do exp — j@L2'-r] (26b) 
where L;’ and L/ have the same relation to L; and Lz» 
as N’ does to N. The potentials have been normalized 
so that 44 Ao*, etc., corresponds to the power per unit 
area flowing across the xy plane. All the field compo- 


nents must have the same variation with x and y and, 
hence, 


kNz = koLiz = BLoo (27a) 
RNy = Roly = BLoy. (27b) 
~ Solving (24b) and (27a) for 6 and Ls, gives 
B= [ka + N21 — Ka/ Ko) |*/2R, (28a) 
Loe = ks!?Na[Kaky + Ne?(ko — Ka) [M2 (28b) 
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The tangential field components follow from the given 
Hertzian potentials by means of (22) and (23) with ap- 
propriate modifications for the region s<0. When the 
tangential field components are equated at the interface 
plane z=0, we obtain 


fae aes 72 
( V ) (Ao + Ai) 


as — Li’) 


1/2 
) (Cr+ Cs) (29a) 
Ling 
1 J Ne 1/2 
( 7 ) (Bo + Bi) 


‘ (fe = on Di + Dy) (29b) 


BL 
_N.N, . \e 
Iva waype 407 Ay) + (- ei =) (Bo — Bi) 
— LygLiyky'!4 
= ita = 1») pe (Ci + Co) 


+. "(Di — Ds), (29 


N.Ny ; 1/2 
fa — waypaeet By) + (- ee, :) (Ay — Ai) 
ta fata aay 
Tara Tape ee 


Bs ( Ly; 
mL — Laz?) 
If transmission lines are introduced to represent the 


propagation of the two modes on the input and output 
sides and numbered according to the following scheme, 


ye — Co). (29d) 


Mode Output Side 


™M 1 3 


Input Side 


TE 2 4 & 


then the interface may be characterized by a four-by- 
four scattering matrix [S] where S,;; represents the 
transmission coefficient from line z to line 7, and S;; is 
the reflection coefficient for line 7. The scattering matrix 
is symmetrical and unitary. By introducing the follow- 
ing amplitude matrices which are proportional to the 
transverse electric field, 


ay — Ag by Ay 

ae Bo be By 
[a] a ? [0] a E ’ 

a3 Co bs —C; 

as Do b4 Dy, 


one may write 
(30) 
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Alternatively, one may introduce transmission line 
vokages V;=a;+0; and currents T;=a;—6; and the in- 
terface may be characterized by an equivalent circuit 
as illustrated in Fig. 4. The turns ratios of the ideal 
transformers are given by 


N,N, fishy 1— NS 


m= NV. Sarr Vio eA (31a) 
collar eae (31b) 
n4[NLN,(1 — Lie’) — LisLy(1 — N.*)] ae 
n3 = [ZiNV(1 — N,2)(1 — L,.2)]*/? 
a [ee] (314) 
(1 — Ly;") Nk 


where m2 has been placed equal to unity since one of the 
turns ratios may be chosen arbitrarily. As a typical ex- 
ample, the scattering matrix elements were computed 
for the following parameters: 

fe | 


SS aa 


jae. 


xe = 1, 


and are given as 


—O.11 0.086 0.986 0.096 
0.086 —0.11 —0.077 0.988 
0.986 —0.077 Onto 0085 
0.096 0.988 —0.085 0.095 


Essentially all of the power is transmitted as a mode cor- 
responding to the incident mode. When a parallel or 
perpendicular polarized wave is incident, the reflected 
wave is of mixed polarization because of the coupling of 
the modes at the interface. 

The scattering matrix parameters are readily evalu- 
ated from the equivalent circuit given in Fig. 4. This 
equivalent circuit contains three parameters only be- 
cause all higher order modes have been neglected. When 
these higher order modes are included, the equivalent 
circuit will contain reactive elements also. 

The solutions for the case when the incident wave isa 
parallel or perpendicular polarized wave, may be ob- 
tained by a superposition of the 74, and wg modes. For 
a parallel polarized wave, H, equals zero and the appro- 
priate relation between Ay and By is 


N. 


ates sa 
NN, 


Bo, (32a) 


while for a perpendicular polarized wave E, equals zero 
and 


(32b) 


When JN, or N, equals zero, (27) and (29) show that 
there is no coupling between the rz and ry, modes. 
When N,=0, (29a) and (29d) give the first-order solu- 


“| ae 
De fe. 


Fig. 4—Equivalent circuit of an anisotropic dielectric interface. 


tion for case 1, while for N,=0, they give the same 
solution for case 2 as presented earlier. Eqs. (29b) and 
(29c) give the first-order solution for case 3 when N,=0, 
and for case 4 when N,=0. The solution for case 4 is of 
interest since it differs from that for ordinary dielectric 
material because of the anisotropic properties of the 
slotted section. The input impedance to the slotted sec- 
tion 1s 


Nn? — sin? 6;|1/? 
Ne (kaks)*/? cos 0; 
and the propagation constant Yo is given by 
Ka 
Yo? = — B?Le,? = — h? — Kak?, (33b) 
Kb 


where h=k sin 0;=kN,. An examination of (33a) shows 
that a Brewster angle exists. This angle is given by 


: ko(Ka — 1) 7? 
sin #, = |= —— 


Kaky — 1 


(34) 


and differs from that for an isotropic dielectric. In par- 
ticular, a value of @, less than 7/4 may exist, in contrast 
to isotropic dielectrics for which & is always greater than 
a/4 for a direction of incidence from the less dense 
medium into the denser medium. 


SECOND-ORDER SOLUTIONS FOR EQUIVALENT 
Circuit PARAMETERS 


When higher order modes are taken into account in 
the Rayleigh-Ritz method, more accurate expressions 
for the propagation constants By and yo are obtained. 
This leads directly to more accurate values for the 
equivalent dielectric constants. In addition, approxi- 
mate values for the equivalent circuit parameters 6; and 
6, are obtained. These latter two parameters determine 
the phase shifts in the reflected and transmitted waves. 
For many practical cases, these additional lengths of 
transmission lines are small. In the design of quarter 
wave matching sections, there is considerable compensa- 
tion from the two ends of the transformer section so 
that the parameters 6; and 6, need not be taken into 
account in the design except perhaps for critical 
applications.’ 

In the following sections, the formulas for calculating 
the equivalent circuit parameters for the first four cases 


eee 
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treated earlier will be given. In all cases only three 


_modes are taken into account. Typical numerical results 


wk) > 


. 


4 


are also given. All numerical calculations were done with 
a slide rule and hence, are limited in accuracy ; neverthe- 


d less they indicate the type of behavior to be expected. 


Case-l ’ 


For a three-mode approximation, the electric field on 
input side is taken as 


Age sin | To| (2 + a) 4 A yenilit one /D) /2t yz 
+ ed yeah ia Dery —as 


and on the output side as 


a 1 
Bo sin | Bo| (z + 1) oy b,0€77 (ht Ona /D))x 


a=—1 


1 
+ Bye = S* bye i (at Ont /D))x 


n=—1 


1 
+ Bye Pat S* Oy yet et nr /D)) 2, 


n=—1 


The propagation constants and eigenvector components 
b,, are determined from (9) given earlier. When the co- 
efficients of e-4(2nm/D)x are equated in the expressions 
for E, and 0£,/dz at z=0, a homogeneous set of equa- 
tions is obtained for the amplitude coefficients A; and 


_B;. A solution for these coefficients exists provided their 


determinant vanishes. The vanishing of the determinant 
gives the desired relation between ¢,;= | Ta and 
g2= | Bo| 1. The determinant of the coefficients is given 
below: 


b_1(T_1 + | Bo| cot $2) 


From (9) for N=1 the expression for the equivalent di- 
electric constant x, may be obtained by substituting 
h2—x,k? for Bo2. The resultant is a cubic equation in ke, 
the correct root being the largest positive root. An ap- 
proximate solution which is a lower bound is the static 
value 


2t 
Kp = PP Xe” 


normalized with respect to ke. Actually k.—Ke appears 
explicitly in this cubic equation and the solution for 
Ke—kp is readily obtained by successive approximations 
since it is a small quantity. For this case, x. is a function 
of 6; although not a very sensitive function of 6;. 
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For normal incidence the three-mode approximation 
reduces to a two-mode approximation. The matrix 
eigenvalue system (9) becomes 


1 
> betta ge Bx”) ben Ta RRen| = 0, 


n=0 


(36) 


where 


Pn fle es Big Py el 
in (n — s)r — sin xo 
D nN ales 


Kee age) V/ €0n€0s : 
2a 


— 


Tb aS: 


n+s 


and €),=1 for 2»=0 and 2 for »>0. The equivalent 
normalized dielectric constant for normal incidence as 
determined from (36) is given by 


we Roo ae Ru 1 by 


2 212 
4 | (= eesti sed 1% ) 
2 2D? 


2 1/2 
+ (1 + Roo) - hae 1) Rt] (37) 


Ke 


where \ =Ao/k2!/?. As \/D approaches zero k,—k». Fig. 5 
is a plot of x.—x, as a function of 2t/D for k=2.56, and 
four values of D/d. Curves of k,—x, are plotted instead 
of curves of x, to give greater accuracy, although ad- 
mittedly there is some inconvenience in their use. The 
maximum correction to k, is around 2 per cent for 
(2t/D) ~4 and D=0.5 \/k. 


(35) 


For normal incidence the values of the coefficients A, 
B, C, and D, for determining the equivalent circuit 
parameters from (4), are given by 


k 
A = = by? — (38a) 
1 
1 Ihe 
b= — (bt ae =) (38b) 
0 1 
G =o a boo?T' 1/81 (38c) 
D = bovT1/| Bol , (38d) 


and boo =611, b01= —b10, Z1=I'0/Bo. Figs. 6 and 7 give 
plots of the equivalent circuit parameters 41, 62, and 
n2Z, as a function of k; and kz , respectively, for the two 


Fig. 5—Correction to first-order values of equivalent dielectric con- 
stant for parallel polarization and plane of incidence parallel to 
slabs. 


following typical cases: 2#/D=0.5, kz=1, 0;=0, Dki'” 
=0.75N0; and 2t/D=0.5, ki=1, 0;=0, Dkz!!?=0.75Xo. 
The turns ratio :1 of the ideal transformer was found 

to be equal to unity to within an accuracy of three sig- 
nificant figures for the total range of variables con- 
sidered above. The phase shift through the interface is 
a=6,+6. and was only one or two degrees. Apart from 
the phase shifts represented by 6; and 42, this slotted 
dielectric interface is equivalent to a homogeneous di- 
electric interface with an equivalent normalized dielec- 
tric constant x, given by (37). Fig. 6 corresponds to the 
case of a plane wave incident from free space into the 
slotted dielectric section, while Fig. 7 corresponds to a 
wave incident from the solid dielectric region onto the 
slotted section. It should be noted that 6; and @2 are of 
opposite sign for the two cases. It is this property which 
results in the correction to the length of a quarter wave 
section to be negligible for most practical purposes. The 
dashed curves in Fig. 6 are the upper and lower bounds 
for 6; and 0, obtained by a variational method employ- 
ing a single mode approximation to the aperture field.4 
These results indicate that the Rayleigh-Ritz method 
gives acceptable accuracy. 


Case 2 


For this case the incident mode is an LSE mode, and 
both higher order LSE and LSM modes are excited by 
the interface. Two LSE modes and one LSM mode will 
be taken into account. In the slotted section, the LSE 
modes are determined by a solution of the following 
matrix eigenvalue system: 


1 


Deter|(T* — 6x2)on — Ril = 0, ¢ = 


n=0 


» (39) 


together with the normalization condition 


1 
aS bnxbnt = OxK, 


n=0 


Fig. 6—Equivalent circuit parameters for 2t/D=4, D=0.75 d/x2, 
past @;=0°. (Electric vector parallel to slabs.) (a) Upper and 


lower bounds for 6:, (b) upper and lower bounds for 6s. 


n* Z, 


Fig. 7—Equivalent circuit parameters for 2#/D =}, D=0.75 \/x:*”, 
k,=1, 0;=0°. (Electric vector parallel to slabs.) 


where 
Ti = eter (“) k? 
ae pee mer 5 
D 


and R,, is the expression given after (36). The propaga- 
tion constant for the first approximate LSM mode is 
given by 


Ry 4x? 
ry = hi? — Se se 
: 2 
y= W+ (40) 
Pi 
where 
Xef 2¢ in t 
Pu = {| ——} — -— — sin 4a =| 
x LD 2a D 


The required relation between $1=|Tp|@ and ¢.= | Bol 
is given by the vanishing of the following determinant: 


Le 
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h? — Vo? 


fee tan do tr, 
eh he Maen =| 
h2 — Be? We —T2 


_ For this case the equivalent dielectric constant is in- 
dependent of the angle of incidence 6; and is given by 
(37). The normalized wave impedance of the slotted 
section is Bo/x-I'. Numerical results for the equivalent 
circuit parameters are plotted in Fig. 3 as a function of 
6; for the following parameters: 


2=0.5D, x =2.56, 


Dx!? = 0,75. 


Again the turns ratio 2:1 was equal to unity to within 
an accuracy of three significant figures for all values of 
@;. In the vicinity of the Brewster angle, 0; and 02 change 
very rapidly to account for the 180° change in the 
phase angle of the reflection coefficient. The Brewster 
angle is given by 


Ke 
sin 6, oe y/ 
Ke tl 


to a high degree of accuracy. 


Case 3 


The incident mode is an LSM mode and both LSM 
and LSE modes are excited by the slotted interface. 
The LSM modes in the slotted section are determined 
by a solution of the following matrix eigenvalue system, 


1 
os OnKk | cra? 7, h?)5n a? 


n=0 


Ans? 


isn. e y i 
D? 


Beer WP =0, (42) 
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re=2+4(2) -2 
nN D , 


and the coefficients d,% are normalized so that 


1 


1 
> we Onk 4st Pen, = OxL. 

n=0 s=0 
(This normalization is not necessary for the evaluation 
of ¢; vs $2.) The propagation constant for the first ap- 


proximate LSE mode is given by 
Bi? = Ty? — «6h?T 1. (43) 


The vanishing of the following determinant gives the 
desired relation between ¢; and ¢z, 


| : 
| 
| + 0 
W—T? e—vy0? W2—To2 he—yz2 | 
: 
Se [|---| == === 
| f 
T1(ao0P 01+ @10P 11) | Yo | ayo COt 2 Pilon Port euPu) yi411 : (=) (44) 
ae W—T? h2—y0? W—T? —y2 D | 
Js) 32 | ee ae eS 


ayo(1 cas T11) (aooPo1t ay0P11) 


au(1— T11) (ao1P 01+ ayiP11) 


iTi@2—) p(T’r—P) 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 


h?—yo? he—Ty 


h?—y? 


W—T? | T2-p2 Ty—-62 


: 


Lm & 


45° 60° 


Fig. 8—Equivalent —— parameters for 2#/D=3, D=0.75 A/c“, 
= =256 ( lar polarization, plane of incidence parallel 
to slabs.) 


Numerical values of the imteriace parameters for 
- 2#=0.5D, x=2.56, Dé"=0.75 are given in Fig. 8. 
The turns ratio #:1 is equal to unity to within an ac- 
curacy of three significant figures. The normalized wave 
impedance of the slotted section is I'o/7ye, and the 
normalized equivalent dielectric constant is given by 


B—ye Put Peli — Q) 
AS SSS SSS SS SSS 
ze 2W 
Py + Pall — Q)\? —17} 
~ (Fa =*) -' —] (45) 
20 W 
where 
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? clea 
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which is the static value. Fig. 9 is a plot of x.—x, as a 
function of 27/D for four values of D/X. 
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Fig. 9—Correction to equivalent dielectric constant for perpen- 
dicular polarization and plane of incidence parallel to slabs. 


Case 4 

This case is similar to the first one considered, except 
that E modes are involved instead of H’ modes. The 
eigenvector components d,x and eigenvalues yx’ for 
the modes in the slotted section are found from a solu- 
tion of the following equations: 

a 


>» Qux| Ton — R°8cn — ¥K° ab =0;s = —N.:-- 


aN 


ny (46) 


where 
in ( ) 2 
sin (n — s)x — 
Xe D 
= Osn Ca eT ea 
K (n — s)x 


apes (i Ft =) (i+ =) p 
sn — (4 D D smy 


and N=1 for a three-mode approximation. The co- 
efficients @,x satisfy the normalization conditions given 
after (42) although for the purpose of evaluating the 
relation between ¢; and 2, this normalization is not 
necessary. The required solution for ¢@; vs ¢2 is found 
from the vanishing of the following determinant: 


In (47) 


and the summations are over —1<n<1. Since the 


propagation factor yo" and the wave impedance for this : 


case is a function of the two principal dielectric con- 
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Fig. 10—Equivalent circuit parameters for 2:/D=4, D=0.75 /x'2, 
x=2.56. (Parallel polarization, plane of incidence perpendicular 
to slabs.) Broken curves= first-order solution. 


stants because of the anisotropic properties of the 
medium, it becomes difficult to define the equivalent 


dielectric constants from the solution obtained here. 


However, the equivalent circuit parameters 0;, 62, and 
n?Z, are readily evaluated. These parameters are plotted 
as a function of 0; in Fig. 10 for the following parame- 
ters: 

2t = 0.5D, xk = 2.56, Dx? = 0.752. 


In the same figure, the first-order solution for n?Z, (33a) 
is also given. For 0;>52° the second mode propagates 
in the slotted dielectric section. Even though a rela- 
tively large spacing to wavelength ratio was used, the 
first-order solution still gives a good approximation for 
mZ,, If the second-order solutions for the principal 
dielectric constants are used in (33a), even closer 


Collin: Properties of Slotted Dielectric I nterfaces 


73 


agreement is obtained for 1?Z,. For normal incidence 
this case is identical with the third one considered, and 
the curves of Fig. 9 for x.—Ka apply. 


CONCLUSIONS 


Theoretical formulas for computing the equivalent 
circuit parameters and equivalent dielectric constants 
of slotted dielectric interfaces have been presented. 
When the period of the slotted dielectric medium is 
small compared with the wavelength, it behaves like a 
homogeneous anisotropic dielectric medium. Even for 
larger spacings the anisotropic properties are retained 
because of the existence of two distinct modes of propa- 
gation. The numerical results presented have provided 
a theoretical justification for neglecting the effect of 
the higher order modes in the design of practical lens 
matching surfaces. When angles of incidence greater 
than 20° in the xz plane are used, the spacing, D, must 
be chosen less than 0.75 x to prevent higher order 
modes propagating in the solid dielectric region. For 
smaller spacing to wavelength ratios, the equivalent 
circuit parameters 6, and 62 are even smaller than for 
the numerical examples given above. 

The accuracy of the formulas presented is difficult 
to establish on a theoretical basis. The upper and lower 
bounds on 4; and @2 given for a particular case in Fig. 6 
indicate satisfactory accuracy. For case 1 with 6;=30°, 
K=2.56, 2f=0.35 D, and D=0.318 X, the following re- 
sults were obtained by a variational method :* »=1.00 
+0.005, 6;=0.85°+0.4°, @6.=—1.15+0.4°. Using the 
formulas given here one obtains" »=1.000, 0,=0.74°, 
6,= —0.91°. It would be expected that the rigorous 
values of 6; and 6. would be somewhat greater than 
those given by the second-order solution presented 
here since a first-order solution gives zero for 6, and 
62, a second-order solution gives finite values, and 
higher order solutions would be unlikely to give results 
in between the first and second-order solutions. 


11 The author is indebted to one of the reviewers for this computa- 
tion. 
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Traveling-Wave Cylindrical Antenna Design— 
A Graphical Synthesis Method* 


PETER FOLDESt{ 


Summary—A simple graphical method is given for the synthesis 
of a special line source system. The elements of the line source sys- 
tem are excited with equal amplitudes and continuously increasing 
phases. The sources lie on a cylindrical surface. The shape of this 
surface depends on the given pattern functions. 


INTRODUCTION 


N THIS PAPER the space radiation is given, and 

from this the locations in space of the radiation 

sources and their complex excitation functions are 
determined. 

With certain assumptions the theory of space an- 
tennas can be reduced to that of plane antennas, and 
again the theory of plane antennas to that of linear 
radiators! In the above cases, one can express the 
source distribution along the antenna aperture as a 
product. This product contains factors which depend 
on only one of the space coordinates and so, in the 
realization of the antenna, the complex source distribu- 
tion along each coordinate can be adjusted independ- 
ently, z.¢e., separability can be assumed. If the antenna 
size is large compared to the wavelength, the necessary 
amplitude and phase functions on the basis of geometri- 
cal optics can be realized (t.e., with a double surface 
lens, or double reflectors), but unfortunately we cannot 
use the theory of geometrical optics if the antenna is 
small.2~* Another approach would be to build up the 
antenna from discrete sources. However, it is rather 
difficult to adjust the excitations of the sources, and 
therefore, this otherwise elegant method is impractical. 

A synthesis method is shown here which leads to a 
traveling-wave antenna design with a simple feed sys- 
tem and enables a wide range of directional character- 
istics to be realized. The calculations are done in one 
plane only, giving the source distribution along a line. 
The discrete sources of this antenna are distributed 
along a curved, cylindrical surface instead of the usual 
plane aperture. It is assumed that the traveling wave 
propagates transversely along the circumference of the 
cylindrical (actually polygon) surface with constant 
amplitude and linearly increasing phase. The basic cal- 
culations are done only in the plane transverse to the 


* Manuscript received by the PGAP, May 6 ; revi - 
script received, August 8, 1958. ee arene ue 
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axis of the cylinder, but a short discussion is given of 
the space factor for such a curve distribution of discrete 
sources outside the plane containing the curve. 


ARRANGEMENT OF THE SOURCES 


As mentioned before, the elementary sources are on a 
cylindrical (polygon) surface. The break points of this 
polygon can be determined by the angle a, and by 
the polygon side length, /, (see Fig. 1). Let us assume 
that the lengths of all sides are equal. This simplifies 
the procedure considerably but does not limit generality 
because the angle a; is arbitrary, and so it is always 
possible to obtain any arbitrary cylindrical surface if 
the side length 7 is small enough. Furthermore, we 
assume that the exciting amplitudes of the elements are 
the same, while their phases increase linearly from 
element to element. Thus the complex amplitudes are 
, e'"8alag where B,=27/d, is the phase 
constant of the transmission line, and /, is the physical 
length of this line between two sources. 


Bgl j2B gl 
eBola, ei*Bola, « 


___ REFERENCE LINE 


Fig, 1. 


At first we assume isotropic elementary sources. 
Later we will take into account the effect of the non- 
uniform directional pattern of the actual sources. 


CALCULATION OF THE DIRECTIONAL PATTERN 


The directional pattern of the given source arrange- 
ment can be determined easily (see Fig. 1). The result- 
ing directional pattern is the complex sum of the ele- 
mentary patterns; 7.e., 


fo = 2S ef$k, (1) 


where x is the number of elements and @; is the phase 


vente acai er a 


+ Nghe) eee: ae eee 


hint 


es 
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of the fields of the kth element at a distant space 
point; 2.e., 
; - 
$i = Bolg — BLD) cos (6 + ay) 
1 
= [kB,l, — kl cos 6] 


k 
+ | aa cos 6 — Bl De cos (6 + x) | 
1 
= ku + sy (2) 
_ where @ is the angle between the reference direction and 
_ the direction of the distant point, 8=27/) is the phase 
- constant of the free space, and 


2rl 
“u = — [A — cos 6], (3) 
Bl Agl 
2 e 
Se = aL cos@ — >) cos (6+ x) | (5) 
1 
2 k 
~— sin 0- > a if a; K1. (5a) 
1 
Let us define y; by 
Sk 
Ye = (6) 
27 — sin 0 
r 
and, therefore, 
k 
y= — L cos § — yy cos (6 + x) | (7) 
sin 6 1 
k 
= +e Q; if a; <1. (7a) 
1 
Introducing 
v = 2r— sin 8, (8) 
r 
then substituting (6) and (8) into (1) 
fo= >; cikugivur, (9) 


1 


If the elementary sources are not isotropic, but have 
some f* directional patterns, and these patterns have 
the same position in the space, (in other words they 
are not rotated relative to each other) then the resulting 
pattern is: 


fir = fifo. (10) 


Let us suppose that fi’ is the specified directional pat- 
tern. If we divide f,’ by the elementary pattern f* then 
we get f, a “predistorted” pattern, which we may at- 
tempt to realize using isotropic source system. In this 
case we would require the f=fi' ‘/* directional pattern. 
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In general it is impossible to make f identical to fo 
over the whole specified 6 range but it can be assumed 
to be equal at a certain number of 6, points; 7.e., 


Tom) = fol0n)s. — mt = 0, 1 Dery ete 


(11) 
GRAPHICAL SOLUTION oF (11) 


Once we have determined from (11) y,, 2, 1/A, and 
A, our synthesis problem is solved. This will give the 
pattern function fo, which is equal to the predistorted 
pattern at a minimum of h points. The first step is to 
determine the over-all length of the antenna. If we 
want to exclude the tolerance sensitive, “supergain” an- 
tennas, then the over-all length of the line source deter- 
mines the maximum possible value of df/d0, i.e., the 
rate of change of the directional pattern as function of 
6.° (From the maximum value of df/d@ in the cases of 
pencil beam antennas, the angle between the 3-db 
points of the main lobe can be calculated approxi- 
mately.) 

For any given directional pattern, the place and value 
of this maximum can be calculated. From this the size 
of a uniformly excited linear antenna can be determined 
which has a main lobe with the same value of maximum 
slope as the analyzed antenna. (See Fig. 2.) After this 
it is possible to choose this size for the first approxima- 
tion of the antenna length. 


ant PATTERN 


RELATIVE AMPLITUDE 


_— PATTERN OF THE UNIFORM 
APERTURE DISTRIBUTION 


Fig. 2. 


Let us assume that fy =sin U/U is the pattern of the 
uniformly excited antenna, where U=(@6L/2) sin 6 and 
to L is the length of this antenna. Then 


df(6) dfy(U) 
| do do 


(12) 


6=0y4 U=Uy=(8L/2) sin 6y 


where 6 is the angle for the given pattern and Uy is 
the angle where the pattern of the uniform aperture 
distribution has the maximum rate The exact value 
of Uy can be determined, but one gets a good approxi- 
mation for dfx/d0 assuming Uy=7/2. 


5 H. A. Wheeler, “Fundamental limitations of small antennas,” 
Proc. IRE, vol. 35, pp. 1479-1484; December, 1947. 
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Thus 
dfx = dfx aU 
da| |dU\\ do 
dfx _ {cos U vz sin U ea 
aU | v=rj2 U WU lore © 
Se = w — COS Ox (14) 
d6 | ety 
and 
| @ 4 
= = — — cos Oy (15) 
dO | ty T 
Then 
l T df 
(n — 1)—=— = a (16) 
A A 4cos Oy! dO| ee, 


The above formula gives m, or //A. As seen from (9), 
n>n means the maximum possible number of points 
where the specified and the actual patterns could be 
equal. This approximation can be improved by increas- 
ing m, but at the same time this increases the difficulty 
of calculation and our system becomes a “supergain” 
antenna. Therefore in practice it is preferable to choose 
the value of ” such that 


r 


= Sh KS 
2 


The next problem is to obtain the value of 


ee ee (4) 
Bl 

In the case of the most simple feeding J=], and so 
A=/),; 1.e., A is larger or smaller than unity in dielec- 
tric cables and waveguides, respectively, and it is equal 
to one in air-insulated transmission lines. Increasing A 
the phase of the pattern function changes more rapidly; 
this may cause considerable variation in the absolute 
value of the pattern function, particularly at large 0 
angle. Therefore, A can be larger than unity when the 
directional pattern is given only in a relatively narrow 
region (e.g., 10°<@<50°). If the pattern is specified 
over a wider range, it is preferable to choose A equal to 
unity, or less. 

After determining 1, 1/A, and A we can start solving 
the main problem—the calculation of the values of Vk 
It is preferable that the points of approximation 0, be 
chosen so that the values 2 defined in (8) are 


ee ee Am, m=0,1,---h—1. 


T 
cee (17) 
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where m is a positive integer and A is a constant. In 
(17) m must not exhaust all the integers between 0 and 
h—1. The number A determines how many points of 
approximation are used from the possible . If m 
assumes all integers between 0 and #—1 then 


From (17) 


(18) 


The values of the pattern function at the points 6, are, 
according to (11) and (17) 


January 


fm) = >> e*metamn, m =0,1,---h—1.> (19) 
k=1 : 


The values of Amy,=s, can be determined from the 


transcendental equations, (19). Then with the help of — 


the basic equation, (7), we can get a;. Introducing 
0:=OmtaQ; 


2al = 
—— =(: COS 0m — >, Cos es]. (20) 
1 
From this : 


r 
cos! L cos 6 — pe Sz 


su : 
>> cos ei|, | ee at 
i 


QQ: = je 
gi = cos! | cos i aes s| 

2al 
and 
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Eq. (19) has no simple analytic solution for yz. But 
with successive geometrical approximation we can get 
a solution. For any value of m, (19) represents a set of 
complex vectors. Their end points are on a circle of 
unity radius. Fig. 3 represents (19) assuming A =1 
and ~=3, for m=1, 2, 3. The values of m determine 
1, U2, U3. Marking these values on the circles, we have 
to choose the y; values on the circles to satisfy the given 
specification fi, fo, fs. 

In general f, is complex, but in practice only its 
magnitude is.given; in our case |f:/fi| and |fs/f:l are 
given, so only these must be adjusted. Our starting 
points can be yi0=V20=¥30=0. (Here the 0 index refers 
to the zeroth order of approximation.) On this basis the 
vectors fio, foo, and fg0, can be drawn. Then one of the 
y's, Say Yoo, may be shifted, so that 


fu) _ fe 
fio fi 


This gives the first approximation for ys (represented 
by ya). The shifting of ye of course changes the value 


(22) 
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m=t 


= j A» 
8 arc SIN ore ; 
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CIRCUIT WHICH 
CORRESPONDS TO THE 
AVERAGE PATTERN 


Fig. 6. 


of fio to fu. This changes the relative value of the pat- 
tern too, and so now 


fal | F| 
nee 
But 
[for] |e fro) _ | fo 
Lease fe r Poleeene ei 


because the point y, moves with half velocity on the 
first circle as on the second. The procedure is convergent 
if the approximating process is started at the maximum 
values of fm and continued towards the lower level part 
of the pattern function. After adjusting y, we can go 
on to ys so that we get the specified value for | fe/fal . 
This is possible, because on the third circle all y move 
faster than on the first, or second, and we assumed that 


Ifa] <[Ail, or |f. 


DEsIGN ADVICE 


In practice, when n is large, it is preferable to refine 
our method for increasing the rate of convergence, For 
this purpose it is better to tabulate the effect of shifting 
yx. The practical procedure is shown on Fig. 4, 

First draw the h circles with unity radius and make 
the tables for y,. Then mark the values of mw, 2, 
|a—1] re, on the circumference of the first circle, the 
values t%2, 222, |h—1| 2 on the second, and so on. We 


** 


1.0 ee Pa ee ee ee ee 
ya 
9 im 
E / PATTERN OF THE ELEMENTARY SOURCE 
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can write on the inner side of the circumference the 
first approximations of y,’s. Let us call this k;. After 
this, mark the polar coordinate systems for the specified 
fm values. If A=1 and a,’s are small, these values do 
not change much during the approximation process 
because the maximum value of f» occurs at m=0, and 
this is fo=h. Next we tabulate the values Ime Obethe 
ith approximation. 

In our tables we have increasing and decreasing 
columns. Put a + sign in the kth row of the increasing 
column of the mth table if a small increasing of +; 
brings the value of fm nearer to the specified fm. In the 
opposite case put a + sign in the decreasing column. It 
is preferable to put a 0 sign in both columns if a small 
change gives only a “second order” effect. (That means 
the vector fm: and the 8fmi=fmi—fm,i41 “correction” 
vector are in quadrature.) 

Complete the h tables in a similar manner and com- 
pute in a resulting table the changing effect of any yz. 
From this table choose those changes of the values of 


- ¥x which give improvement in maximum cases. It is 
_ preferable to change two y values simultaneously be- 
_ cause we can seldom find single yy, values which improve 
all fm values. Now we must follow successive approxi- 


a 


mations until all the + signs disappear from the tables. 
After this has been obtained (19) is solved, and with 


_ this the antenna geometry is determined. After this 
treatment let us analyze the difference between the 
_ actual and specified patterns at those points where m 
_ differs from the ones given in (17). The maximum of 


the differences are in the neighborhood of the points 


lt a cia 


wk ere aes 


oy kG 
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so let us calculate these values of the pattern function 
from (19) or from graphical interpolation based on the 
drawn figures. If the actual pattern function is within 


the limit of the tolerance range, the problem is solved. 


If the function has values outside the tolerance range, 
repeat the whole treatment using a larger m; if the 
function occupies too small a part of the tolerance 
range, choose a smaller ” thus getting a smaller antenna. 

In the case of the most frequently used shaped beam 
(cosec @), the angles a, are small and the deviation of 
the antenna surface from the reference plane is relatively 
small. In such cases the above theory is approximately 
true not only for discrete sources, but for continuous 
surface antennas as well. There the assumptions of the 
point source theory, i.e., the directional patterns of the 
elementary sources being directed toward the same 
direction in the space, are approximately satisfied. 
From Fig. 5 it can be seen that the pattern of a short 
elementary section of the antenna surface changes very 
slowly in the usual specified radiation range. 

If it is necessary, we can get a closer approximation. 
Using the first approximation, take the pattern values 
of the slightly turned elementary antennas at the direc- 
tions 0m. Then draw circles with different radii. These 
different radii must be proportional to the pattern 
function values of the turned elementary sources. Such 
modified circuits are shown in Fig. 6. Fortunately the 
closer approximation deviates little from the first, 
except at small 6 angle. ; 

Finally let us see the result of a typical synthesis 
problem. The curve on Fig. 7(a) shows the pattern of 
an elementary source; curve A on Fig. 7(b) shows the 
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Fig. 8. 


Fig. 9. 


predistorted specification, and curve B represents the 
synthesized pattern, with 


ee W/r = 4, A 


The a, values are shown on Fig. 8. We assumed a dipole 
and passive reflector as an elementary point source of 
the complete system. It may be seen that the resulting 
point source system lies along a curve which deviates 
only slightly from a straight line. 


GENERAL FORM OF THE SPACE FACTOR 


The radiation of the determined traveling-wave sys- 
tem arrives at the pattern requirement in the analyzed 
plane. However, in practice it is necessary to know the 
radiation in arbitrary directions. Eq. (1) describes the 
space factor but the form of the ¢; phase factor is now 
more general. On the basis of Fig. 9, 


oe = Balk — Brore (23) 
79 = 7, cosOsing+%,cos6cos@¢+iZ,sin@ (24) 


is the unit vector directed to the distant point, and 


k k 

7, = il >> cosa; — if > sin a; (25) 
ie 1 1 

is the position vector of a typical array element. From 


(24) and (25) 


, 
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bk = Balok From (28) it follows that : 
Se Het; = wae 4 
k k 1) near to the ¢=0 plane the field is approximately - 
— pl E 6 cos @ >. cosa; — sin@ >, sin a. (26) the samé vs. @-as in the =0 plane, 
; ; 2) in the @=0 plane the pattern is similar to the end — 
Using (1) and (26) the general form of the space factor fire array. 
n k 
fo(6, 6) = Dd, exp {bute — pl co 8 cos@ >, Cos a; CONCLUSIONS 
k=1 nt 


Several types of surface antennas can be designed — 

nO > See (27) relatively easily with the help of this method. The new 
Sides 1 saa salle type of antenna discussed has special advantages as a 

shaped beam antenna. It differs from the classical 
type, which uses amplitude and phase variation along a — 

o straight line-antenna, by using constant amplitude 

fol, @) ~ Di exp {i (Bol, — BI cos 8 cos 4) and linearly increasing phase. However, the elements 

see : do not lay on a straight line. With this new method it 

+ sind da, \ OLS is also possible to synthesize wide angular range cosec 

1 6 antennas. 


If a;<1, then sin a;~ai, cos a-~1 and 


Theoretical Research on Tropospheric Scatter Propagation in the 
United States, 1954-1957* 


H. STARAS{ anp A. D. WHEELONT 


Summary—This paper outlines recent progress in the theory of cessful in explaining the radio frequency and distance 
tropospheric scatter propagation in the United States. In the past 


three years, the emphasis of theoretical research has shifted from Genenens ee sarc Bane elbiastins sei 
the analysis of the average signal level to the analysis of the signal meteorological correlations. 
statistics and to the underlying hydrodynamics of atmospheric tur- Statistical descriptions of the received signal’s fading 
bulence. As might be expected in such a new and complex field, envelope have been considerably improved. The distri- 
there is far from unanimity of opinion as to the “best” model to bution of amplitudes and variable frequency depend- 
explain the myriad experimental results. ence of fading rates have been successfully predicted. 
Computations of space correlation for the field and 
height gain indicate that the scattering blobs may well 
ONSIDERABLE theoretical progress in under- be anisotropic. Antenna gain-degradation and beam- 
G standing tropospheric scatter propagation beyond swinging experiments with very narrow beams seem to 
the optical horizon was made in the past three agree with theoretical estimations. Considerable atten- 
years. The problem may be broadly divided into: 1) tion has been directed to the bandwidth limitations of 
characterization of the random medium, 2) electro- this propagation mode and to optimum modulation 
magnetic calculations of the average signal strength schemes. 
as a function of distance and frequency, and 3) esti- A new approach to the problem based on reflection by 
mations of the signal’s statistical properties. An im- One or more refractive layers has been proposed. Satis- 
portant shifting of emphasis from the space correlation factory agreement with average signal levels is provided 
function to the spectrum of turbulent irregularities has by these theories, although the statistical properties 
taken place and has provided a unique representation of remain to be studied. Normal mode theory based on 
time variations of the medium and signal. Physical partial internal reflections by a bilinear atmospheric 
theories of turbulent irregularities have been developed profile model continues to play an offstage role for lack 
on the mixing-in-gradient hypothesis and are quite suc- of specific results 


I. INTRODUCTION 


* Manuscript received by the PGAP, March 14, 1958: revised II. CHARACTERIZATION OF A TURBULENT MEDIUM 
manuscript received, July 9, 8. Geet 
| RGA Labs, Princeton, NJ, The tropospheric index of refraction varies from 


¢ Space Technology Labs., Inc., Los Angeles, Calif, point-to-point in a random manner. To describe this 


4 
1959 


effect, one decomposes the dielectric constant (€=?) 
into its mean value and a small stochastic component. 
Thus, 

4 e(r, t) = €9 + Ac(r, é). (1) 


€ is considered to be a function of altitude (hk) only 
-and its gradient appears in several physical theories 
of turbulent irregularities. The function Ae(r, ¢) is 
usually treated as a stationary random process, which 
is spatially homogeneous and isotropic, 


4 (Ae(r, #)) = 0 
(Ac(r, #)Ac(r + R, t)) = (Ae)C(| R| ). (2) 


Little attention has been paid to higher moments, 
except to note that they are completely specified in 
_ terms of C(r) if the Ae form a Gaussian random process. 
_ The intensity of dielectric fluctuations (Ae?) is measured 
_ experimentally as several parts in 10~!, while the corre- 
lation function falls to 1/e in a distance of several 
hundred feet. It is often assumed that (Ae?) decreases 
with altitude as i-”. 

The space correlation function C(R) is the fundamen- 
tal characterization of the turbulence, and its choice sets 
the radio frequency and distance dependence of scatter 
propagation theories. The exponential model C(R) =exp 

-(—R/lo) has been used extensively in the past, although 
the Bessel model C(R) = (R/lo) Ki(R/1y) currently seems 
to give better agreement with experiment. Anisotropic 

irregularities can be discussed by introducing different 
scale lengths in orthogonal directions,',? viz., 


x2 y? 21/2 
C(R) = ex -(H+74+5 i (3) 
(R) Pe pet 1 
An equivalent characterization of a turbulent medium 
is the spectrum of irregularities,* which is the Fourier 
decomposition of the space correlations functions, 


~ (Ae)C(R) = oa th d°hS(k) exp (—ik-R). (4) 


If the medium is isotropic, S(&) depends only on | k]. 
The mean square fluctuation at a point, 


if ive} 
iy f dhk?S(h) (5) 
27? J 9 


indicates that the spectrum represents the ability of 
each blob size group to produce irregularities. 

Eq. (4) may be inverted to compute the spectrum 
corresponding to a given correlation function. Table i 
indicates the spectra for the Gaussian, exponential, and 


Bessel models. 


1. Staras, “Forward scattering of radio-waves by anisotropic 
turbulence,” Proc. IRE, vol. 43, pp. 1374-1380; October, 1955. 

2 H. G. Booker, “A theory of scattering by nonisotropic irregu- 
larities with application to radar reflections from ee ramet Ds 
Atmos. and Terrest. Phys., vol. 8, pp. 204-221; May, ce 

3A. D, Wheelon, “Relation of radio measurements to the spec- 


trum of tropospheric dielectric fluctuations,” J. Appl. Phys., vol. 


28, pp. 684-693; June, 1957. 
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C(R) Rte? Da Ge ( = 
Io Io 
S(k) | w/2(Ae2)I%e-B07/4 | Sar sete (Ac?)Io 


To describe the temporal behavior of electromagnetic 
instabilities, one must consider the generalization of (2) 
displaced in both time and space. Time variations of 
Ae are associated with two types of motion: 


1) Drifting convection: The entire (frozen) structure 
is borne along on prevailing winds, and is equivalent 
to an additional space correlation distance Ur. 

2) Random motion: If one rides along with the net 
flow, there is still motion associated with con- 
tinuous eddy breakup. 


The combination of these two effects is expressed most 
conveniently by the spectrum method,?4 


(Ac(r, t)Ae(r + R, t + 7)) 
1 
ye it d*kS(k) exp [ik-(R + Ur)|C(k, 7). (6) 


C(k, rT) describes the time autocorrelation of fluctuations 
within a fixed wave number interval k. In the inertial 
subrange, dimensional arguments show the C(k, 7) 
should depend only on vko!/*k?/*7, although no func- 
tional dependence has yet been established. 

The spectrum method makes direct contact with 
physical theories of turbulent irregularities. Such 
theories identify three distinct ranges of the spectrum 
shown in Fig. 1:1) inputrange0 <k <p, 2) inertial range 
ky <k<k,, and 3) dissipation range k>k,. In the tropo- 
sphere, /,=,—! is of the order of millimeters and J) =Ro! 
is a hundred meters or more. Only the inertial range is 
of interest to tropospheric scatter, since aperture 
smoothing eliminates the contributions of small blobs 
in the dissipation range and the larger blobs are rela- 
tively inefficient scatterers. This is very important, 
since dimensional analysis can be used with some con- 
fidence in this range. 

Variations in the tropospheric dielectric constant 
are governed principally by water vapor content. One 
is dealing therefore with the irregularities established 
in a passive scalar by turbulent movements of the 
atmosphere’s (vector) velocity field. There are two popu- 
lar theories’ which predict S(R). 


Obukhov’s Mixing Theory 


In this theory, an external source is imagined to feed 
fluctuations into the spectrum at the largest blob size 


4. A, Silverman, “Fading of radio-waves scattered by dielectric 
turbulence,” J. Appl. Phys., vol. 28, pp. 506-511; April, 1957. 

5 Most writers now agree that the pressure fluctuation mechanism 
is unimportant for the troposphere. 
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Fig. 1—Typical spectrum of dielectric irregularities, showing ranges 
and narrow band filter, which characterizes tropospheric scattering. 


(ko). Subsequent redistribution down the inertial range 
is attributed to turbulent convection, for which dimen- 
sional arguments give,*® 


Ro2!8 


Bills 


S(k) = (Ae?) ’ (k > ho). (7) 


If the external source is identified only with the mixing 
of a gradient by the largest blobs, 


(seyseca(“*Y, ® 


Mixing-in-Gradient Theory 


In this approach, one considers an initial refractive 
index gradient and how it is changed by turbulent 
convection. As the turbulent eddies rotate, they trans- 
fer parcels of water vapor from low to high points on the 
profile, and vice versa. The mechanism for turbulent 
fluctuations appears explicitly in this theory, and no 
external source is required. The inertial range is again 
amenable to dimensional arguments,?:!° 


(k > ko). (9) 


6 A. M. Obukhov, “Structure of the temperature field i 
Oe aes in turbu- 
a ok Akad. Nauk, SSSR, Ser. Geograf. Geofiz, vol. 13, pp. 
7™R. A. Silverman, “Turbulent mixing theo li i 
scattering,” J . Appl. Phys., vol. 27, pp. 699-705. foecisse nop 
8 R. Bolgiano, Jr., “Turbulent Mixing and Its Role in Radio Scat- 
tne, Cornell University, Ithaca, N. Y., E.E. Rep. No. 334; April 
9 EF. Villars and V. F. Weisskopf, “On the scattering of radi 
by turbulent fluctuations of the atmosphere,” Proc. I a, vol as 
pp. 1232-1239; October, 1955. < ee ie eg 
10vA" ae Wheelon, eset of turbulent fluctuations produced 
y convective mixing of gradients,” Phys. Rev. 1. 10 ~ 
1710; March 15, 1957. 4 ieee”: 10° 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


January 


Both of these theories predict that the intensity of 
turbulent fluctuations is proportional to the gradient 
of the inhomogeneous mean profile. A very good correla- 
tion between the strength of scatter signals and refrac- 
tive gradient has been observed experimentally on many 
paths.!! Since strong scattered signals are associated 
with large dielectric fluctuations, this must be con- 
sidered an important success for both mixing theories. 
They are compared in the next section as to their 
frequency and distance dependence predictions. 


III. ELECTROMAGNETIC SCATTERING BY TURBULENCE 


In deriving the wave equation from Maxwell’s equa- 
tions for an inhomogeneous medium, the electric vector 


is found to satisfy!” 
1 
= v[— E-vel. 
€ 


For radio propagation through the atmosphere several 
approximations are possible. Time derivatives operate 
principally on E, since the field oscillates much more 
rapidly than the medium. The right-hand side of (10) 
is neglected because its contribution to the first-order 
scattered field is strictly zero.% Thus with a harmonic 
time dependence (k =w/c=27/h), (10) reduces to 


[V2 + k(eo + Ae) ]E = 0. 


Eo (cE) (10) 
ne he 
CG or 


(11) 


The Born approximation is widely used as a solution 
of (11) and gives the total field in terms of the un- 
perturbed wave E)(r) as 


E(R) = E)(R) 
Oe OY pW eet teases 
yee ties IR—#| e(r, t)Ey(r), (12) 


where V is the common volume of irregularities, which 
are both illuminated by Eo(r7) and visible to the receiver 
(R). The geometry for propagation beyond the horizon, 
shown in Fig. 2, indicates that the radiated wave 
Eo(r) =E» exp iki-r cannot reach the receiver because 
of earth-screening, so that the first term is dropped. 
Since the receiver is always many wavelengths from the 
scattering blobs, the far-field approximation is used, 


E,(R) << en ikR 


Ey ee k? for Ac(r, t)exp ((K-r) (13) 


where K=k,—k,z is the scattering difference vector. 
The magnitude, 


4r 0 


| K| — sin —) 
nN 


(14) 


“ B. R. Bean and F. M. Meaney, “Some applications of the 
monthly median refractivity gradient in tropospheric propagations,” 
Proc. IRE, vol. 43, pp. 1419-1431; October, 1955. 

; 0 A. D. Wheelon, “Near-field corrections to line-of-sight propaga- 

tion, Proc. IRE, vol. 43, pp. 1459-1466; October, 1955. 

Leas ce oe yeertecaes on scattering by turbulent in- 
geneities, RANS. ON ANTENNAS AND PR 
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Fig. 2—Geometry for scatter-propagation calculations. 
(a) Narrow beams, (b) broad beams. 


_ depends jointly on the wavelength of the radiation and 
the angle @ through which the scattering proceeds (see 


Fig. 2). 

The scattering cross section o(9, \) per unit volume, 
per unit solid angle, and per unit incident power 
characterizes the scattering process for each blob, 


c= / E.(R) |?\ 


. (15) 
Ey | / 


When this is combined with (13) and (4), one is able to 


express the cross section directly in terms of the spec- 
trum," - 


(16) 


The scattering process acts like a narrow-band filter 
on the spectrum shown in Fig. 1, emphasizing the wave 
number k=| K| [see (14) ]. Experimental combinations 
of \ and @ focus attention on the inertial range of S(&). 
The angular dependence of ¢ is often interpreted as the 
scattering polar diagram of an average blob. Reference 
to Table I shows that almost all of the scattered radia- 
tion is projected into acone of angular opening \//, about 
the forward direction. 

It has been suggested by Feshbach™ that multiple- 
scattering is more efficient than one large-angle scatter- 
ing. Such effects are certainly more important at higher 
frequencies, since the convergence of the Born series 


14 Also 
, 2 
Ga | dy (Ae?)C(R) exp iK-R. 
MJyr 


6H, Feshbach, private communication. 
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is related to the smallness of the equivalent line-of-sight 
mean square phase shift 
(a?) = 2?(Ae?) Ly/?, 


computed along the ray path. It is hoped that further 
research will be directed to this interesting point. 


IV. FREQUENCY AND DisTANCE DEPENDENCE 


The ratio of received-to-transmitted power depends 
upon the integral of the scattering cross section over the 
common volume V defined by the aerial patterns and/or 
earth-screening. If G, and G; are antenna gains appro- 
priate to beams which meet at the scattering point dr, 


? 2G12G20(8, d) 
haf yf SEN 
1 67? V RvR»? 


(17) 


where R; and R, are identified in Fig. 2. The factors of 
two represent the ideal smooth earth ground reflection 
factors and are only approximately correct. If the 
beams are so narrow that the scattering angle (and 
hence the cross section) is substantially constant over 
the common volume, the integration can be collapsed, 


Pr 2G d?2G2 


Pr aala/2” aela/op se 


The scattering volume is set by the antenna beam- 
widths (a) and transmission distance (d): V~2(ad/4)3/0 
where 06=d/a. The mixing-in-gradient model (9) can 
be combined with this expression to predict 


sd (S) an a 


= 19 
Pr dh a’ a9) 


Such results are quickly established for other spectral 
models, and it would be well to compare their predic- 
tions with the considerable body of narrow beam data 
obtained by the M.I.T. Lincoln Laboratory. 

The majority of broad-beam data is expressed with 
respect to the free space power which would be received 
over a line-of-sight path of the same length,'® 


An 
s|= sin o/2| 
nN 
is sneel ass 


ReR? (20) 


The average patterns of the broad antennas are removed 
here to cancel the total gains. It is this integral which 
has occupied the time and efforts of so many workers. 
The problem is partially one of finding a judicious co- 
ordinate system in which to do the integrations over 
the common volume, as limited by earth-screening. The 
NBS group?” found such a system and made numerous 
calculations with the exponential correlation model. 


Prs - G, Ge 
Pp 4nd? 4r 
17 J. W. Herbstreit, K. A. Norton, P. L. Rice, and G. E. Schafer, 


“Radio scattering in tropospheric propagation,” 1953 IRE CoNvEN- 
TION RECORD, pt. 2, pp. 85-93. 


Note: 
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Waterman!® has recently shown that (almost) any 
spectral model can be integrated exactly in this same 
coordinate system. Staras! developed a rectangular sys- 
tem to perform the same integrations in an approximate 
manner; his system has the advantage of recognizing 
the height-dependence of (Ae?) in a simple way and in 
being able to evaluate the space correlation and height 
gain functions. 

In performing the volume integrations, one must 
eventually recognize a sizeable number of refinements 
to the spherical earth model. The influence of irregular 
terrain in modifying the takeoff angles led Norton, 
et al.,)° to the concept of (effective) angular distance. 
Refraction of the upgoing and scattered beams by 
tropospheric refraction has been described’® so far by 
the usual 4/3 earth modifications of the spherical earth 
results. Bean?° considered the influence of atmospheric 
absorption on the same beams and predicted the radio 
frequency and distance dependence, as well as the 
expected correlation with meteorological conditions. 
The question of scattering by diffracted waves in the 
shadow region (below the common volume) has been 
studied by Arons”! who finds that the contributions are 
very small indeed. The inclusion of ground reflection 
factors and the inefficiency of ordinary height-gain rela- 
tions is only partially complete. Anisotropic corrections 
to the scattering also may need to be included.!? 

Insofar as the inertial range alone is of importance to 
the integrations in (20), one may expect the frequency 
and distance dependence to split apart. The mixing-in- 
gradient model (9) predicts a linear wavelength de- 
pendence,®!° which has been deduced experimentally 
by careful analysis of numerous broad-beam experi- 
ments.?°-?? It would appear that the \~!/? dependence 
predicted by the Obukhov model (8) is not consistent 
with present radio data. The distance dependence of (20) 
depends upon careful integration of the spectrum’s an- 
gular dependence over the common volume. The NBS 
group” first pointed out the need for assuming the in- 
tensity decreases with height in order to supply the ad- 
ditional inverse powers of distance required to reach 
agreement with experiment. The mixing-in-gradient 
model has no adjustable turbulence constants to in- 
fluence this distance dependence, but does depend on 
the mean profile €o(z). Estimations of this integral up to 
stratospheric heights using an exponential variation of 


18 A. T. Waterman, “Radio Power Received via T heri 
Scattering,” Standard University, Stanf i Ra Ne 
i614 Ju Pee y, Stanford, Calif., Tech. Rep. No. 

; . A. Norton, P. L. Rice, and L. E. Vogler, “Th 
pean Se uauibe Pangan loss and fadiie ane Se 
gation through a turbulent atmosphere over ir ] ay 
IRE, ua, PP 1488-1526; October, Cetra Sane 
. KX. Bean, “Some meteorological effects on scattered radi 
waves,” IRE Trans. ON CoMMUNICATIONS SysTE ee 
ae nes S SYSTEMs, vol. CS-4, pp. 

1 L. D, Arons, “An Analysis of Radio-Wave Scattering in the Dj 
fraction Region,” Cornell University, Ith N ide Wak Ge 
Pa hee y, aca, N. Y., E.E. Rep. No, 

* K. A. Norton, “Point-to-point radio relaying via th 
mode of tropospheric propagation,” IRE Sage gk Gohan 
TIONS SYSTEMS, vol. CS-4, pp. 39-49; March, 1956, 


V. STATISTICAL PROPERTIES OF THE FADING ENVELOPE 


The envelope of radio-frequency signals received be- 


S| 
} 
“a 
q 
i 
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yond the horizon is found experimentally to be arandom — 
function of time and is Rayleigh-distributed. This is 
successfully explained by noting that both the real and — 
imaginary parts of the scattered wave in (10) are Gaus- © 
sian-distributed, if Ae is itself a Gaussian normal random ~ 
process. The magnitude of the vector sum of two such © 
components with equal variances is known to be © 
Rayleigh-distributed.*?> A more general proof which — 
does not rely on the Born approximation applies the © 
Central Limit Theorem to the independent scattering © 
contributions by many blobs in the scattering volume.” — 


Time variations of the signal envelope are physically 


related to the random addition of Doppler-shifted — 


waves received from different elements of the scattering 
volume. The drift (U) and random (Vo) velocities of the 
eddies impose these frequency shifts on the scattered 
waves. The basic problem is to predict the radio- 
frequency and scattering-angle dependence of this 
fading, and the average rate of fading is taken as a con- 
venient measure of the time-varying envelope. Early 
studies of this problem?7:?* considered only the rms sum 
of these velocities as the effective speed. 


wffpvan(\P stro 


6 is the average scattering angle in the common volume. 

A considerable advance was made recently in analyz- 
ing this fading phenomenon by using the spectral repre- 
sentation of the turbulent dielectric fluctuations.** An 
explicit separation of drift and random velocity contri- 
bution to the space-time correlation of Ae is given by 
(6). Narrow-beam transmission is simplest to analyze, 
for the scattering angle is then substantially constant 
over the scattering volume. Since the scattered field is 
proportional to the Fourier transform of Ae(r, #), the 
time correlation of the field? becomes 


* H. G. Booker and W. E. Gordon, “The role of stratospheric 
scattering in radio communication,” Proc. IRE, vol. 45, pp. 1223- 
1227; September, 1957. 

4 J. L. Lawson and G. E. Uhlenbeck, “Threshold Signals,” 
M.I.T. Rad. Lab. Ser., McGraw-Hill Book Co., Inc., New York, 
N. Y., vol. 24, p. 62; 1950. 

*° R, A. Silverman and M. Balser, “Statistics of electromagnetic 
radiation scattered by a turbulent medium,” Phys. Rev., vol. 96, pp. 
560-563; November 1, 1954. 

*° R. A. Silverman, “Some remarks on scattering from eddies,” 
Proc. IRE, vol. 43, pp. 1253-1254; October, 1955. 

*7 W. E. Gordon, “Radio scattering in the troposphere,” Proc. 
IRE, vol. 43, pp. 23-38; January, 1955. 

Ho Oy Rice, “Statistical fluctuations of radio field strength far 
pevout the horizon,” Proc. IRE, vol. 41, pp. 274-281; February, 

20) Lae envelope (linearly detected) correlation is related to the 
amplitude correlation by the standard result (see Lawson and Uhlen- 


beck, op. cit.) 
(| Eo) | -| Eo +7)|) 


A(t) = 
(| BE. |?) 


aE (14 F@ +3 ot). 


(Es(t)E.*(2)) 
= exp (iK- Ur)C[Voko'!?K2/37] 


p(r) 


(22) 


_ where K is the scattering difference vector defined ear- 
lier. For symmetrical scattering, K points upward and 
_ only the vertical component of the mean wind contrib- 
utes to Doppler fading. The self-motion influences the 
_ fading rate most strongly if U; is small, 


Vokotl® .. 7) 28 
= ——_ (0). {2 ee +} 
7 C 2 


(23) 


_ where N is the average rate of mean crossings. The 
fading rate due to self-motion is proportional to yore 

_ while drift motion gives the usual Doppler linear de- 
pendence on frequency. Available data indicate a vari- 

_ able frequency exponent less than one,?° so that some 

_ mixture of the two effects is indicated. The problem 

_ should be reconsidered by integrating the above result 
(22) over the large scattering volumes appropriate to the 
present broad-beam data. 

In addition to the fast fading described above, there 
is a long term variability of the mean signal level which 
is sometimes called “slow fading.” This variability is 
‘presumably caused by gross changes in meteorological 
conditions. There is a reasonable correlation between 
monthly mean signal levels and averaged meteorological 
measurements;!! but day-by-day or (especially) hour- 
by-hour correlations have not been established. The 
prominent characteristics of this slow fading are: 1) 
average signal levels are 10 db higher in summer than 
in winter, and 2) longer scatter paths exhibit less varia- 
bility over a given year than short paths, since the cor- 
responding scatter heights are greater and there is less 
meteorological variability at the higher altitudes. 


VI. SpAcE CORRELATION OF THE FIELD 


A combination of two or more spaced receivers is fre- 
quently exploited to overcome signal loss during deep 
fades. This diversity reception depends upon spacing the 
antennas sufficiently far apart to insure independent 
fading of the two signals. Staras*! has solved the statis- 
tical problem of estimating the percentage of time that 
the greater of the two signals is below a specified level 
as a function of the correlation between the two fields. 

The propagation problem is to estimate this space 
correlation. Gordon?’ and Rice®* presented qualitative 
analyses which showed that correlation distances nor- 
mal to the propagation path (horizontal and vertical) 


. is. “Th 

80 K. A. Norton, P. L. Rice, H. B. Janes, and ae a Barsis, The 
rate of fading in propagation through a turbulent atmosphere,” Proc, 
IRE, vol. 43, pp. 1341-1353; October, 1955. iss Ee 
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ought to be of the order \a/d, where d is the transmis- 
sion distance and a the radius of the earth. The cor- 
relation distance \a?/d? along the path was also deduced. 
Precise calculations of all three correlations as functions 
of the separation were presented by Staras,! using the 
exponential correlation model and an h-? dependence 
for the intensity of turbulence. The integrations were 
carried out for the entire common volume, so as to make 
contact with the broad-beam data. To reach agreement 
with this data, he found it necessary to recognize the 
anisotropic nature of the scattering blobs (3) and de- 
duced a vertical-to-horizontal scale length ratio of ap- 
proximately one third. Such experiments are important 
in that they bear directly on the question of anisotropy 
and more data are needed. It would be valuable to re- 
peat such calculations for the two mixing models, to see 
what effect the spectrum has on the predictions. 

The realization of plane-earth height-gain advantage 
is limited by space coherence between the actual re- 
ceiver and its image. The usual height-gain curve is 
measured at heights less than one-half the vertical cor- 
relation distance (Aa/2d). Above this height, one gains 
only slight improvement by the gradual decrease of the 
scattering angle. Detailed calculations of this effect 
(with differing approximations) have been presented by 
Staras! and the NBS group.!*-??32 Agreement between 
theory and experiment on this point is probably ac- 
ceptable. 


VII. Gain Loss AND BEAM SWINGING 


When very narrow beams are used on scatter circuits, 
it is found that free-space antenna gains are not realized. 
This has come to be known as gain loss or antenna-to- 
medium coupling loss. The coupling loss phenomenon 
arises from the fact that signals arrive at the receiver 
from an extended scattering volume V. Narrowing the 
antenna beam (a) eventually reduces this common 
volume faster than the antenna gain is increased (18) 
so that a relative gain loss is incurred. 

This problem was first qualitatively analyzed by - 
Booker and de Bettencourt, and later generalized by 
Norton, Rice, and Vogler!? and by Staras* to include 
nonsymmetrical antenna patterns and dissimilar an- 
tenna sizes. Staras evaluated the effect of anisotropic 
irregularities on the coupling loss. It would appear that 
the refined estimates of Norton, e¢ a/.!® and Staras** are 
in somewhat better agreement with the experimental 
data. 

Booker and de Bettencourt*® also considered the effect 
of swinging the transmitting and receiving antennas 


32 A. P. Barsis, J. W. Herbstreit, and K. O. Hornberg, “Cheyenne 
Mountain Tropospheric Propagation Experiments,” Natl. Bur. of 
Standards, Boulder, Colo., NBS Circ. No. 554; January, 1955. 

33 H. G. Booker and J. T. de Bettencourt, “Theory of radio trans- 
mission by tropospheric scattering using very narrow beams,” Proc. 
IRE, vol. 43, pp. 281-290; March, 1955. 

4 H. Staras, “Antenna-to-medium coupling loss,” IRE TRANs. 
oN ANTENNAS AND PROPAGATION, vol. AP-5, pp. 228-231; April, 
1957 
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simultaneously in azimuth and elevation. In either case, 
the net effect is to increase the scattering angle and 
therefore to decrease the received power. They used the 
exponential correlation model to make estimates of this 
reduction which are apparently in good agreement with 
available data. 


VIII. BANDWIDTH LIMITATIONS 


The signal frequency bandwidth which the scatter 
medium can support without serious distortion is inti- 
mately related to the multipath delays which are ex- 
perienced. These depend on the size of the effective 
- scatter volume, which is determined by the antenna 
beamwidths and/or the scattering pattern of the blobs. 
When the antenna patterns are broad, the multipath is 
controlled by the scattering blobs and the approximate 
result 


5ca? 


a> (24) 


given by Gordon?’ shows that the bandwidth decreases 
rapidly with distance. Staras! computed the actual fre- 
quency correlation of signals at different frequencies for 
the anisotropic exponential correlation function. His 
results for the effective bandwidth are only one-eighth 
that predicted by Gordon; and this problem needs 
further resolution with experiment. 

A real improvement in bandwidth capabilities is ob- 
tained with very narrow beams. Even though some an- 
tenna gain degradation is experienced with narrow 
beams, the angular distribution of multipath signals 
which are admitted to the receiver is reduced and the 
bandwidth thereby increased. Booker and de Betten- 
court® examined this problem for beams narrower than 
the average scattering angle @=d/a and found 


a X86, (25) 
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which increases steadily with antenna size and decreases 
with distance. When aircraft fly through the path, the 
solid bistatic reflections from them supply a multipath 
signal of unusual magnitude and the above estimates 
for broad antenna beams are meaningless. 

The influence of medium bandwidth on transmission 
quality depends upon the instantaneous signal level in 
the band, and this in turn has given rise to the concept 
of an instantaneous bandwidth. It is not clear now 
whether the bandwidth limitation refers to the base 
band or RF band of an FM system, for instance, and 
considerably more work on modulation schemes is re- 
quired. It is probable, however, that a double sideband 
modulation scheme is preferable to SSB because it auto- 


matically provides frequency diversity when synchro- 
nous detection is used. 
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IX. REFLECTION BY ELEVATED LAYERS 


Layers are frequently observed in the troposphere as © 
discontinuities in the vertical profile of refractive index — 


measurements. It was suggested long ago that partial ; 


reflections from these layers might explain scatter — 
propagation. Friis, Crawford, and Hogg* have de- 
veloped this idea in some detail using uncorrelated re- — 
flections from many layer patches in the common vol- — 
ume. These results depend on the size and number of ~ 
layers, as well as the average refractive discontinuity ; 
across the sheets. The ratio Pr/Prs (see Section IV) — 
computed from this theory is proportional to the wave- — 
length, in good agreement with experiment. Their pre- — 
dictions of beam swinging experiments and gain loss are © 
also consistent with experiment. No explanation of 
fading phenomenon or bandwidth limitations has been 
given thus far, although it is probable that such effects 
can be accommodated by modulating the orientation of 
layers. The distinction between such layers and 
elongated blobs (i.e., anisotropic irregularities) is not 
sufficiently clear. 


Bauer’? has studied the partial reflections from a’ | 


single spherical layer above the earth. There is some 
question about his use of the Born approximation to 
represent coherent reflections by the layer. His experi- 
mental correlation of scatter signal strengths with the 
refractive change across elevated layers in the path is 
certainly interesting. 

It is likely that such layers are the seat of intense ir- 
regularities, if one believes the mixing models (7) or (8). 
The presence of such irregularities at the point of partial 
reflection would provide the layer theories with an addi- 
tional random component to explain fading. The prob- 
lem may be looked at differently, however, by saying 
that turbulent blobs are probably created most strongly 
at layer discontinuities, so that the important scattering 
volume is near the layer. Gordon®’ has studied briefly 
the scattering by elevated turbulent layers. 


X. NorMAL MopE THEORY 


The explanation of radio propagation beyond line-of- 
sight in terms of coherent partial reflections from a bi- 
linear refractive index profile has been pursued by 
Carroll and Ring.’* Unfortunately, recent work on this 
theory is characterized more by strategems than new 
results. Two important predictions of normal mode 
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theory emerged from a symposium on this subject.%? 
The received field strength: 1) varies exponentially 
with distance, and 2) is independent of radio frequency. 
The first prediction agrees best with experiments, since 
it is difficult to distinguish between an exponential 
variation and a large inverse power of the distance. 


fractive index is of continuing concern to Friedman and 
others.*® Although coherent reflections from stable lay- 
ers may contribute to the mean signal, normal mode 
theory offers no explanation of the following important 
features of scatter propagation: 1) fading envelope, 2) 
bandwidth limitations, 3) space correlations, and 4) an- 


The discontinuity in the bilinear profile model of re- 


. 9 “Summary of normal mode theory symposium,” IRE Trans. 
| a AND PROPAGATION, vol. AP-4, pp. 90-94; January, 


tenna gain degradation effects. Unless these results can 
emerge from the series representation of the field em- 
ployed, one must superimpose a statistical variation of 
the dielectric constant upon the Carroll model. 
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plications. Among the forms considered are corrugated surfaces and 
single or double dielectric-clad surfaces. The launching problem has 
been studied rather intensively and recent interest has been shown 
in the synthesis and scanning aspects for slow-wave structures. 
Progress has continued in the exploitation of fast-wave systems, with 
major advances centering on the launching problem and the polari- 
zation problem. Strip lines are taking an important place as feeding 
systems for traveling-wave antennas. 

Recent years have been marked by considerable research ac- 
tivity on flush-mounted microwave antennas. Such antennas often 
take the form of slots or apertures in the metallic surfaces of aircraft. 
The radiation pattern of the slot radiator depends upon the shape of 
the metallic surface in which it is cut, and for complicated shapes 
resort is made to experiment. However, certain simple geometric 
shapes have been treated mathematically. These shapes include the 
circular cylinder, half plane, wedge, sphere, elliptic cylinder, oblate 
and prolate spheroid, and cones. Various combinations of these 
shapes on which work also has been done are the semicircular boss 
on a flat ground plane, the cylindrically tipped wedge, and the 
spherically tipped cone. 

The problem of radiation from apertures in a metallic surface is 
closely related to the reciprocal problem of calculating the currents 
excited on the surface by an incoming wave. As a direct consequence 
of the reciprocity theorem there is an intimate connection between 
slot radiators, diffraction, and scattering. The result is that the ex- 
tensive body of knowledge classed as diffraction and scattering must 
be considered as an integral part of antenna theory. During the past 
three years there has been a very considerable effort in obtaining 
new exact solutions, several new approximate solutions, and a better 
physical understanding of the mechanisms involved in scattering. 
All of the geometric shapes mentioned above have received atten- 
tion, and much experimental work has also been done. For the future 
it can be expected that this intensive effort will continue with em- 
phasis on the asymptotic approaches of Kline and Keller, the method 
proposed by Logan, and Fock’s method of obtaining asymptotic re- 
sults based on local analysis. 


Summary—Recent developments in some of the more active 
areas of antenna and diffraction theory are summarized. Although 
concerned primarily with U.S.A. activity, some reference is made to 
the literature of other countries where closely allied work is in prog- 
ress. Fields included in this survey are broad-band antennas, wide- 
angle microwave optics, antennas for ionospheric scatter propaga- 
tion, traveling-wave antennas, slot radiators, diffraction, and scatter- 
ing theory. 

Recent work in broad-band antennas has been concerned 
mainly with trying to hold both radiation pattern and impedance in- 
dependent of frequency. The problem has been approached success- 
fully through development of that class of antenna shapes which 
depends on angles only. The equiangular spiral is a simple example. 

In microwave optics the requirements for wide-angle scanning of 
antenna beams have been met largely by using new light-weight, 
low-loss dielectrics to construct suitable lenses such as a spherical 
Luneberg lens. Using the geodesic analog of the Luneberg lens in 
one plane a scan of 40 beamwidths without aberrations has been 
obtained. 

The very high gain required for antennas suitable for VHF iono- 
spheric scatter propagation has been obtained through use of long 
horizontal rhombics and, more recently, by corner reflector antennas 
driven by collinear arrays of dipoles. The latter antennas have the 
important advantage for this application of much lower sidelobe 
level. 

Traveling-wave antennas have received much attention in recent 
years because of their inherent adaptability to flush-mounted ap- 
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I. Broap-BAND ANTENNAS 


HE recent work on broad-band antennas has been 
Crain concerned with trying to hold the radiation 

pattern independent of frequency as well as the 
input impedance. The pattern problem is much more 
complex and more difficult than the impedance problem 
and consequently most of the effort has been put on the 
pattern problem. A successful approach has been de- 
veloped by considering antenna shapes which depend 
on angles only [1]. The infinite biconical antenna is a 
familiar example. There is, however, a wide variety of 
these shapes which is represented by the formula 
r= F(@)e** where r, 8, and ¢ are the usual spherical co- 
ordinates, a is a constant, and F(@) an arbitrary function 
of @. Thus the cross section of one of these surfaces on a 
cone @=constant is given by r= Ae” which is the polar 
equation for an equiangular spiral. 

All such antennas extend to infinity. The key problem 
is therefore to determine whether the pattern of a 
finite portion of such an antenna converges to the pat- 
tern of the infinite structure as the frequency is in- 
creased. For the biconical antenna, which is represented 
by @= ~~, it is common experience that measured pat- 
terns show no sign of this convergence. Measurements 
have recently been made using shapes characterized by 
finite values of a and the remarkable result is that most 
of them show this convergence with practically no 
doubt. In effect, the current distribution remains con- 
stant with respect to wavelength and roughly concen- 
trated in an aperture of the order of a wavelength in 
diameter (the effective aperture can be controlled to a 
useful degree by choice of the shape). Thus the pattern 
(and also the impedance) of such antennas is practically 
independent of frequency for all frequencies greater 
than a certain value. 

Equally remarkable results have been obtained [2] 
with plane structures whose shape is defined by 
by ¢=periodic function of In y. Thus, if p is the period 
of In y the infinite antenna is essentially the same to any 
two wavelengths whose ratio is exp p. Here there is the 
additional problem of choosing p small enough so that 
the variation over one period is insignificant. It turns 
out that this can be done quite easily in practice. For a 
wide range of such antenna shapes it has been found 
that the performance of the finite structure is practically 
independent of frequency above a certain point. 
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WIDE ANGLE Microwave Optics 


Since the last session of URSI, requirements for wide 
angle scanning of antenna beams have given further 
impetus to the investigation of wide angle microwave 
optics. 

Although most of the recent work has been with 
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lenses, some attention has also been given to improve- 
ment of the toroidal reflector. Along this line, it has been 
shown that the elliptical torus produces a more nearly — 
plane phase front than does the parabolic torus and for | 
very large apertures will produce a narrower beam. 

In the field of microwave lenses, attention has been 
directed anew toward dielectric lenses. This has come 
about largely because of new developments in methods ~ 
of producing light-weight, low-loss dielectric materials. — 
Lenses have been designed for wide angle applications — 
by designing an exact two-point corrected cylindrical 
lens and then rotating a section of the cylindrical lens — 
about the axis of symmetry of the section. Although 
lenses designed in this way will, of course, exhibit astig- 
matism, experimental results have been quite good for 
scan angles of from 7 to 14 beamwidths (depending upon 
f/d ratios). ; rf 

Improved techniques in dielectrics, mentioned above 
have also made it possible to fabricate spherical Lune- 
berg lenses applicable to most microwave frequencies. _ 
This has given new impetus to both experimental and 
theoretical study of this lens. In addition to considera- 
tion of the spherical dielectric lens, some activity has 
continued with the geodesic analog of the Luneberg lens 
in one plane. Using the geodesic analog, a completely 
operating radar scanner, scanning over almost 40 beam- 
widths without aberrations, was developed and de- 
scribed. 
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ANTENNAS FOR VHF IONOSPHERIC 
SCATTER COMMUNICATION 


An important characteristic of propagation via iono- 
spheric scatter is the relatively high loss sustained upon 
reflection from the ionospheric layers. Depending on the 
frequency and the length of the path, it may range from 
70 to over 100 decibels above the free space loss. For this 
reason it is necessary to employ high transmitter powers 
and high-gain antennas for both the transmission and 
reception. The first antennas employed for this applica- 
tion were horizontal rhombic antennas employing very 
long, 25 to 50-wavelength, leg lengths. These are still 
useful, particularly for experimental purposes. They are 
likewise employed in some operational communication 
paths. Because of certain drawbacks, such as the large 
area occupied by the antenna, the relatively high level 
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of side and back radiation, and other disadvanages, 
there has been a trend to replace the rhombic antennas 
‘by more compact structures having a much lower level 
of secondary lobe radiation. Corner-reflector antennas 
driven by collinear arrays of dipoles have been installed 
at many terminals. The majority of existing corner- 
reflector antennas have the dimensions of five wave- 
lengths in width, three wavelength vertical aperture, 
and employ a sixty-degree aperture angle. The driven 
element consists of eight or more half-wave dipoles. 

_ Because of the current high sun-spot phase of the 
solar cycle, the most troublesome problem of the present 
operation is that caused by multipath propagation. The 
‘current emphasis in the design of the antennas for VHF 
‘scatter communication continues, therefore, to be in the 
‘design of low secondary radiation antennas. 

_ A requirement which is likely to be incorporated in 
future VHF ionospheric scatter antennas is that it be 
possible to slew the main beam of the antenna to either 
side of the great circle path by an angle of ten to twenty 
‘degrees. This is made desirable because evidence exists 
that the meteoric contribution to scattered signal may 
be of considerable significance. The direction of arrival 
of the meteors varies with time of day and the optimum 
orientation of antenna varies accordingly. 


SLot RapraTors! 


Research on flush-mounted microwave antennas has 
been extremely active in the last three or four years. In 
‘most cases, the forms of these radiators are slots or 
narrow rectangular shaped apertures cut in metal sur- 


faces of aircraft fuselages, wings, or stabilizers. The 


radiation pattern of the antenna is very much dependent 
on the particular shape of the surface on which it is 
mounted. For this reason, recourse is often made to ex- 
periment on actual aircraft or by means of models. For 
a more recondite approach, the body is represented by 
some simple geometric shape which is amenable to rigor- 
ous mathematical treatment. The usual geometric 
forms, listed more or less in order of increasing com- 
plexity, are: the circular cylinder, half-plane, wedge, 
sphere, elliptic cylinder, oblate and prolate spheroid, 
and cones. Various combinations of these are also possi- 
ble, such as the semicircular boss on a flat ground 
plane, the cylindrically-tipped wedge and the spher- 
ically-tipped cone. While none of these shapes duplicate 
the form of modern aircraft or missiles, they do provide 
a model for studying the influence of such factors as 
the extent and curvature of the surfaces on which the 
slots are cut. Furthermore, the effect of sharp edges of 
the surfaces can be estimated from a study of the field 
configurations in the vicinity of the edge of the wedge or 
the tip of the cone. 
It is the purpose of this review to summarize some of 
the recent basic work in this field. It should be empha- 
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1 Much of the material in this section is included in a fort 
book where it has been brought up to date. J. R. Wait, pee 
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sized at the outset that the radiation from slots and 
apertures on a metallic surface is closely related to the 
reciprocal problem of calculating currents excited on the 
body by an incoming plane wave [1]. There is an inti- 
mate connection between diffraction and scattering 
which, of course, is a consequence of the reciprocity 
theorem [2]. Therefore, any literature survey of slot 
antennas should include papers on the aspects of dif- 
fraction theory which have a significance in the recipro- 
cal sense. 

Due to its simplicity, the circular cylinder has been 
the favored model. The first approach is to represent the 
field in terms of a Fourier series of the form 


yi Am cos mo 


m=0 


where ¢ is the azimuthal angle, A, is a coefficient, and 
m takes all integral values. A» is a function of the cir- 
cumference of the cylinder in wavelengths (z.e., 
ka=2ra/\) and is determined in a straightforward 
manner when the field distribution over the slot is pre- 
scribed. This was the approach used by Silver and 
Saunders [3] to obtain an exact expression for the fields 
exterior to a circular cylinder of infinite length for a 
specified distribution of tangential voltage on the cyl- 
inder. By using a saddle point technique, the infinite in- 
tegral in the solution could be reduced when the ob- 
server is in the far field. Extensive numerical results and 
patterns for circumferential half-wave slots for ka =2, 3, 
and 5 and various elevation angles have been presented 
by Wait and Kahana [4]. In this case the field is, in 
general, plane polarized in the principal planes but el- 
liptically polarized for other directions. Similar numeri- 
cal results for both axial and circumferential slots on 
large cylinders have been given by Bailin [5] for ka=8 
and 12, and Wait and others for a range of ka up to 
245 \6},ch |. 

The patterns of single and pairs of circumferential 
slots on circular cylinders have been measured at S 
band by Keys [8] in a parallel plate region and they 
compare favorably to the calculated data [7]. Patterns 
of stub antennas on slots on cylinders have been meas- 
ured directly by Bain [9] using an antenna range and 
they compare very favorably with calculated patterns 
for ka ranging from about 3 to 21 [10]. 

In most of the above-mentioned work the harmonic 
series representation of the field is employed. This 
series, which involves integral order Bessel functions, 
becomes very poorly convergent when ka is large com- 
pared to one. Usually, something of the order of 2 ka 
terms is required to secure 2 per cent accuracy. Extend- 
ing the classical method of G. N. Watson, this slowly 
converging harmonic series is converted into a contour 
integral which can, in turn, after a deformation of the 
path of integration, be expressed as a new series. In- 
dividual terms are the residues of the poles encircled by 
the deformed contour. For this reason, such a represen- 
tation is called the “residue series.” This technique has 
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been applied to the slotted cylinder problem by Sensiper 
[11], and others [7], [12]. A very similar approach to the 
reciprocal problem of diffraction by a cylinder has been 
outlined by Franz [13], [14] and Imai [15]. Sometimes 
these residue terms are called creeping waves [16] as 
they have the characteristics of waves that creep 
around the cylinder with an exponential attentuation. 
The residue series representation for the pattern of a 
slotted cylinder antenna is highly convergent in the di- 
rection away from the slot (.e., deep in the shadow). 
On the other hand, the field in the forward direction 
(i.e., the illuminated region) can be obtained by geo- 
metrical optics [17]. Difficulty occurs in the transition 
region near the classical light-shadow boundary. Some 
slight improvement can be made by considering higher 
order geometrical-optics terms [12]. It can be shown 
from the harmonic series representation, however, that 
the field along this boundary is almost independent of 
ka, and hence a calculated point on the “light-shadow” 
boundary is always available [6]. It is then possible to 
interpolate between the geometrical-optics and the resi- 
due series representation. The nature of the field in this 
transition region has been studied experimentally at 
Harvard [18] by an examination of the currents excited 


on a circular cylinder by an incident plane wave. They © 


obtained surprisingly good agreement with the approxi- 
mate theory of Fock [19]. 

The mutual impedance of the slots on circular cylin- 
ders is fundamentally more difficult to compute than the 
patterns, because the saddle point technique of inte- 
gration cannot be utilized. However, if the slots are axial 
and infinite in length, it is possible to compute the 
coupling between these by either a harmonic series [20] 
or a residue series representation [21]. Also, it is possible 
to obtain the radiation conductance of finite slots on a 
cylinder by a Poynting vector integration of the far 
field [22 |-[34]. A mathematical justification for this pro- 
cedure has been presented by Northover [25]. The 
general mutual impedance between slots of finite length 
on a circular cylinder, however, has yet be to expressed 
in a form suitable for computation. 

A general analysis has been carried out for an arbi- 
trary slot on an elliptic cylinder [26]. Extensive numeri- 
cal results were carried out for the limiting case [27] 
when the minor axis is zero (i.e., a ribbon). The current 
distribution on the ribbon has been evaluated for a 
range of widths [28]. Patterns and conductances for 
infinitesimal slots on elliptic cylinders with a finite 
minor axis have been published by Wong [24], [29]. 

The methods for treating slots on spheres are very 
similar to the corresponding cylinder problems. Using 
a harmonic series representation, the patterns of zonal 
slots with uniform excitation have been calculated by 
Karr [30] for various polar locations of the annular slot. 
When the slot has a nonuniform excitation, the formal- 
ism becomes more complicated since there is no longer 
azimuthal symmetry [31]. Numerical results for this 
case are also available for a moderate range of ka values 
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[32], [33]. The application of the residue series technique 

to the calculation of the principal plane patterns of 
finite slots on a sphere for large values of ka has been 
reported [34] and fairly good agreement was obtained 
with the experimental results of Cohn [35 | and Bain 
[9]. Very recently a general analysis has been presented 
by Mushiake and Webster [32] for the fields produced 
by arbitrary slots on a sphere in terms of the harmonic 
series representation. They presented radiation patterns 
for half-wave slots in the principal planes and numerical 
data for the power gain. 

The mutual impedance between slots on a sphere has” 
been recently calculated by using a residue-series repre- 
sentation which is usable if the angular separation be- 
tween the slots is not small. A new series representation 
[36] was developed for the case of small angular separa- 
tions (i.e., small curvature). The first term of this series” 
corresponded to the mutual impedance of the slots on a 
flat surface and succeeding terms contain inverse powers 
of ka. | 

The radiation from slots on wedges has received con- 
siderable attention. A general analysis was presented for 
an arbitrary slot on a cylindrically-tipped wedge of any 
angle [37]. Using this as a basis, numerical results have 
been presented for the patterns of slots parallel to the 
edge of a half-plane (i.e., a wedge angle of 27), and a 
right-angled wedge [38], [27]. A similar treatment for 
radiating apertures on half-planes has been given by 
Tai [39] in an elegant analysis. Particular attention has 
been given to the case when the slot is perpendicular to 
and at the edge of the half-plane [27]. This has been 
called a “notch” and it has some interesting radiation 
properties. The conductances of half-wave slots on cir- 
cular cylinders, elliptic cylinders, wedges, and _ half- 
planes have been compared to illustrate the influence of 
edges and curvature [40]. The more recent work on 
slots on wedges is concerned with developing asymptotic 
representations which are more suitable for calculations 
when the distance of the slot to the edge of the wedge is 
large compared to a wavelength. Schensted and Maf- 
fett [41] have shown that the geometric-optics terms 
can be separated out of the general solution and this 
step provides a new insight to the wedge problem. The 
difficulties associated with the asymptotic series in the 
transition between the illuminated and the shadow 
region have been overcome by Felsen [42] who applied 
the recent work of Oberhettinger [43], [44]. 

A very promising model for the treatment of radia- 
tion from slots on finite bodies of nonspherical shape is 
the prolate or oblate spheroid. The limiting case of the 
oblate spheroid of vanishing thickness (i.e., a disk) has 
been treated in detail by Flammer [45] for an arbitrary 
dipolar source. His formulas, when specialized to the 
case of a magnetic dipole tangential to and on the sur- 
face of the disk, are directly applicable to the radiation 
from a slot on a circular disk. Unfortunately, numerical 
results for slots on spheroids are only available for the 
somewhat simpler cases of azimuthal symmetry [46] 
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‘with uniform excitation of annular slots on oblate 
spheroids and prolate spheroids [47]. With the recent 
publication of comprehensive tables of coefficients re- 
lating to spheroidal functions [48], [49], it is expected 
that the formal results of Flammer for the nonsym- 
metrical case of an arbitrary slot on a thin oblate 
spheroid could be used to obtain patterns. A solution for 

_an arbitrary slot on the general spheroid (z.e., other than 

a disk or a sphere) does not seem to be available. It 
would appear that the results of Schultz [50] for the 

plane wave scattering of spheroid could be extended 

without too much trouble. Certainly, numerical results 
based on such a solution would be most valuable. 

_ The very complicated problem of slots on cones has 
been approached in a formal way by Bailin and Silver 
[51]. The solution involves Legendre functions and Bes- 

sel functions of fractional order. Numerical work based 
on their solution is very difficult although it is justified 

if information concerning the effect of the cone tip on 
the radiation characteristics of the slot is needed. An 
interesting comparison of Bailin’s and Silver’s results 
using a geometrical-optics approach has been made by 
Siegel, e¢ al. [17]. The various, but equivalent, repre- 
sentations for the field of slots on cones have been dis- 
cussed in detail by Felsen [52]. This latter work should 
pave the way for any future numerical work on the cone 
problem. 
- Most of the above-mentioned investigations can be 
classified as exterior boundary value problems. That is, 
the distribution of the field over the slot is assumed 
without regard to the nature of the feed system, For 
electrically small slots or apertures, the actual distribu- 
tion does not influence the exterior fields. Furthermore, 
even for half-wave slots the assumed sinusoidal distribu- 
tion is very good if the slot width is small compared to 
the slot length. However, in general, the interior region 
cannot be considered separately from the exterior region 
since both of these determine the distribution of field 
over the slot. The work of Stevenson [53] in this con- 
nection is now classical. He treated the problem of 
matching the modes inside a rectangular waveguide 
through narrow resonant slots in the side walls to the 
region external to the guide. Recently, Oliner [54] has 
made some very significant extensions and he has de- 
veloped formulas for the equivalent circuit of both 
resonant and nonresonant slots in the broad face of a 
rectangular guide of finite wall thickness. His experi- 
mental results show exceptionally good agreement with 
the theory. Some further experimental data for inclined 
and transverse slots in the narrow and broad walls of a 
waveguide have been reported recently [55], [56]. 

In the theoretical work of both Stevenson and Oliner, 
the external region was assumed to be a half space cor- 
responding to an infinite baffle flush with the broad 
wall of the slotted guide. The modification of Steven- 
son’s formulas for resonant slots due to the finite extent 
and curvature of the baffle has been discussed by Wait 
[6], [40]. Extensive work concerning the analysis of slots 
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in multimode waveguides has been carried out at 
Berkeley [57 |-[59]. 

The effects associated with covering the slots with a 
dielectric coating such as fabric has been given some 
attention [6], [38], [60]. A general solution is now avail- 
able for the field of an arbitrary slot on a circular metal- 
lic cylinder with a concentric dielectric coating [61]. 
Some numerical results have been obtained for ka values 
up to 8 for various dielectric constants and thicknesses 
of the coating [61]. ; 

The pattern calculation for arrays of slots is usually a 
straightforward manner. The technique is based on the 
principle of superposition [6], [62] wherein the total field 
of NV slots is obtained by a complex addition. For this 
reason, the relative phase, as well as the amplitude of 
the radiated field of a single slot, is of interest. In certain 
beacon applications the voltage induced on pairs of slots 
on cylinders may be rectified before addition to obtain 
omnidirectional coverage [63]. Some special problems 
associated with long arrays of slots have been discussed 
[64], [66]. The radiation from large slots [67] and U 
shaped slots [68] and crossed slots [69] has also been 
considered. 

The field of slots on convex cylindrical surfaces whose 
curvature is slowly changing could be investigated by 
adapting Keller’s geometrical theory of diffraction [70]. 
In his recent work on the diffraction by a convex cylin- 
der [71], a method is proposed for evaluating the sur- 
face currents excited by an incoming plane or cylindrical 
wave. The reciprocity theorem, properly applied, should 
yield the pattern of a slot on such a convex surface. The 
generalization of Keller’s [71] treatment of the convex 
cylinder and Fock’s [19] solution for the parabolic cyl- 
inder in the penumbral region has been carried out by 
Logan [72]. He indicates that with a table of two auxil- 
iary functions, the patterns of slots on circular and ellip- 
tic cylinders, oblate and prolate spheroids, and other 
smooth curved surfaces can be readily computed to suf- 
ficient accuracy for engineering purposes. This work of 
Logan constitutes a major contribution to the field. 

The foregoing survey is intended to provide an over- 
all, though brief, view of the recent work on slot an- 
tennas. It is hoped that the bibliography will be a guide 
for others working in this field and prevent duplication 
in effort. 
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TRAVELING-WAVE ANTENNAS 

Definition 

A traveling-wave antenna will be identified by a con- 
tinuous or quasi-continuous nonmetallic connection be- 
tween the feeding structure and the antenna aperture. 
Thus, a resonantly-spaced waveguide slot array is not 
considered to be a traveling-wave antenna, whereas a 
closely-spaced waveguide slot array is so considered. 
Similarly, an array of dipoles fed by a coaxial harness is 
not defined as a traveling-wave antenna, although an 
array of dipoles parasitically excited by a corrugated 
surface is so defined. 


Survey 

There has been an increased activity in this area of 
antenna research in the last three years, due to the in- 
herent adaptability of such antennas to flush mounted 
applications. Papers have appeared which deal with 
corrugated and dielectric-clad surfaces, both single 
layer and double layer. Much attention has been given 
to the launching problem and recent interest has been 
shown in the synthesis and scanning aspects for slow- 
wave structures. Progress has continued in the exploita- 
tion of fast-wave systems, with major advances center- 
ing on the launching problem and on the polarization 
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problem. Equiangular antennas are emerging as im- 
portant broad-band elements and new feeding systems, 
notably strip lines, are taking an important place as 
features of practical traveling-wave antennas. 

One of the early types of traveling-wave antennas re- 
ceived some attention in this three-year period. Panakel 
and Mueller [1] performed an experimental study de- 
signed to optimize the directivity of single polystyrene 
rod antennas. They achieved some success, but found 
the dimensions extremely critical. The earlier work of 
Attwood was extended by Hatkin [2] in a theoretical 
study of higher order modes in dielectric sheets. In addi- 
tion to formulas connecting the modal wavelengths to 
dielectric properties, Hatkin presents curves of these 
wavelengths for the first four modes of each type. Elliott 
[3] unified the theory of corrugated plane surfaces, by 
treating the corrugated waveguide and considering cor- 
rugated parallel plates and a single corrugated surface 
as limiting special cases of the corrugated waveguide. 
He also considered the launching problem and the effect 
of the finiteness of a ground plane. Angulo [4] solved a 
difficult portion of the theoretical radiation problem for 
plane trapping surfaces, by considering diffraction by a 
semi-infinite slab. He thus provided a rigorous solution 
for the case of no ground plane. A paper delivered by 
Ehrenspeck, Gerbes, and Zucker [5] provided an inter- 
esting point of view to the explanation of why trapping 
surfaces radiate. The properties of two-layer dielectric 
surfaces were also reported. Elliott [6], [7 | offered a theo- 
retical treatment of surface waves on cylinders and 
spheres. He demonstrated that such waves must leak, 
and his theory yielded complex propagation constants. 
Experimental verification also showed the practical ef- 
fects of this leakage through beam placement and null- 
filling in the radiation pattern. The properties of surface 
waves over an infinite ferrite ground slab were studied 
by Pease [8]. He was able to show that for the practical 
case of a small ferrite layer, the fields and propagation 
constant could be expressed as simple closed forms and 
could be controlled by the magnitude of a steady mag- 
netic field applied to the ferrite. | 

The launching problem for surface waves received 
considerable attention. Papers by Lo [9], Brick [10], 
and Friedman and Williams ]11] dealt with the classical 
problem of surface waves excited by a dipole placed 
over a trapping surface. Lo and Brick gave a general 
theoretical treatment, with Brick’s paper supported by 
experimental data. Friedman and Williams were con- 
cerned with the specific problem of properly locating 
the dipole to produce either as pure a surface wave as 
possible, or to maximize the amount of energy carried 
by the surface wave. Kay and Zucker [12] studied the 
launching problem for a general source through the use 
of Fourier transforms. They drew an important distinc- 
tion between the problems of launching a surface wave 
onto a transmission line and onto an antenna, reaching 
the conclusion that the amplitude of excitation of the 
surface wave is proportional to the gain of the source 
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in free space in the complex direction that corresponds 
to the propagation constant of the surface wave. 

The Illinois group has been studying the launching of 
traveling waves by means of a distributed source. 
Papers by Royal [13], Hodges [14], and Weeks [15] 
bear on this problem. Theory and experiment are in 
good accord. Practical significance is attached to these 
studies, because the distributed source is capable of 
producing tapered aperture distributions and thus im- 
proved radiation patterns. Royal reports excellent side- 
lobe levels in his experimental corroboration. Barone 
[16] has considered the line source equivalent of the 
problem treated by Lo and Brick. 

The synthesis problem for surface waves has been 
severely hampered in a theoretical sense. This is because 
the method of stationary phase is not applicable to a 
constant velocity slow wave. An iteration technique was 
attempted for slow waves by Stephenson and Walter 
[17], with only limited success. An experimental in- 
vestigation by Elliott [18] concluded that two practical 
methods for controlling a radiation pattern of a surface- 
wave antenna were to use a curved geometry and to 

taper the degree of trapping. Application of these tech- 
~ niques to practical antennas were reported by Plummer 
[19] and Butterfield [20]. An experimental study of 
parasitic excitation of radiating elements was also under- 
taken by Elliott and Rodda [21]. The geometric param- 
eters were so critical that the conclusion was reached 
that a rigid connection between the parasites and surface 
wave would be necessary in any practical application. 
An interesting experiment was described by Ehrlich 
and Williams [22]. They treated a radiating discon- 
tinuity in a surface-wave transmission line as a four- 
terminal network, and attempted to measure the circuit 
properties through the use of efficient launching and 
receiving horns. The high degree of accuracy required to 
obtain the circuit data resulted in an extremely delicate 
experiment, only limited success being achieved. 

A significant advance in the synthesis of radiation 
patterns from surface waves has been made recently. 
The limitations of the method of stationary phase: to 
fast waves have been overcome by a study of modulated 
slow waves. This problem has been studied by Zucker 
and Thomas [23] and by Pease [24]. They were able to 
show that a modulated slow wave could result in a very 
high endfire gain or in a beam tilted at an arbitrary angle 
with the surface. 

Scanning of surface-wave antennas is a difficult 
problem. (Except, of course, the case in which the entire 
antenna is mechanically rotated.) Two attempts at 
scanning have been reported. In the first of these, 
Ehrlich and Williams [25] described an investigation 
wherein they attempted to pass a constant frequency 
surface wave over a corrugated surface at an arbitrary 
angle to the corrugations. They found that the pattern 
deteriorated rapidly as the scan angle departed from the 
normal longitudinal direction. Hougardy and Hansen 
[26] performed the same experiment using a frequency- 
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scanned source. The frequency change compensated for 


the scan angle by making the corrugations appear elec- 


trically deeper. This resulted in an acceptable pattern 
over an appreciable scan angle. 

The considerable body of work done by the Ohio 
State group on the subject of fast-wave antennas was 


January 


summarized in a paper by Hines, Rumsey, and Walter 


[29]. A theoretical method for computing complex prop- 
agation constants was presented separately by Rumsey. 
This paper contains an important theorem on reciprocity 
for traveling waves. Recently, a simplified method for 
computing leaky propagation constants has been pro- 
vided by Goldstone and Oliner [31]. Their procedure 
employs a perturbation method which is based on the 
transverse resonance condition for the existence of the 
pertinent leaky wave. An application of Rumsey’s 
method to the specific problem of an axially slitted 
cylinder was reported by Harrington [32]. Stephenson 
and Walter [33], in a separate paper, gave further de- 
tails of the Ohio State program. They reported several 
practical antenna designs and disclosed the development 
of successful discontinuity minimizers which greatly 
aided the launching problem. Walter [34] reported the 
extension of many of these ideas to a curved traveling- 
wave slot aperture. Hines, Rumsey, and Tice [35] 
pointed out the need to define properly the element 
pattern in the design of an array. The usual method of 
pattern multiplication can lead to errors when scattering 
from the elements is appreciable. 

The continuous slots reported by Ohio State were 
successful for transverse polarization, but contained 
practical difficulties in the case of longitudinal polariza- 
tion. By going to a quasi-continuous aperture, the 
Hughes group was able to achieve comparable success 
with longitudinal polarization. Stegen and Reed [36] 
initiated this program by using closely spaced nonres- 
onant slots at the outer conductor of a loaded coaxial 
transmission line. The loading was used to speed up the 
wave and the size of the slots were used to control the 
leakage. Satisfactory patterns with longitudinal polari- 
zation resulted. Elliott [37] applied this technique to 
rectangular waveguide and recognized that this struc- 
ture was a corrugated waveguide opened to outer space. 
He then applied corrugated waveguide theory to this 
problem and was able to determine theoretically the 
leaky propagation constants. In a separate paper, Kelly 
and Elliott [38] reported the experimental verification 
of the theory and several practical antenna forms. Re- 
cently the Illinois group has become interested in this 
problem, and Hyneman [39] has treated the comple- 
mentary problem with excellent agreement between 
theory and experiment. Kelly [40] has applied these 
techniques to closely spaced annular slots on cones. 

Hines and Upson [41] report success with a variable 
polarization traveling-wave antenna. Their technique 
uses edge slots cut in a rectangular waveguide as a line 
source radiating into a parallel plate transmission line. 
By mechanically changing the geometry, they continu- 
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ously varied the polarization from linear to circular. 
Another application of traveling-wave antennas was re- 
ported by Bergman and Schultz [42]. They used a 
circular conductor feed at one point and so terminated 
at the diametrically opposite point, that only a traveling 
wave existed on the antenna. Their experimental results 
were hampered by high sidelobe levels. 

A unifying paper was presented by Reynolds [43] in 
which he pointed up the basic identity of such diverse 
antenna systems as the helical antenna, the dielectric 
antenna, the corrugated surface, and the long Yagi an- 
tenna. Also speaking in general terms, Marcuvitz [44] 
pointed out that leaky modes cannot comprise an ortho- 
normal set nor can they satisfy the field requirements at 
infinity. However, in a restricted space region, they 
provide highly convergent approximations to problems 
in which the fundamental operation of the electromag- 
netic system results in a leaky wave. 

The published literature on spiral antennas and their 
equivalents is still fragmentary. However, in 1954 Bar- 
nett and Crowley [45] pointed out the wide-band pos- 
sibilities of equiangular antennas whose geometries were 
thereby frequency-independent. In a general paper, 
Rumsey [46] discussed the need to investigate those 
antennas of this class which could be properly termi- 
nated and pointed out several practical examples. An in- 
vestigation of one of these practical examples was 
undertaken by DuHamel and Isbell [47]. 

Major progress has been made in the fabrication of 
strip lines. This has opened up the possibility of using 


transmission lines of this type to feed antennas, and 


has even resulted in the integration of the strip line and 
antenna aperture. Keen [48] and Frost [49] report the 
progress in component development, and McDonough 
and Malech [50] and Rotman and Karas [51], [52] pro- 
pose many interesting applications to traveling-wave 
antenna systems. 


Assessment and Projection 


In a review of the progress represented by the papers 
discussed above, several conclusions seem reasonable. 
Electromagnetic field solutions for fast and slow waves 
are now well understood for all structures of the simpler 
geometric shapes. Some progress will undoubtedly still 
be made in simplifications aud refinements of the present 
theories. An excellent start has been made on the theo- 
retical synthesis of patterns from slow-wave structures 
by use of the modulation concept. The exploitation of 
wide-band antennas through the use of geometries in 
which angles are preserved is a new subject which will 
probably receive considerable emphasis in the years to 
come. A major breakthrough in the fabrication problem 
is needed and the increased use of strip line techniques 
may offer a solution. It would seem from this vantage 


_ point that the activity in traveling-wave antennas in the 


next three years will be principally characterized by 
experimental programs designed to improve develop- 
ment techniques and provide practical antennas. 
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DIFFRACTION AND SCATTERING 


The period from July 1, 1954, through May 1, 1957, 
in the United States was marked by a considerable effort 
in the diffraction and scattering field. This effort con- 
sisted primarily in obtaining new exact solutions, several 
new approximate solutions, and a better physical under- 
standing of the mechanisms involved in scattering. Since 
this survey was limited to United States contributions, 
it is rather difficult to isolate particular efforts because 
many of them were inspired by the work of individuals 
of other countries; for example, by Bremmer, Fock, 
Franz, and Friedlander. Methods not used during the 
previous three years were applied to solving boundary 
value problems during this period. There was also 
considerably heightened interest in the experimental 


Considerable work has been done on reformulating 
and obtaining new solutions. Emphasis here has been on 
the wedge, cylinder, sphere, dielectric coated sphere, 
cone, paraboloid, special angled corners, parabolic cyl- ~ 
inder, prolate spheroid, and many apertures and wedges 
with cylindrically tipped edges. 

Asymptotic results have been obtained for the cyl- 
inder, sphere, paraboloid, and for apertures, wedges, 
and cones. These asymptotic evaluations have in many 
cases resulted from methods outlined during the last 
period. Keller conceived the geometric diffracted ray 
technique. He applied this technique to cylinders of 
arbitrary cross section, including the parabolic cylinder 
and the circular cylinder as special cases [1]. By the 
same method he solved the arbitrary aperture problem 
[2], and compared his results with other asymptotic 
aperture methods [3]. Rice [4] obtained the exact 
parabolic cylinder results, which he shows approach the 
correct limit when the cylinder approaches the half- 
plane of Sommerfeld, or the thick half-plane of Artmann. 
Rice’s results can be predicted using Fock’s approxima- 
tion where the latter is valid. Schensted [5] used the 
Luneberg Kline asymptotic series to solve the parabo- 
loid boundary value problem with the transmitter on 
the axis. He showed that for the perfectly conducting 
paraboloid the leading term of the Luneberg Kline series 
was, in fact, the exact far zone field. Schensted also 
solved the general body of revolution problem for a plane 
wave incident along the axis of symmetry by Luneberg 
Kline expansion. Felsen [6] and Siegel, Crispin, and 
Schensted [7] solved the exact back scattering cone 
problem and compared the results with the asymptotic 
results obtained from the Kirchhoff theory. They found, 
for large and small cone angles, that the leading term 
in the cross section, when the plane wave was on the 
axis, Was in agreement with the exact solution. Felsen 
showed further that for the case in which the trans- 
mitter is on the axis of symmetry and the receiver is not, 
Kirchhoff theory was in good agreement with the exact 
solution. Kirchhoff results for these shapes and many 
others are presented by Siegel, Alperin, Bonkowski, 
Crispin, Maffett, Schensted, and Schensted [8]. Felsen 
has extended the cone answer to obtain the results in a 
transition region and the region close to the boundary. 

Oberhettinger [9], [10] has found many neat asymp- 
totic formulations for wedge problems. Keller, Seckler, 
and Lewis [11] have given additional terms in the 
asymptotic series for many simple shapes. Kline [12] 
has extended his asymptotic development obtaining an 
expansion in fractional powers of the wavelength. 
Schensted [13] obtained an asymptotic solution for a 
plane obstacle by neglecting higher variations in the 
geometrical optics approximation to the phase. 

Cohen [14] applied Rumsey’s reaction concept to 
obtain a scattering result for the dielectric cylinder. Wu 
J15] used a creeping wave concept and applied Riemann 
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surface techniques to the cylinder problem. This had 
been suggested in a paper by Friedlander [16]. Rubinow 


and Wu [17] succeeded in finding several terms of an 


asymptotic expansion for the total scattering from cyl- 
inders and spheres. Schiff [18] generalized the Born ap- 
proximation to include scattering governed by Max- 
well’s equations. This method is particularly useful for 
scattering in nonspherical regions where the index of 
refraction is a slowly varying function of value nearly 
unity. Kay and Keller [19] have obtained the Luneberg 
expansion of the field of a caustic. Many asymptotic 
solutions for the scattering of waves by gratings have 
been given by Twersky [20]. Karp and Russek obtained 
asymptotic results for the diffraction of a wide slit Pat]: 
Huang, Kodis and Levine [22] have made many im- 
portant numerical computations comparing theoretical 
and experimental aperture diffraction results. Hirshfield 
and Zieman [23] made measurements of microwave 
diffraction from long slits in a thin conducting plane. 


Other Important Results 


Marcuvitz [24] has extended his field representation 
to be applicable to leaky modes or eigenmodes. Sig- 
nificant results by variational theory, in addition to 
those of Huang, Kodis, and Levine mentioned above, 
were obtained by Kouyoumjian [25] in his treatment 
of a circular loop. These results are in agreement with 


_ the exact solution of Weston [26]. Erdelyi and Papas 


[27] used a variational method to obtain solutions for 
an infinite strip. They used a trial function that ignored 
edge effects and obtained good numerical results for the 
entire range in wavelength. Heins [28] obtained the 
scattering due to a dipole field incident on a perfectly 
conducting half-plane. He and Silver [29] gave results 
which led to new insight concerning edge conditions 
and field representation theorems in the general theory 
of diffraction. However their emphasis was primarily on 
aperture problems. Row [30] has obtained theoretical 
and experimental results for two identical conducting 
cylinders in the resonance region. 


Basic Foundations 


The tensor scattering matrix for the electromagnetic 
scattering field has been derived by Saxon [31]. An 
expansion theorem for electromagnetic fields was given 
by Wilcox [32]. Wilcox also has shown that in any finite 
region the electromagnetic field can be represented by 
Debye potentials [33]. Peters and Stoker [34], [35] gave 
a unique decomposition of the radiation condition for 
application of uniqueness theorems to semi-infinite 
bodies. A new method for obtaining scattering solutions 
for bodies that can be mapped conformally on a circle 
has been given by Garabedian [36]. Siegel, Schultz, 
Gere, and Sleator [37] obtained numerical results for 
nose-on back scattering by a 10:1 prolate spheroid. A 
digital computer was used to sum the exact series solu- 


tion. 
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Experimental Work 


A great deal of experimental work has been done 
which has not yet appeared in journal articles. Among 
the important unpublished results is the experimental 
work of Brick and Wetzel at Harvard on circular and 
elliptic cylinders. Measurements on spheroids and finite 
cones have been made by Honda at the University of 
California at Berkeley. Broadside measurements of 
spheroids and cylinders were undertaken by Rabino- 
witz at The Johns Hopkins University. The University 
of Texas has performed many experiments on wedges 
and corners. 

The United States has a large body of theoretical and 
experimental data collected but not journalized in the 
past three years. These data can usually be obtained by 
writing or visiting the Air Force Cambridge Research 
Center, Cornell Aeronautical Laboratory, Inc., Stanford 
Research Institute, Harvard University, The Johns 
Hopkins University, The Ohio State University, Radia- 
tion Inc., the University of California at Berkeley, the 
Universities of Illinois, Texas, and Michigan. 

Epilogue 

The fact that so much information exists in report 
form but not yet in journal form makes it quite easy to 
predict what the next three years should bring to journal 
literature in the diffraction and scattering field in the 
United States. A good deal of emphasis is being placed 
on the results of Fock. His method of obtaining asymp- 
totic results, based on local analysis, will probably be 
used to derive new results. Further emphasis will be 
placed on geometric diffracted rays by the Keller ap- 
proach. A method proposed by Logan which replaces 
the divergence condition by a condition on the field at 
infinity, applying an idea due to Miller, will undoubt- 
edly lead to new representations for exact solutions. 
The effect of creeping waves which are focused towards 
an effective point singularity, then reflected and de- 
focused, will also be the subject of analysis during the 
next three years. Weston’s method of obtaining exact 
solutions for Maxwell’s equations for bodies which are 
not contour surfaces of separable coordinate systems 
will undoubtedly be the subject of considerable analysis. 
It is expected that scattering in the Rayleigh region will 
receive more attention than it has in the past three years. 
The work of Stevenson, Mushiake, and Tai probably 
will lead to new theories and new methods of solving 
Rayleigh problems. 

The asymptotic approaches used by Kline and Keller 
will undoubtedly receive considerable attention and will 
be used to solve many more problems than previously. 

The work of Fock will undoubtedly receive additional 
attention from people in the antenna field. It is expected 
that radiation theorists will place more emphasis on 
scattering results than they have in the past. The re- 
action concept will undoubtedly be analyzed and used 
more as it becomes better understood. 
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The large variety of publications in the diffraction 
and scattering field has required that a certain number 
of these be left out. Rough surface work and scattering 
from colloidal particles and collections of spheres have 
been deliberately omitted as being more properly the 
subject of other commissions. 
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communications 


Preliminary Results of Measurements on Doppler 
Shift of Satellite Emissions* 


P. R. ARENDTt 


ANY observations have indicated a distinct 
difference in the behavior of ionospheric trans- 


mission on the frequencies of 40 and 20 mc 
emitted from the Russian satellites. Therefore, it was 
considered necessary to investigate the influence of the 
propagation path on the observed data. Since many 
experiments include the assumption of straight line or 
quasi-optical propagation (at least during times of close 
approach of the vehicle) it is of some value to know what 
differences or discrepancies should be expected if the 
thesis of quasi-optical propagation is used without lim- 
itation, 

A very simple method for comparing the two fre- 
quencies involved is offered by the well-known measure- 
ment of the Doppler shift of the received signal. Fig. 1 
shows a simultaneous Doppler observation on both fre- 
quencies. In spite of the fact that both curves look 
rather regular and symmetrical, a closer inspection in- 
dicates a remarkable difference. For this purpose, the 
difference of the observed frequencies (two times foo 
minus f4o) is shown in the lower part of the figure. If 
the propagation paths were identical on both frequen- 
cies, one could expect a straight horizontal line for this 
difference. The observed saddle point in the neighbor- 
hood of the time for closest approach indicates that 
neither the relative slopes nor the times for closest ap- 
proach are identical. By this means we can obtain con- 
firmation of other well-known observations that the 


*M cript received by the PGAP, August 5, 1958. 
t BI dSs Kiany Signal Res. and Dev. Lab., Ft. Monmouth, N. J. 
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Fig. 1—Satellite 6 1957. Orbit 74, November 8, 1957, 10 18 00 GCT 
(05 18 00 EST). Measurement from Frequency Control Division 
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satellite signals on 20 and 40 me are strongly influenced 
by bending and by reflections in the ionosphere. The 
same effect can also be demonstrated by azimuth meas- 
urements from direction finding equipment. Fig. 2 shows 
the results of a typical observation, again simultane- 
ously for both frequencies. 

The data of Fig. 1 were used for a numerical evalua- 
tion. For this purpose those parts of the curves where 
the observations can be made with highest precision in 
frequency were selected, 1.¢., the curved parts before 
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Fig. 2—Satellite a 1957. Orbit 136, October 14, 1957, 06 16 00 EDST. 
Measurements at Collingswood from Countermeasures Division. 


and after closest approach. The close approach data 
were excluded as well as a few other observations which 
show clear deviations from the symmetrical curve 
which indicated that other disturbances occurred (fad- 
ings, reflections, etc.). 

The numerical evaluation was based on the known 
relation for the Doppler measurement: 


f Vd? a 
es) eae | 
f — fo Vp V.2(t — to)? 
where V, is the velocity of the satellite; a, its closest 
distance to the observer; and V,, the phase velocity of 
the emitted waves. The index 0 at frequency f and 
times ¢ refers to the moment of closest approach, Taking 


two observations at times ¢; and fy of frequencies f; and 
fo we have 


(t1 — to)? — (te — to)? 
(- os “) (- = “y 

Piet fe — fo 

The time and frequency of closest approach are not 
known as precisely as the single observations. The lack 
of perfect symmetry of the curves in Fig. 1 leads to 
uncertainties in tf) of +1 second and in fy of +5 cycles 
per second from individual pairs of observations. More 
precise values are obtained by a comparison of the 
differences in the above formula for several pairs of 


possible #) and fy. The best average value is reached if 
equal values of At in the upper and in the lower part of 
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the curves are related to the same value of Af. By this 


a 
January — 
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method the following values were found for the passage | 


of Fig. 1. 


on 20 me: 
toy=10 21 05 GCT; 


on 40 me: 
ty=10 20 57.5 GCT; 


fo=20 00 55 65 cycles 


fo=40 00 13 50 cycles. 


The values for (fo(V./V>p))? obtained on this basis — 


are given in Table I. Each value corresponds to an aver- 
age of 12 to 15 pairs of observations. 


TABLE I 
Before Closest | After Closest 
Approach Approach Average 
On 20 mc 0.274.105 0.254.108 0.264,.108 
On 40 mc 1.103.108 1.106.105 1.104 .10° 


The average on 40 mc should be equal to 4 times the 
average on 20 mc; however, 4 times 0.2647 equals 
1.0588. This discrepancy indicates a different phase 
propagation velocity for the two frequencies. We obtain 
the relationship of these two velocities by division to 


V,(40) 
V ,(20) 


= 0.9789 


which means that the 40-mc wave travels about 2 per 
cent slower than the 20-mc. This is a fairly large differ- 
ence for frequencies in this order of magnitude. It raises 
the question whether similar effects might be expected 
for even higher frequencies, 7.e., for frequencies in the 
neighborhood of 100 mc for which one generally assumes 
a strictly optical behavior. (However, measurements on 
moon reflection seem to indicate a nonoptical propaga- 
tion even for frequencies higher than 100 mc.) 

Further,-the remarkable time difference of 7.5 sec for 
the apparent moments of closest approach indicates 
that strong bending occurs at least for the 20-mce signal. 
This is in coincidence with other observations. 

The above relation between the propagation velocities 
can be used to make an approximate calculation of the 
critical frequency for that path of propagation in using 
the known relation 


where C is the velocity of light in free space, and f, the 
critical frequency. Using the above equation for 20 and 


40 mc we have 
| | 
V,(20)} 


With the above value we arrive at a critical frequency of 
4.7 mc which is of the right order of magnitude. The 
vertical incidence critical frequency at 10 00 00 GCT 


ta = 
(20)? 

— Jet 

(40)? 


1959 


was measured to be 5 mc on that day in Fort Monmouth. 

The observations referred to here were made under 
the direction of H. K. Ziegler of the U. S. Army Signal 
_Engineering Laboratory, Fort Monmouth, N. J. The 
_ satellite recording was done by the Deal Receiving 
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Center. The frequency measurements were made under 
the supervision of H. D. Tanzman in the Frequency 
Control Division, and the azimuth bearings were taken 
under the supervision of H. M. Jaffee of the Counter- 
measures Division. 


342 Elements* 


G. REBER+ 


ARLY in 1953, consideration was given to con- 
iD ducting some radio astronomy experiments upon 
cosmic static at medium waves. Part of the study 
involved the design of a 32-element array with sup- 
pressed sidelobes.! This antenna was never constructed 
because events took a different course.2 However the 


13 


IS 


16 


ELEMENT 
NUMBER 
FROM 
CENTER 


RELATIVE CURRENT 


iS ai eS Sr a Sa TS A eae ee 
30 40 50 


DB SIDE * LOBE LEVEL 
Fig. 1. 


* Manuscript received by the PGAP, September 2, 1958. 


{+ Green Bank, W. Va. : : . 
1 C. L. Dolph, “Current distribution for broadside arrays,” PRoc. 


IRE, vol. 34, pp. 335-348; June, 1946. 
2G. Roper Batiecn the atmospherics,” J. Geophys. Res., vol. 63, 


pp. 109-123; March, 1958. 


TABLE I 
Number 
of 32 32 32 32 32 33 
Elements 
R 11.107 | 19.557 | 39.908 |106.68 |243.85 17.783 
db 20.92 25.80 32.02 40.56 | 47.74 | 25.00 
V4, 1.005 1.007 1.010 1.015 1.020 1.0062 
ee Values of Element Currents 
0 —_ — — — — 1.4730 
1 0.8615 | 1.7411 | 4.1215 | 11.689 | 28.245 | 1.4666 
pe 0.8552 | 1.7045 | 3.9913 | 11.498 | 27.719 | 1.4477 
3 0.8425 | 1.6558 | 3.8036 | 11.125 | 26.738 | 1.4164 
4 0.8238 | 1.6040 | 3.6143 | 10.586 | 25.339 | 1.3736 
5 0.7993 | 1.5422 | 3.4227 9.901 | 23.526 | 1.3200 
6 0.7695 | 1.4678 | 3.2098 | 9.099 | 21.342 | 1.2568 
7 0.7348 | 1.3823 | 2.9697 8.208 | 18.894 | 1.1850 
8 0.6957 | 1.2876 | 2.7075 7.260 | 16.312 | 1.1061 
9 0.6531 | 1.1854 | 2.4302 O287 | NSTI | 120215 
10 0.6074 | 1.0779 | 2.1451 5.321 | 11.204 | 0.9329 
11 0.5594 | 0.9672 | 1.8594 | 4.391 8.866 | 0.8417 
12 0.5099 | 0.8554 | 1.5796 | 3.521 6.767 | 0.7496 
13 0.4595 | 0.7446 | 1.3117 Deak 4.948 | 0.6580 
14 0.4090 | 0.6366 | 1.0609 2.036 3.433 | 0.5684 
a 0.3591 | 0.5332 | 0.8315 1.443 2.224 | 0.4821 
16 1 MGA2e le 2414s Piesols 1.587 1.848 | 1.2200 


results given in Fig. 1 and Table I may be of use to 
others. Only the currents in the odd-numbered elements 
plus the outside element are shown in the figure to 
prevent crowding the curves. It may be observed that 
the currents in the outside element and inside element 
are equal at 23.2-db suppression; and that the currents 
in outside and next to outside elements are equal at 42.8- 
db suppression. Since this study, a bulletin’ has appeared 
giving an analysis of quite a variety of configurations. 
The closest is a 33-element array with 25-db suppres- 
sion. These values are included in the table for com- 
parison. 

The calculations were largely made by P. T. Miller. 
They were carried to fifteen places using a cross-multi- 
plying scheme on a nine-place machine. The smoothness 
of curves and regularity of tables indicates the results 
are probably free from significant errors. 

3. L. Bailin, et al., “Empirical Approximations to the Current 


Values for Large Dolph-Tchebyscheff Arrays,” Tech. Mem. No. 328, 
Hughes Aircraft Co., Culver City, Calif.; 1953. 
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Measuring the Capacitance Per Unit Length of Two Infinite Cones 
of Arbitrary Cross Section* 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


January 


J. D. DYSON 


Summary—The capacitance per unit length, and hence the char- 
acteristic impedance of two infinite cones, may be accurately meas- 
ured by employing an extension of conventional guard techniques. 

An appropriate gap is cut in one of the cones, converting the 
structure into a three-terminal capacitor. If the arm beyond the gap 
is long enough, the desired field distribution will be maintained past 
the gap and the capacitance per unit length of the isolated or guarded 
section may be measured by a conventional low-frequency capaci- 


tance bridge. 
if theoretical solution to the characteristic impedance 
of coaxial and noncoaxial biconical structures of 
arbitrary cross section, including the fin of zero thick- 
ness. These structures have been shown to be, basically, 
lossless transmission lines which have a constant ca- 
pacitance per unit length. Carrel has shown that for the 
TEM spherical wave the boundary value problem in- 
volved is reducible to a two-dimensional potential prob- 
lem and he has then employed conjugate function theory 
to obtain the capacitance per unit length. 

The simple relationship between the characteristic 
impedance and the capacitance per unit length of a 
lossless uniform transmission line, immersed in a lossless 
medium, is well known and has been used to obtain the 
characteristic impedance of coaxial and strip lines by 
relatively simple low-frequency bridge measurements. 
For these transmission lines one need only make the 
line of sufficient length to insure that the fringing ca- 
pacitance at the end of the line is negligible compared 
to the total capacitance of the sample. 

If an attempt is made to measure the capacitance 
between the arms of the biconical line using the same 
procedure, it immediately becomes obvious that the 
end effect is a constant. The size of the arm end increases 
in proportion to the length of the arm. The fringing 
capacitance at the end of the finite length biconical line 
can be controlled, however, by resorting to an extension 
of the guard technique as used for the precise measure- 
ment of parallel plate capacitors, and converting the 
biconical line into a three-terminal capacitance. 


INTRODUCTION 
N A RECENT PAPER, Carrel! has considered a 


* Manuscript received by the PGAP, January 6, 1958. This work 
was supported by the Wright Air Development Center under con- 
tract no. AF 33(616)-3220 and is treated in more detail in Tech. Rep. 
Boy 29, January 10, 1958, Aritenna Lab., University of Illinois, 

rbana. 


} Antenna Lab., Dept. of Elect. Eng., University of Illinois, Ur- 
bana, Ill. 

*R. L. Carrel, “The characteristic impedance of two infinite 
cones of arbitrary cross section,” TRANS. ON ANTENNAS AND PROPA- 
GATION, vol. AP-6, pp. 197-201; April, 1958. 


~Microdet coawial cable (.050 In. diam.) 


a 


Floral foam support 


Guard shield (screened enclosure SG in. each side) 
Ground shield (Screened enclosure GOin, each side? 


Fig. 1—Biconical line mounted in double shielded enclosure. 


The electric field lines lie along a spherical surface, 
hence if a gap is cut in one arm sufficiently far from the 
end, as in Fig. 1, and if at the moment of balancing the 
bridge the two arm segments A and G are brought to the 
same potential, the field lines will be undistorted beyond 
the gap. By the same bridge techniques employed with 
the normal parallel plate capacitor it is possible to isolate 
the capacitance between the guarded segment of the 
arm, segment A, and an equivalent area of arm B from 
the capacitances Cgq and C,4g. Thus it is possible to 
measure the capacitance of this guarded length without 
fringing effects, and from this to calculate capacitance 
per unit length and the characteristic impedance of the 
structure. 

This method of measuring the capacitance is ap- 
plicable to all of the structures previously mentioned 
which are characterized by a constant capacitance per 
unit length. Measurements were confined, however, to 
structures with fin shaped arms. 


EXPERIMENTAL RESULTS 


A coplanar fin shaped transmission line was con- 
structed of 0.015-inch cold rolled copper and supported 
by a two-inch thick sheet of “Floralfoam.” The foam 
material was cut away from the guarded portion of the 


ee 


Circuit 


HP 41I5 B 


" need Tuned 


ae 


*Wodified to provide cathode 
follower output 


All leads except those to meter 
are shielded 5 


Fig. 2—Block diagram of equipment. 


arms, and the structure shielded as in Fig. 1. The ca- 
pacitance of the guarded line was measured with a 
bridge and guard circuit (equivalent to a General Radio 
Type 716-C capacitance bridge and Type 716-P4 
guard) as indicated in Fig. 2. 

The total arm length was constructed to be 21 inches 
and the guarded portion was varied in length to de- 
termine the effect of the guard. It was determined that as 
long as the guarded portion was approximately 9 per 
cent or less of the total arm length the capacitance per 
unit length appeared constant, indicating a normal dis- 
tribution of the electric field in this area. A guarded arm 
length of one and one-half inches was chosen as provid- 
ing sufficient capacity to be accurately measured and 
still be adequately guarded. The capacitance of this 
guarded line was measured for lines of half-angular 
width from 15° to 85°. 

The impedance based upon the measured capacitance 
per unit length of the balanced coplanar fin line is 
shown in Fig. 3. The measured values agree within 1 
per cent with Carrel’s work for arms with y ranging 
from 30° to 75°, and within 2 per cent for a half-angle of 
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Fig. 3—Characteristic impedance of the infinite fin as a function of 
angular arm width. 


0=Values based on measured capacitance per unit length. 
— =Theoretical values. 


85°. However, the measured value has diverged from the 
theoretical value by approximately 9 per cent for a half- 
angle of 15°. This was traceable to a loss in the effec- 
tiveness of the guard as the arm became narrow. A 
longer guard arm and consequently a larger shielded 
enclosure should increase the accuracy of measurement 
in this region. 


CONCLUSIONS 


An extension of conventional guard techniques to 
structures such as the biconical transmission line of 
arbitrary cross section should provide an accurate 
method of measuring their capacitance per unit length. 
An application of the technique to the balanced fin 
transmission line provided measured results which were 
in good agreement with theoretical values. 
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The Exact Santon of the Field Intensities from 
a Linear Radiating Source* 


SHELDON S. SANDLER{ 


HE publication of a communication by Ghose’ 
Posie the need for an adequate understand- 

ing of the historical background of this phase of 
the linear radiator problem, if only to avoid the needless 
repetition and republication of past work. 

The exact relations for the electric field of a sinusoidal 
distribution of current were derived in closed form by 
Carter? in 1932 for antennas an integral number of half 
wavelengths long. The corresponding formulas for an- 


* Manuscript received by the PGAP, October 13, 1958. 

+ Cruft Lab., Harvard University, Cambridge, Mass. 

1R. N. Ghose, “The exact solution of the field intensities from a 
linear radiation source,” IRE TRANS. ON ANTENNAS AND PROPAGA- 
TION, vol. AP-5, pp. 237-238; April, 1957. 

2P.S. Carter, “Circuit relations in radiating systems and applica- 
tions to antenna problems,” Proc. IRE, vol. 20, pp. 1004-1041; 
June, 1932 


tennas of any length were given by Brown®in 1937. Thus 
the series approximations of Ghose were invalidated a 
quarter of a century ago! In 1937 Riazin‘* expressed the 
complete field distribution for the linear radiator with 
sinusoidal current in elliptical coordinates, again in 
closed form. In passing, Ghose looks forward to the 
application of his approximate solution of the vector 
potential to the derivation of the self impedance of a 
single antenna and the mutual impedance of parallel 
arrays. However, calculated values of the self and mu- 
tual impedance for antennas with sinusoidal currents 
were displayed by Carter in 1932 and by Brown in 1937. 

3G. H. Brown, “Directional antennas,” Proc. IRE, vol. 25, pp. 
78-145; January, 1937 


4P. Riazin, “Sur le calcul du rayonnement d’une antenne recti- 
ligne A petite distance,” Tech. Phys. U.S.S.R., vol. 4; 1937. 


CORRECTION 


H. Unz,} author of “Determination of a Current Dis- 
tribution over a Cone Surface Which Will Produce a 
Prescribed Radiation Pattern,” which appeared on pages 
182-186 of the April, 1958 issue of these TRANSACTIONS, 
has informed the editors that a slight error was intro- 
duced in his paper due to a mistake in one of the refer- 
ences. The Gegenbauer integral in (20) should be 


f erFR cos a cos 07, (RR sin a sin 6) P,™(cos 0) sin 6d0 
0 

= 2-4 ,(RR)Pa™(cos a). (20) 
It may be found in this form in Morse and Feshbach:! 


} Rad. Lab., University of Michigan, Ann Arbor, Mich. On leave 
soe Dairenity of Kansas, Lawrence, Kan. 
- M. Morse and H. Feshbach, “Methods of Theoretical Phys- 
ics,” McGraw-Hill Book Co., Inc., N York ( 
(11.3.49) and 1575; 1953. eas ay 


it may be transformed into this form in Magnus and 
Oberhettinger,? or in Watson,’ and Whittaker and 
Watson. In Stratton,® which was used as a reference in 
the original paper, the factor 7-” is missing in (20). It is 
considered worthwhile to mention it since the Gegen- 
bauer integral is quite useful. Due to this correction to 
(20), zl! should be omitted in (21), (24), and (30) in 
the original paper. 


* 'W. Magnus and F. Oberhettinger, “Special Functions of Mathe- 
ape Physics,” Chelsea Publishing Co., New York, N. Y., p. 77; 

* G. N. Watson, “Bessel Functions,” Cambridge University Press, 
Cambridge, Eng., 2nd ed., p. 379 (1); 1952. 

_‘ E. T. Whittaker and G. N. Watson, “Modern Analysis,” Cam- 

bridge University Press, Cambridge, Eng., 4th ed., p. 329; 1952. 

5 J. A. Stratton, “Electromagnetic Theory,” McGraw-Hill Book 
Co., Inc., New York, N. Y., p. 411 (69); 1941. 
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Fall Meeting of International Scientific Radio Union 


October 20-22, 1958 


Pennsylvania State University 


Statistical Methods in Radio Wave 
Propagation—W. C. Hoffman, The RAND 
Corporation—The role of statistical method- 
ology in radio wave propagation is deline- 
ated. Statistical considerations arise in radio 
propagation in two ways. The first involves 
a combination of physical and statistical 
_ Structure, as, e.g., in turbulent scattering, 

meteor burst signals, and scattering from a 
rough earth. The second context occurs when 
there are uncontrolled factors in radio prop- 
agation research, e.g., meteorological param- 
eters in tropospheric radio propagation and 
fading on an ionospheric signal path. 

Applications of statistical techniques to 
ionospheric and tropospheric radio propaga- 
tion, radio noise, radio astronomy, and com- 
munication theory are outlined. Among the 
more significant of these applications are the 
determination of ionospheric drifts, the esti- 
mation of power spectra of auroral flutter 
and transhorizon scattered signals, the phe- 
nomenon of deep fading in tropospheric 
propagation, antenna tolerance errors, and 
information theory. Special statistical dis- 
tributions, such as the Rayleigh and lognor- 
mal, are described and the problems these 
distributions present in practice are con- 
sidered. Certain other probabilities and sta- 
tistical techniques of particular merit, such 
as distribution-free methods, the theory of 
random processes, and the statistical design 
of experiments, are described in detail. The 
paper closes with a brief survey of instru- 
mentation designed for the rapid statistical 
processing of radio data. 

On Scattering of Waves by Random Dis- 
tributions of Tenuous Objects—V. Twersky, 
Sylvania Electronic Defense Laboratory—We 
consider a plane wave exciting a uniformly 
random distribution of objects with dielec- 
tric constant near unity. Coherent multiple 
scattering is taken into account to obtain the 
resultant average field (the coherent scatter- 
ing) and the corresponding differential scat- 
tering cross section per unit volume (the in- 
coherent scattering). For the coherent part 
of the problem, we use a self-consistent pro- 
cedure such that each scatterer within the 
distribution is excited by the coherent field; 
for the incoherent, the field which excites a 
scatterer is attenuated in traveling to its 
location, and the contribution of the scat- 
terer is further attenuated in getting out of 
the “average medium.” The essential fea- 
tures of the predicted coherent field, and of 
the forward incoherent scattering, are in ac- 
cord with experiment* down to average 
spacings between scatterer centers less than 
one and one-half diameters. 


*C. I. Beard and V. Twersky, “Propagation 
through random distributions of spheres,” 1958 
WESCON ConvENTION RECORD, pt. 1, pp. 87-100; 
a large-scale dynamical model of a “gas” of 1.36 
styrofoam spheres (¢=1.032) was measured at 60 kmc. 


Aeronomic Conditions in the Thermo- 
sphere{—M. Nicolet, Ionosphere Research 
Laboratory, The Pennsylvania State Uni- 
versity—Above the mesopause (85+5 km), 
there is a change in the composition and the 
structure of the atmosphere concurrent with 
a rapid increase of temperature with alti- 
tude. This variation is due, first, to the par- 
tial dissociation of oxygen and, secondly, to 
the diffusion of the constituents. 

As the dissociation of molecular oxygen 
begins to occur, for increasing height levels, 
in the lower thermosphere, one is no longer 
free to assume a constant molecular mass. 
Furthermore, comparing possible concen- 
trations of atomic oxygen between 100 km 
and 110 km, two extreme values may be 
found. The downward transport leads to 
n(O) =n/2(Ne2) and the photochemical equi- 
librium conditions to n(O) =2n(Ne). Instead 
of the constant ratio generally adopted 
n(O) =n/2(N2)—2n(Oz), it is necessary to 
consider 2(O) = n(N2). 

Absolute times of diffusion are derived 
for the redistribution of a constituent due to 
mixing. Characteristic times describe clearly 
how concentration changes occur in the 
thermosphere under the continuous effect of 
diffusion. In the light of the results, it is safe 
to consider that, in the thermosphere above 
110 km, all sufficiently inert and neutral 
constituents are subject to a diffusion equi- 
librium. Thus, the density in the thermo- 
sphere depends on a varying molecular mass 
decreasing rapidly according to the increas- 
ing ratio of atomic oxygen and molecular 
nitrogen concentrations. 

Ionospheric data, rocket and satellite 
observations have shown that the tempera- 
ture gradient must be very large in the 
thermosphere up to the highest altitudes. It 
appears that sufficient energy may be sup- 
plied to the thermosphere from two sources: 
at the lowest levels up to the F: peak by solar 
radiation and in the whole thermosphere by 
conduction from the coronal gas to the ter- 
restrial gas. 

A general picture of the behavior of the 
thermosphere is obtained. The thermosphere 
above 150 km may be described now as an 
atomic oxygen atmosphere subject to a con- 
duction equilibrium. Hydrogen atoms, be- 
cause of the small decrease of their density 
with height, must play a role at sufficiently 
high altitudes, 2.c., 900 km. Densities are 
not less than 10% gm/cm$ at 500 km and 
the atomic oxygen concentration is more 
than 109 atoms/cm? at 300 km. 

Developments in Radio Astronomy as 
Shown by the Paris-Moscow Meetings— 


he research reported in this paper has been 
LD Sec) by the Geophysical Research Directorate 
of the Air Force Cambridge Research Center, Air 
Research and Development Command, under Con- 


tract AF 19(604)-1304. 


K. M. Siegel, Department of Electrical Engi- 
neering, University of Michigan, and F. T. 
Haddock, The Observatory, University of 
Michigan—The Paris Meeting concerned 
the lunar atmosphere, and radar reflections 
from the moon, structure of the solar corona, 
observations of the quiet and disturbed sun, 
solar flares and sunspots, radio emission 
from the planets, extra galactic radio 
sources, the 21-cm line, and the radio source 
surveys and then attempted to associate 
radio sources with optical objects. 

The author’s visit to the USSR is dis- 
cussed in detail. 

Propagation Characteristics of 2.15 MM 
Radio Waves—C. W. Tolbert, C. O. Britt, 
and A. W. Straiton, Electrical Engineering 
Research Laboratory, The University of 
Texas—This paper describes radio propaga- 
tion measurements made at a wavelength of 
2.15 millimeters over paths from 0.69 to 1.5 
kilometers in length. Data on absorption by 
atmospheric gases and on fluctuations of sig- 
nal level due to atmospheric anomalies are 
presented. 

At an elevation of approximately one- 
fourth kilometer, the atmospheric attenua- 
tion is primarily due to water vapor. The 
range of the water vapor content of the at- 
mosphere during the measurement period 
was not sufficient to accurately determine 
the y intercept of the absorption curve 
plotted as a function of water vapor pressure. 

The slope of this curve was, however, ob- 
tainable with fairly high precision and found 
to be 0.25 db per kilometer per gram per cu- 
bic meter. This value is approximately ten 
times that predicted by Rogers from the 
commonly accepted line breadth constant. 

A comparison of the water vapor loss 
with previous measurements made by this 
Laboratory at other millimeter wavelengths 
shows that the deviation from Rogers’ cal- 
culations increases progressively as the fre- 
quency increases. 

Mean-Squared-Error of a Band-Limited 
Long Line-of-Sight Radio Link Affected by 
Atmospheric Turbulence{—D. S. Bugnolo, 
Columbia University—One possible measure 
of system reliability in the presence of at- 
mospheric turbulence is the notion of fidelity 
in a mean-squared sense. Given an arbitrary 
input x(é) and the output y(t), the fidelity is 
defined as 


v= [x() — »()]?. 


This paper is concerned with the prediction 
of system fidelity as an application of the 
general theory of scattering for arbitrary in- 


t This research was supported in whole or in part 
by the United States Air Force under Contract No. 
49(638)-350, monitored by the Air Force Office of 
Scientific Research of the Air Research and Develop- 
ment Command, 
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puts.* The results will be applied to the 
special case of a long line-of-sight radio link. 

It will be shown that the fidelity in a 
mean-squared sense of a band-limited long 
line-of-sight radio link is directly propor- 
tional to the bandwidth. 

The Phase Instability in a Microwave 
Ground Link—R. N. Ghose, Ramo-Wool- 
dridge Corporation—Tropospheric inhomo- 
geneities and the presence of the ground 
plane cause multipaths for wave propagation 
in a microwave ground link. Since the path 
conditions change with time due to tropo- 
spheric turbulences, the resultant signal at 
the receiving station changes in amplitude 
and phase with respect to time. For certain 
communication systems, it is desirable to re- 
duce the phase variation of the received sig- 
nal only, since the system performance de- 
pends only on the phase difference between 
the transmitted and received signals and 
not on its amplitude variation. 

The problem of the phase fluctuation or 
the phase instability of a signal in a micro- 
wave ground link has been studied in this 
paper. Attempts have been made to deter- 
mine the maximum and expected phase 
fluctuation due to various tropospheric con- 
ditions. 

The most commonly occurring multi- 
paths in a ground wave link are 1) the direct 
path between the transmitting and receiving 
antennas, and 2) the ground reflected path, 
both lying within the turbulent troposphere. 
It appears that, for such links, the maximum 
phase variation and its rate of change with 
respect to time depends on the reflection 
coefficient of the terrain. An upper bound of 
this reflection coefficient is determined by 
using Huygen’s principle. The maximum 
and expected values of the phase fluctuations 
and their time derivatives have been esti- 
mated for various statistical properties of the 
ground, 

An analysis for determining the expected 
level of the received signal in a microwave 
ground link in the presence of two and three 
independent tropospheric multipaths by 
using the principles of random walk is also 
included in the paper. 

Tropospheric Motions Observed in 
Rapid Beam-Swinging Experiments t—A. T. 
Waterman, Jr., Stanford Electronics Labora- 
tories, Stanford University—Through the use 
of a phased array, a narrow antenna beam 
can be swung rapidly and in quick succession 
through a limited sector. This technique has 
been employed in microwave transhorizon 
propagation experiments{ to observe rapid 
changes in atmospheric structure. A 0.5-de- 
gree receiving-antenna beam is swung 
through a 4.2-degree azimuthal sector facing 
in the direction of the distant, broad-beam 
transmitter at a rate of 10 times per second. 
The received signal takes on a variety of 
forms, some indicating multiple discrete 
angles of arrival and some just one, some 
showing rapid changes with time and others 
altering more slowly. 


* D. S. Bugnolo, “Correlation Function and Power 
Spectrum of Scatter Propagation Links for Arbitrary 
Inputs,” Columbia University Research Rep., 
AFORS TN-58-463, ASTI 158 270. 

7 The research reported in this paper was made 
possible through the U. S, Signal Corps under Con- 
tract DA36(039)sc-73151. 

ft Reported by the author at the URSI Spring 
Meeting, Washington, D. C.; April'26, 1958. 
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Further measurements of this nature are 
reported, with particular emphasis on their 
implications as to atmospheric motions. — 

Power Spectra of Temperature, Humid- 
ity and Refractive Index from Tethered 
Balloon Measurements—E. E. Gossard, 
U. S. Navy Electronics Laboratory—Meas- 
urements of fluctuations of temperature, hu- 
midity, and refractive index taken by teth- 
ered balloon are described and compared with 
aircraft refractometer data. Point spectra 
are computed at 500-feet intervals up to an 
altitude of 3000 feet MSL. Spectra taken 
under stable and unstable conditions are 
compared, and the various proposed spec- 
tral power laws (3/2, 5/3, 7/3, 9/3) are dis- 
cussed. Ensemble data taken with a micro- 
wave refractometer in an SNB-5 aircraft are 
described, and spectra taken within stable 
layers are compared with those taken under 
unstable conditions. 

Transhorizon UHF Radio Field Char- 
acteristics as a Function of the Meteorologi- 
cal Scale of Influence—W. F. Moler, U. S. 
Navy Electronics Laboratory—Results of 
correlation between transhorizon radio sig- 
nal characteristics and meteorological pa- 
rameters are presented. 

Median signal strengths for periods of the 
order of days are best correlated with the 
macrosynoptic meteorology of the middle 
and upper troposphere. The superposition of 
time-dependent mesoscale synoptic regimes 
upon a nearly constant macroscale regime 
may result in fades or signal enhancement of 
the order of hours or minutes. 

A mesoscale streamline analysis of air- 
flow over Southern California coastal waters 
shows that minor cyclonic or anticyclonic 
eddies which have strong effects upon scat- 
tered propagation radio fields may develop 
in a macroscale homogeneous air mass. The 
effects of the eddies upon radio fields appear 
to be independent of their location over the 
radio link, indicating the possibility of mul- 
tiple scattering events as the propagation 
mechanism rather than single scattering at 
midpath. 

Radar Terrain Cross Section at Micro- 
wave Frequencies—D. R. Bianco and C. S. 
Morris, Applied Physics Laboratory, The 
Johns Hopkins University—An_ experi- 
mental study is being made of the radar 
cross section of various terrain types such as 
grassland, trees, cropland, and sand. 

The system utilizes a 1000-cps modulated 
klystron, phase-sensitive lock-in detector, 
and separate receiving and transmitting an- 
tennas at X, Ky, and Kq band frequencies. 

The power returned from the terrain is 
measured relative to that returned from a 
calibrated standard Luneberg lens reflector. 
This is accomplished by reading the settings 
on attenuators which are adjusted manually 
so-as to cause the power received from the 
terrain to equal that received from the 
Luneberg lens reflector. This technique com- 
pletely avoids the difficulties inherent in 
measuring absolute power. 

The results will be presented and pre- 
liminary interpretation in terms of theoreti- 
cal models discussed, 

Precipitation Static on- Modern Aircraft 
—P. W. Couch, Communication and Navi- 
gation Laboratory, Wright Air Development 
Center—Aircraft frequently encounter strong 
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low- and medium-frequency radio interfer- 
ence when flying through precipitation. 
Radio reception aboard the aircraft is often 
completely masked or badly degraded at 
frequencies below 30 mc; VHF reception is 
occasionally affected. The noise is broad- 
band with a continuous spectrum, and pro- 
duces a loud hissing noise, very similar to 
shot-effect noise, in the receiver output. Be- 
cause it appears when flying through precipi- 
tation, the noise has been termed “precipi- 
tation static” in the United~States and 
England; in Germany it has been termed 
“hissing static.” 

Three different processes can contribute 
to the total noise. The basic phenomenon 
underlying all of these processes is the ac- 
quisition of electric charge by precipitation 
particles when they are struck by the frontal 
surfaces of an aircraft. Current flow charges 
the airframe to a voltage sufficient to estab- 
lish discharge currents in equilibrium with 
the charging current. The process by which 
charge is transferred from a highly electri- 
fied conductor to a surrounding gas, corona, 
is responsible for most of the noise encoun- 
tered on older types of aircraft, and is also 
the source of much of the noise on jet air- 
craft. Modern aircraft frequently employ 
antennas mounted underneath exterior sur- 
faces of dielectric material. When these sub- 
stances are exposed to particle impact, 
charge deposited on the insulating surface 
accumulates until flashover to the airframe 
occurs. This process, called “streamering,” 
produces strong pulses at fairly low repeti- 
tion rates, which can couple noise into an- 
tennas underneath, or close to, the dielectric 
surface. Antennas underneath dielectric sur- 
faces are also exposed to the electric field of 
charged particles on the dielectric surface. 
If the surface is exposed to particle impact, 
the very abrupt change in particle charge 
and voltage at impact can induce noise 
pulses in the antenna. Interference gen- 
erated in this fashion has been termed “par- 
ticle impact noise.” The magnitude is much 
smaller than noise from antenna corona and 
from streamering, and the intensity de- 
creases more rapidly with increasing fre- 
quency. 

Relation of speed to charging, discharg- 
ing, and noise levels, and the effectiveness of 
corrective measures, will be discussed in this 
paper. 

On the Electrostatic Theory of Lightning 
Discharges—H. W. Kasemir, U. Ss Army 
Signal Engineering Laboratories—The light- 
ning channel is substituted for by a very 
thin prolonged spheroid. For any given field 
pattern of the thundercloud the charge dis- 
tribution along the lightning channel and 
the field distortion are calculated. Very 
simple approximative formulas are derived 
for the channel capacity, the charge dis- 
tribution, the displacement, and the net 
charge destroyed by a lightning stroke. 

The different field variations on the 
ground are discussed. It will be shown that 
the electromagnetic theory of transients on 
long transmission lines can be applied to the 
main stroke of the cloud-to-ground dis- 
charge. In this way, characteristic features 
of this discharge mechanism like the speed 
of the traveling wave or reflections on 
branch points or the top of the lightning 
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stroke can be calculated from the geometri- 
cal dimension of the lightning and vice versa. 
Amplitude Probability Distribution 
Measurements of Atmospheric Radio Noise 
from 13 KC to 20 MC—W. Q. Crichlow, 
C. J. Roubique, and W. M. Beery, National 
Bureau of Standards—A method for con- 
verting the three moments of atmospheric 
radio noise measured by the ARN-2 re- 
corder into an amplitude probability dis- 
tribution was needed. In order to obtain 
data from which to develop an empirically 
derived graphical method, a distribution me- 
ter was constructed which when used in con- 
junction with the ARN-2 recorder allows 
simultaneous measurements to be made of 
the three moments (average power, average 
voltage, and average logarithm of the volt- 
age) and the amplitude probability distribu- 
tion over the range of 13 to 20 mc. The 
percentage of the time any level is exceeded 
is read directly, for a 100-db range of levels 
in steps of 2 db or more. The time duration 
of each statistical sample may be auto- 
matically preset within one second over a 

- range of one second to one hour. 

Representative distributions at eight fre- 
quencies are presented, with a discussion of 
their characteristics. 

A Graphical Method of Obtaining Am- 
plitude-Probability Distributions from Sta- 
tistical Moments of Atmospheric Radio 
Noise—W. Q. Crichlow and A. D. Spauld- 
ing, National Bureau of Standards—Meth- 
ods of converting the three statistical 
moments of atmospheric radio noise meas- 
‘ured by the ARN-2 recorder (average 

power, average voltage, and average lo- 
garithm of the voltage) into amplitude- 
probability distributions have been investi- 
gated. Using available data, an empirically 
derived graphical method was developed 
which has proven to be quite accurate. 

This graphical method and its develop- 
ment are presented along with representa- 
tive predicted and measured distributions at 
-eight frequencies. 

Some Unusual Features of the Tornado 
Oscillator that Accompanied the Blackwell 
Tornado—H. L. Jones, Oklahoma State Unt- 
versity—New information has been obtained 
relative to the tornado oscillator. The data 
obtained from the tornado oscillator of the 
Blackwell tornado of May 25, 1955 are being 
reexamined in order to evaluate the number 
of surges per second during the actual pe- 
riods of activity of the oscillator. Since each 
individual surge resulted in a directional pip 
on the 150-kc static direction finder, the 
directional pips from the Blackwell oscillator 
can be readily identified from the film rec- 
ords. 

In some instances the surge rates were 
found to be greater than 40 directional pips 
per second. The results from these studies 
may provide possible clues to the funda- 
mental nature of the tornado oscillator. 

Recent Results from the Whistler-West 

-IGY Program—R. A. Helliwell, J. H. Crary, 
R.L. Smith, and W. T. Kreiss, Radio Propa- 
gation Laboratory, Stanford University— 
Synoptic data from ten IGY whistler sta- 
tions located in the Pacific area are be- 
ginning to come in, A preliminary analysis 
of some of the data shows the following 1n- 
teresting features: 
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1) On occasion, whistlers observed si- 
multaneously at Stanford and Seattle 
appear to trigger bursts of strong 
chorus observed only at Seattle. 

2) “Nose” whistlers have been observed 
at Stanford with nose frequencies 
ranging from 6 to 35 kc. 

3) Whistlers have been observed simul- 
taneously at stations separated as 
much as 4100 km. 

4) Pure-toned whistler components are 
usually observed only at one station. 

5) The low frequency cutoff of whistlers 
appears to vary with time of day. 

6) Whistlers with echoes up to 20 ke 
have been observed, indicating that 
round-trip observation of whistler- 
mode signals from WVLF stations 
should be possible. 


These results will be illustrated and dis- 
cussed. 

Propagation of Electromagnetic Waves 
Along a Columnar Ionic Irregularity—F. H. 
Northover, Carleton University, Canada— 
Recent studies lend support to the theory 
that whistling atmospherics are caused by 
lightning flashes, the electromagnetic energy 
radiated by these being guided along discrete 
columnar ionic irregularities which follow 
approximately the lines of force of the earth’s 
magnetic field. The present paper examines 
the type of waves which can be guided by 
such columns, both for columns with a cen- 
tral ionic surplus and for columns with a 
central ionic deficiency. It is found that 
guiding can take place over well-defined 
frequency ranges and that there is a low 
frequency cutoff for the former type of col- 
umn. It appears necessary to suppose the 
coexistence of both types of column in order 
to explain by this means the relatively wide 
band of frequencies that are observed in the 
whistling atmospherics. 

Effect of Antenna Beamwidth and Upper- 
Air Wind Velocity on Fading of 4 KMC 
Waves Propagated Beyond the Horizon* 
—D. C. Hogg and L. R. Lowry, Bell Tele- 
phone Laboratories—Measurements and a 
simple theory of the short-term fading of mi- 
crowaves propagated beyond the horizon are 
discussed. The results show that the rate of 
fading is governed mainly by the horizontal 
beamwidths of the antennas employed and 
by the horizontal drift winds in the atmos- 
phere. A formula for the fading rate is cal- 
culated on the basis of the Doppler shift in- 
troduced by horizontal drift of numerous 
small layers randomly positioned throughout 
the atmosphere. 


1927, V BiBeBr u 
"VB B? + BeBe? + BeBe 
where V, is the component of the drift wind 
normal to the path; 6, 6, are the horizontal 
beamwidths of the antennas; and 8, is the 
effective horizontal scattering angle of the 
atmosphere. This formula is found to agree 
well with measurements using antenna beam- 
widths of various sizes. Calculations using 
upper-air wind data obtained by the U. S. 
Weather Bureau in the above formula 
compare favorably with the experimental 
data. 


* This work was supported in part by AF Contract 
18(600)-572. 
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Comparison of Short-Term Fading at 
4110 and 460 MC in Propagation Beyond 
the Horizon*—D. C. Hogg and L. R. Lowry, 
Bell Telephone Laboratories—The rate of 
fading of signals propagated over a 171- 
mile path at 4110 mc is compared with that 
of signals propagated simultaneously at 460 
me. Antennas with approximately the same 
beamwidths at the two frequencies were em- 
ployed. It is found that the ratio of the 
fading rates at the two frequencies at times 
is about nine times the ratio of the radio fre- 
quencies. However, often the ratio of the 
fading rates is 40 or 50. The high ratios 
usually occur during the early hours of the — 
morning and are caused by very slow fading 
at 460 me during these periods. 

The ratio of fading rates is found to be 
correlated with the ratio of the median re- 
ceived powers at the two frequencies. 

These results are interpreted in terms of 
the formation of large “wavy” layers during 
the early morning hours when the atmos- 
phere is believed to be most stable. 

Propagation into the Twilight Region by 
Guided Modes Contained in the Normal 
Air by Partial Reflections—T. J. Carroll and 
R. M. Ring, Air Force Cambridge Research 
Center—The whole set of modes guided 
around the earth by partial reflections con- 
tained in the gravitationally stratified in- 
homogeneous air of the troposphere and 
stratosphere supplies a simple understanding 
of twilight region propagation. Twilight 
fields, though weak and fading, are omni- 
present and useful, and have low attenuation 
rates which make them observable many 
hundreds of miles beyond the horizon. Be- 
yond the horizon, groups of modes corre- 
sponding to radiation inclined to the earth 
at somewhat different elevation angles with- 
in the antenna beams must be considered as 
phase incoherent, because of inevitable small 
perturbations of the phases and amplitudes 
of received modal fields, after guided propa- 
gation over long paths by air of refractivity 
which can never be considered to be com- 
pletely static in time to more than about 
three significant figures. Within, near, and 
just beyond the horizon, these same guided 
modes contained in the air by partial reflec- 
tion sum coherently to the same fields as 
given by classical 4/3 airless earth theory. 
In the twilight region beyond the horizon, 
the inevitable gradual onset of phase in- 
coherence among the modes propagated by 
the real air is responsible for the continual 
fading of the resultant field, and an average 
level somewhat above the field of the single 
mode of maximum contribution by partial 
reflection, with take-off and arrival angle 
corresponding to the lowest lobe of the 
vertical polar diagram. The partially re- 
flected ray from the postulated “escape 
height into free space” aloft is negligible 
especially for paths where this ray lies well 
outside the antenna beams. Transition from 
classical airless earth or completely coherent 
mode representations to the incoherent set 
of partially reflected modes responsible for 
the twilight region occurs a surprisingly 
short distance beyond the horizon. 

Spectral Analysis of Dual Frequency 
Multirange Beyond-the-Horizon Microwave 


+ This work was supported in part by AF Contract 
18(600)-572. 
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Scattered Fields—N. R. Ortwein, U. S. 
Navy Electronics Laboratory—Power spectra 
of X-band and L-band signals on three over- 
water beyond-the-horizon microwave paths 
are presented. Dependence on range, time, 
antenna aperture size, and frequency 1s 
shown. Spectra of off-axis scattered fields 
during synchronous beamswinging experi- 
ments are presented. Temporal and spatial 
auto- and cross-correlation functions, prob- 
ability distributions, and fading rates which 
have been obtained are also discussed. 

Dual-Frequency Multirange Overwater 
Measurements of Beyond-the-Horizon Mi- 
crowave Scattered Field Strength—R. U. F. 
Hopkins, U.S. Navy Electronics Laboratory 
—Tropospheric scatter propagation links 
using X band and L band were operated 
simultaneously on three overwater paths at 
ranges of 48, 144, and 190 miles. Experiments 
consisting of synchronized narrow-beam 
beamswinging, aperture comparison, and 
space correlation were performed at both 
frequencies and at three ranges. The results 
of the measurements of rapidly fading mean 
field strengths averaged over one minute 
samples are discussed. Methods of measure- 
ment and signal processing are also de- 
scribed. 

Sweep-Frequency Studies in Beyond- 
the-Horizon Propagation—W. H. Kummer, 
Bell Telephone Laboratories—One of the 
questions in beyond-the-horizon propaga- 
tion is the useful bandwidth of the propagat- 
ing medium. 

To study this problem, a frequency- 
sweep experiment was performed over a 171- 
mile experimental circuit. A 4.11-kmc trans- 
mitter was modulated at a 1000-cps rate 
over a 15-mc band. The receiver was swept 
nonsynchronously over the same band at a 
30-cps rate. The resultant pulses were dis- 
played on an oscillograph and photographed 
at the rate of one frame per second. 

The experiment used a 28-foot trans- 
mitting antenna and 8-, 28-, and 60-foot re- 
ceiving antennas. 

Sequences of selected sweep-frequency 
pictures will be shown for various antenna 
combinations and atmospheric structures. 

The selective fading characteristics and 
bandwidth will be discussed. 

Reciprocity and Scattering by Rough 
Surfaces—W. S. Ament, Naval Research 
Laboratory—Let a y=0 plane separate 
vacuum in y>0O from a granular, statisti- 
cally described medium in y <0. The statisti- 
cal problem is to estimate the specular 
reflection coefficient R and differential scat- 
tering cross section o per unit area of y=0, 
source and observer being in y >0. Assuming 
that electromagnetic reciprocity holds for 
any fixed configuration of the material in 
y <0, we first obtain statistical reciprocity 
theorems for R and o. In the standard self- 
consistent formulation of the problem, we 
then show that reciprocity is satisfied by the 
partial fields due to individual granules; this 
leads to approximate quasivariational ex- 
pressions for o guaranteeing its statistical 
reciprocity. We give sample results for 1) 


¥y<0 containing parallel, tilted, randomly . 


spaced plates for two polarizations, 2) 
scalar waves and y<0 containing random 
isotropic scatterers. Some approximate re- 
sults for case 2 are compared with the 
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exact results of Chandrasekhar’s “Radiative 
Equilibrium,” and compatibilities with re- 
quirements of the first two laws of thermo- 
dynamics are discussed. Finally, it is heuris- 
tically argued that short wavelength reflec- 
tion and backscatter become independent of 
polarization in the grazing limit. 

Early Results from the Equatorial Close- 
Spaced Chain of Vertical Sounding Stations 
—R. W. Knecht and D. W. Schlitt, Na- 
tional Bureau of Standards—In order to 
study better the nature and extent of the 
ionospheric anomalies which occur in the 
magnetic equatorial zone, for the IGY a 
chain of five vertical sounding stations has 
been established. 

Comparisons are made of 1) monthly 
median foF2 at the chain stations, 2) elec- 
tron density profiles along the chain, 3) 
occurrence of equatorial spread-F echoes, 
and 4) occurrence of equatorial-type 
sporadic E (E,-q). Also the time of occur- 
rence of equatorial E, and its relation to 
lunar phase is shown. 

Both the monthly median foF2 and the 
electron density profiles show horizontal 
gradients of ion density across the magnetic 
equator in the late evening. The observed 
gradients are equivalent to a 2° to 3° layer 
tilt with the low end being to the north. 

The frequency of occurrence of equatorial 
spread F and of equatorial E£,, and the 
strength of the equatorial , as indicated by 
fol, were used to give measures of the width 
of the equatorial zone. Spread F gives a zone 
of 20° in dip centered at the dip equator. 
Both £, parameters give a zone symmetrical 
about the dip equator 14° in width, which 
is about 400 miles in the north-south direc- 
tion. 

It is also found that the time in the 
morning when £,_q first begins to be ob- 
served continuously at Huancayo seems to 
show a relation to lunar phase, E,_q oc- 
curring earliest just prior to new and full 
moon. 

Study of Vertical Drift in the F Region 
from True Height Profiles*—S. Chandra, 
J. J. Gibbons, and E. R. Schmerling, Iono- 
sphere Research Laboratory, The Pennsyl- 
vania State University—The h’-f records of 
July and August, 1957 from four IGY sta- 
tions (Washington, Panama, Huancayo, and 
Talara) have been analyzed and presented 
in the form of diurnal plots of N at fixed 
real heights by Schmerling. The rec- 
ords exhibit large variations of N during 
night hours, indicating that the control is 
almost entirely by drift, and not by attach- 
ment. With this assumption the continuity 
equation can be integrated to give an ex- 
pression for the vertical drift, », which de- 
pends on measurable properties of the NV 
curves, but contains a constant of integra- 
tion % which cannot be directly determined 
from the data. Assumption of a constant 9 
gradient allows a determination of Vo. In 
this case drift velocities of the order of +15 
to —15 m/sec have so far been deduced. 

Some Effects of Strong Blast Waves 
Upon the Ionosphere—F. B. Daniels and 


* The research reported in this pa er h 
sponsored by the U.S.A. National Committe. te the 
IGY under Proj. No. 6.9 and by the Geophysics Re- 
search Directorate of the Air Force Cambridge Re- 
search Center, Air Research and Development Com- 
mand, under Contract AF19(604)-1304, 
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A. K. Harris, U. S. Army Signal Research 
and Development Laboratory—The blast 
wave initiated by a nuclear detonation ap- 
parently causes a number of ionospheric 
phenomena that have been observed with a 


_ vertical-incidence ionosphere recorder. The 


phenomena include: 1) a signal return that 
has the characteristics of sporadic E but 
that moves upward through the E region at 
sonic velocity; 2) disturbances in both the 
E and F regions above the blast apparently 
associated with the shock front; and 3) dis- 
turbances in the F region, observed at some 
distance from the blast, the nature of which 
is greatly influenced by the direction of 
travel relative to the geomagnetic field, and 
exhibiting two distinct velocities. 

Examples of some of these effects will be 
presented, including sequences of ionograms 
shown as a motion picture. Possible ex- 
planations will be given. 

Rocket Studies of Arctic Ionosphere— 
J. C. Seddon and J. E. Jackson, U. S. Naval 
Research Laboratory—Preliminary results 
are presented of ionospheric research con- 
ducted with Aerobee-Hi rockets fired at 
Fort Churchill, Manitoba, Canada. The 
electron density profiles are shown for three 
firings, a summer day, a winter day, anda 
winter night. The daytime profiles are quite 
similar to those measured over New Mexico 
at lat. 33°N. The one winter night flight 
showed very little ionization (less than 
20,000 el/cc) up to 165 km. Above 190 km, 
spread F caused the data to be so complex 
that only qualitative statements can be 
made. Differential absorption was also meas- 
ured on the two daytime flights during polar 
blackout conditions. The region between 60 
and 70 km accounted for the bulk of the ab- 
sorption at 7.75 mc. It was possible to com- 
pute in the D region the frequency of oc- 
currence of electron collisions with neutral 
particles, with the surprising result that the 
collisions were a factor of three less than has 
been believed previously. 

A Versatile Computer Program for Ob- 
taining Refractive Indices and Polarizations 
from the Appleton-Hartree Equations t— 
E. A. Mechtly, L. M. Meixsell, and J. J. 
Gibbons, Ionosphere Research Laboratory, 
The Pennsylvania State University—J. M. 
Kelso (1951, Ionosphere Research Labora- 
tory Report No. 24) has computed refrac- 
tive indexes and polarizations at a fixed fre- 
quency of 150 kc and fixed geomagnetic 
latitude of 19°8’ over a range of values of 
electron densities and collision frequencies 
by means of an IBM computer. 

C. Ross and C. S. Fluke (1953, Wright 
Air Development Center Technical Report 
53-96) have tabulated more extensive calcu- 
lations of refractive indexes and polariza- 
tions over ranges of frequency as well, but 
also for the most part, at fixed geomagnetic 
conditions, by means of the OARAC com- 
puter. 

The need has arisen for a computer pro- 
gram which will perform essentially the 
same computations as those of Kelso and 


{ The research reported in this paper has been 
sponsored by the Geophysics Research Directorate of 
the Air Force Cambridge Research Center, Air Re- 
search and Development Command, under Contract 
AF19(604)-1304, and in part by the Research Projects 
Office of the Army Ballistic Missile Agency, under 
Contract DA-36-061-ORD-577. 
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Ross-Fluke, but with the additional provi- 
sion for variations in the geomagnetic con- 
ditions. Such a program has been prepared 
for the Pennsylvania State University digital 
computer PENNSTAC. 

Another feature of the new program is a 
selective routine for extracting the square 
root of a complex number. This selective 
routine provides much greater accuracy 
than any of the possible fixed methods. 

Comparisons of computations made on 
PENNSTAC with the Kelso and Ross-Fluke 
tables are made. Applications of the new 
program are outlined. 

Coefficients for the Rapid Reduction of 

'-f Records to N-h Profiles without Com- 
puting Aids*—C. A. Ventrice and E. R. 
Schmerling, Jonosphere Research Labora- 
tory, The Pennsylvania State University— 
Tables of coefficients are presented by means 
of which h’-f records may be readily reduced 

_ to electron density-height profiles without 
the use of computing aids. The ordinary ray 
trace is utilized. No special assumptions con- 
cerning profile slopes are made. Account is 
taken of the earth’s magnetic field but colli- 
sions are neglected. The tables presented are 
for any station whose magnetic dip angles 
do not exceed 80°. 

The sensitivity of these coefficients to 
magnetic dip angle and gyrofrequency is dis- 
cussed. Sample h’-f records are reduced by 
means of the coefficients and the results are 
compared with those from the Budden 
matrix method. 

' Prediction of Lower Frequency Limits 
for F-Layer Oblique Transmissions by Di- 
rect Ray and by Pedersen Ray—B. Fulton, 
O. Sandoz, and E. Warren, Defence Research 
Telecommunications Establishment, Canada 
—The sharp decrease in received signal 
strength at the low frequency end of direct 
ray trace and Pedersen ray trace of oblique 
transmission records is explained as due to 
reflections at lower heights in both cases. 
Either the up-going ray or the down-going 
ray from the F layer can be reflected from 
the E layer if the frequency of the ray is less 
than or equal to the MUF of the E layer for 
the region of entry and angle of incidence. A 
slider constructed on this principle, and 
satisfying the geometry of the oblique path, 
has been used on vertical ionograms to pre- 
dict the cutoff of the direct ray. The cal- 
culated diurnal variation corresponds closely 
to the observed values for one-hop Ottawa- 
Saskatoon transmission and three-hop Ot- 
tawa-Slough transmission, CRPL LUF pre- 
dictions are presented for comparison of the 
two methods. 

In the case of the Pedersen ray trace, 
certain “high-angle” reflections are not pos- 
sible because of previous “low-angle” reflec- 
tions. Those “high-angle” reflections which 
are obscured depend on the height and 
density distribution of the F layer, and the 
transmission distance. A slider was obtained 
from theoretical considerations and was 
superimposed on vertical ionograms. The 
predicted oblique frequencies agree well with 


* The research reported in this paper has been 
sponsored by the U.S.A. National Committee for the 
IGV under Project No. 6.9 and by the Geophysical 
Research Directorate of the Air Force Cambridge Re- 
search Center, Air Research and Development Com- 
mand, under Contract AF19(604)-1304. 
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observed values taken from the Ottawa- 
Slough records. 


The Oblique Propagation of Long and 
Very Long Waves—Abnormal Phenomena 
Associated with Great Geomagnetic Storms 
—J. S. Belrose, Defence Research Telecom- 
munications Establishment, Canada—During 
and after great magnetic storms the diurnal 
variations of the phase and amplitude of 
the skywave, of long and very long waves, 
are markedly abnormal. The primary storm 
effect, during the greatest intensity of the 
geomagnetic storm, shows in the radio data 
as an ionization storm in the nighttime 
lowest ionosphere. The radio waves show 
rapid, large, irregular fluctuations of am- 
plitude and phase. The reflection conditions 
start to return to normal, after cessation of 
the magnetic fluctuations, until 3-4 days 
after the start of the storm when the noc- 
turnal ionization in the lowest ionosphere is 
markedly enhanced. This anomaly can last 
for a period of 1-6 nights, with a gradual re- 
turn to normal. An outstanding feature of 
this after effect is the “calmness” of the 
earth’s magnetic field throughout the period 
which shows the greatest radio effects. The 
radio observations indicate that a change in 
the atmosphere, such as an increase in the 
negative ion content, must occur during this 
time. 

Geometric-Analytic Theory of Transition 
in Electrical Engineering—E. F. Bolinder, 
Electromagnetic Radiation Laboratory, Air 
Force Cambridge Research Center—A geo- 
metric-analytic theory of transition is pre- 
sented and applied to circuit theory. A 
transition from one state to another is repre- 
sented in a complex plane by two points 
which, by the variation of a parameter, ap- 
proach each other, coalesce, and then sepa- 
rate along trajectories perpendicular to the 
original trajectories. 

Three analogous cases are treated: 


1) movements of fixed points in the com- 
plex reflection coefficient plane by 
varying the frequency, 

2) movements of saddle-points in the 
complex frequency plane by varying 
the time, 

3) movements of poles in the complex 
frequency plane by varying the fre- 
quency. 


In the analytic treatment the linear frac- 
tional transformation or Mébius trans- 
formation is used, which makes conformal 
graphical methods applicable in the geo- 
metric treatment. Such a method is, for ex- 
ample, the isometric circle method. 

By stereographically mapping the com- 
plex plane on the Riemann sphere, it is 
shown that a transition can be represented 
in three dimensions by the movements of 
two straight lines, each being the polar of 
the other with respect to the sphere. The 
transition takes place when both lines are 
perpendicular and tangent to the sphere at 
a point corresponding to the transition 
point. 

Inductive Probability in Radar and Com- 
munications—L. S. Schwartz, College of 
Engineering, New York University—In the 
classical approach to radar and communica- 
tion problems a model for the long-term 
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statistics of the signal and the noise are as- 
sumed, and probabilities of error are com- 
puted for given decision parameters. This 
might be called the method of direct estima- 
tion of error probability. The assumptions 
and the resulting probabilities of error de- 
termine the integration time and the in- 
formation rate consistent with a specified 
reliability of operation. The effectiveness of 
this method is dependent on how closely 
the actual and the assumed states of prior 
information agree. An alternate approach is 
to take observations and from the observa- 
tions obtain an estimate of the probability 
of error for decision parameters which vary 
in response to changing conditions of opera- 
tion. This might be called the method of 
indirect estimation of error probability. This 
estimate is then used to control the number 
of integrations and the information rate. To 
do this also requires certain prior informa- 
tion such as some knowledge concerning the 
degree of independence of the signal and the 
noise and concerning essential distinguishing 
features. This latter prior information will, 
however, be insufficient in general to com- 
pute probabilities of error. Therefore, the in- 
direct method should be used where ade- 
quate prior information is unavailable. 

Carnapt has developed a system of in- 
ductive probability involving logical rela- 
tions between propositions which seems well 
suited to the indirect estimation of error 
probabilities. This paper applies Carnap’s 
concept of probability to the problem of con- 
trolling the number of integrations in radar 
and to adjusting decision threshold settings 
in communication systems, in accordance 
with observed data. The consequences to 
detection probability and information rate 
are examined. An illustrative application is 
made to radar and to a decision feedback 
communication system.{ 

Capacity of Channels with Memory— 
G. H. Myers, Bell Telephone Laboratories— 
Communications channels with memory are 
encountered in many practical problems, 
and are usually more difficult to analyze than 
than memoryless systems. Considerable in- 
terest has been aroused in the literature by 
such cases. The theoretical work by Fein- 
stein, Khinchin, and Wolfowitz concerning 
the basic nature of such channels is analyzed. 
Methods for actually calculating channel 
capacity in these cases, such as those pro- 
posed by Muroga, Bellman, and Kalaba 
are presented, along with some recent work 
by the author on channels which have mem- 
ory of previous outputs as well as of previous 
inputs. 

Analytic expressions for the various en- 
tropies encountered in such channels, as well 
as the form of the capacity equation and 
methods for computing the capacity, are 
discussed. 

On the Identity of Absolute Capacity and 
Ergodic Capacity of a Discrete Stationary 
Channel with Finite Memory—S. S. L. 
Chang, College of Engineering, New York 
University—In their investigations on the 
foundations of information theory, Khin- 


{+ R. Carnap, “Logical Foundations of Probabil- 
ity,” University of Chicago Press, Chicago, IIl.; 1950. 

t B. Harris, A. Hauptschein, and L. S. Schwartz, 
“Optimum decision feedback systems,” 1957 IRE Na- 
TIONAL CONVENTION RECORD, pt. 2, pp. 3-10. 
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chin* and Feinstein} have shown that for a 
stationary channel with finite memory, a set 
of signaling alphabets can be transmitted 
with as little error probability as desired at 
a rate up to the ergodic capacity{ of the 
channel. Both authors expressed the opinion 
that the question is still unanswered whether 
information can be transmitted essentially 
error free at a rate larger than the ergodic 
capacity C.. 

The above question is answered in the 
negative by proving the following statement 
which obviously contradicts the definition 
of ergodic capacity: “If, from whatever 
source a set of NV signals of length » can be 
generated such that either a) the set is 
transmitted error free and N>2”e, or b) as 
m approaches infinity, N approaches 2”¢, 
C>C,, and the error probability approaches 
zero, holds, an ergodic source can be con- 
structed with a higher rate of transmission 
through the channel than C.” 

Some Practical Aspects of Signal- 
Compression Coding—A. E. Laemmel, Mz- 
crowave Research Institute, Polytechnic In- 
stitute of Brooklyn—Most of the studies of 
digital codes in communication systems have 
dealt with the reduction of errors. While the 
fundamental principle of using message re- 
dundancy to reduce required channel capac- 
ity has been understood for some time, 
several subsidiary problems seem to have 
limited the application of these ideas to 
practice. It is the purpose of this paper to 
review what is known of compression coding 
itself, and also of the following related prob- 
lems: prevention of increased susceptibility 
to channel errors, economy of coding ap- 
paratus, methods for message analysis to 
find the required redundancies, and the 
synchronization of coder and decoder. 

On Synthesis of Information Networks— 
R. Ash, Columbia University—Consider the 
following problem. Given 1) a number of 
information channels, each with a specified 
capacity of information flow, and 2) a num- 
ber of relay stations (or junctions). Find a 
topological arrangement of the channels (or 
elements of a connected graph with the 
specified weights) such that the maximum 
flow of information between any two junc- 
tions exceeds a specified constant. This 
problem is shown to be closely related to the 
synthesis problem of a linear connected 
graph with a specified cut set matrix. A syn- 
thesis procedure is demonstrated with ex- 
amples. 

The problem proposed in this paper is 
related to the work done by Elias, Feinstein, 
and Shannon.§ However, the latter paper is 
concerned with the analysis of information 
networks, while the present paper indicates 
a method of synthesis for a certain class of 
networks. 

Proofs of Some Network Theorems by 
Topological Formulas—S. L. Hakimi and W. 


* A, I. Khinchin, “Mathematical Foundations of 
Information Theory” (English translation by R. A 
Silverman and M. D, Friedman), Dover Publications, 
Inc., New York, N.Y.; 1957. 

Feinstein, “Foundations of Information 
Theory,” McGraw-Hill Book Co., Inc., New York, 
N.Y.; 1958. 

f Maximum rate of transmission taking over ail 
ergodic inputs. 

§ P. Elias, A. Feinstein, and C. E, Shannon, “A 
note on the maximum flow through a network,” IRE 
TRANS. ON INFORMATION THEORY, vol. IT-2, pp. 117- 
119; December, 1956. 
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Mayeda, University of Illinois—The ele- 
mentary transformation of the trees of a net- 
work is introduced to obtain the necessary 
and sufficient condition so that a polynomial 
in a network function may have missing 
powers. It is shown that the numerator of 
the transfer function is a polynomial which 
cannot have more than two successive miss- 
ing coefficients, unless there are some factor 
cancellations with the denominator of the 
transfer function. This result is useful in 
topological synthesis where one must decide 
on the minimum number of vertices and 
geometry of the network. Furthermore it is 
shown that in transfer function synthesis 
sometimes surplus factors (7.e., common fac- 
tors of the numerator and denominator) are 
necessary. Using the topological formulas, 
an alternative and simple derivation of 
Fialkow and Gerst coefficient condition is 
obtained. Finally, frequency and magnitude 
scaling from a topological point of view are 
discussed. The object of the paper is to sug- 
gest the usefulness of network topology and 
especially topological formulas in a variety 
of problems related to network synthesis. 

Angular Scintillations of Cassiopeia—B. 
Nichols and J. L. Rosson, Cornell University 
—Since November, 1957, measurements of 
the angular scintillations of the Cassiopeia 
radio source have been made at Ithaca, 
N. Y., at a frequency of 53 mc. Continuous 
observations have been made using travel- 
ing-wave antennas arranged as phase- 
switched interferometers on both North- 
South and East-West baselines, with 50 
wavelength separations. The antennas are 
fixed but so designed that Cassiopeia re- 
mains in the antenna beam continuously. 
Angular measurements are made using a 
servo system which varies a time-delay unit 
so as to keep the source at an interferometer 
null. 

Using the North-South interferometer 
system near lower culmination of the source, 
variations greater than 1.3 degrees of arc 
have been observed, with a maximum rate of 
change of 2.5 minutes of arc per second of 
time. Using the East-West interferometer 
system near upper culmination of the source, 
variations as high as 10 minutes of arc have 
been observed with a maximum rate of 
change of 0.4 minute of arc per second of 
time. 

The amplitude of the interferometer pat- 
tern exhibits long-time decreases that cannot 
be attributed to the measuring system or to 
absorption in the ionosphere. These are un- 
doubtedly due to the loss of phase correla- 
tion of the signals received at the two in- 
terferometer antennas. The decreases in 
amplitude are centered about lower culmina- 
tion and are correlated with large variations 
in the angle of arrival. 

Observations of the Zenith Angle De- 
pendence of Radio Star Scintillations at 
Manchester, England and College, Alaskall 
—C. G, Little,** Geophysical Institute, Uni- 


{| The research reported in this 3 
i paper was spon- 
sored by the Rome Air Development Center eee 
Contract AF30(635)-2886 with Cornell University. 
||. The analysis described in this paper was spon- 
Re Ree air Devan ee Center of the 
search an evelopme 
Sontract AF30(635)-2887, pment ConmiavaaesS 
ow at the National Bureau of 
Boulder Laboratories, Boulder, Gol oS sy 
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versity of Alaska—Observations of the zenith 
angle dependence of the scintillations of the 
Cygnus and Cassiopeia radio sources at 
Manchester, England and College, Alaska 
are discussed. The following effects are de- 
duced from the data: 1) a marked increase in 
scintillation activity with magnetic latitude, 
2) a decrease in the diurnal variation of 
scintillation activity with increasing mag- 
netic latitude, 3) a dependence of the scin- 
tillation activity upon magnetic time, 4) an 
elongation of the irregularities along the 
magnetic lines of force, and 5) a reduction of 
the intensity of the scintillation activity of 
the Cassiopeia source, relative to the Cygnus 
source, owing to the larger angular size of 
the former. Some information on the magni- 
tude of these different effects at the two 
sites is presented. 

Comparison of Phase and Amplitude 
Radio-Star Scintillations with Other Iono- 
spheric Phenomena—R. S. Lawrence, Na- 
tional Bureau of Standards—Simultaneous 
phase and amplitude measurements of 
Cygnus-A, made principally at 53 and 108 
mc, show that the fluctuations in apparent 
position are usually, but not always, uncor- 
related with those in apparent source 
amplitude. 

The scintillations observed at Boulder 
are compared with ionograms taken simul- 
taneously at Ellsworth, Neb. Ellsworth lies 
beneath a point where the line of sight from 
Boulder to Cygnus-A penetrates the 100-km 
level. In the comparison particular attention 
is given to spread F and sporadic E. The 
depth and rate of nighttime scintillations in- 
crease with both these phenomena and also 
with the minimum frequency at which the F 
region can be observed, but the correlation 
is far from perfect. 

The relationship of these observations to 
the problem of determining the height of 
origin of scintillations is discussed. 

Incoherent Scattering of Radio Waves by 
Free Electrons with Applications to Space 
Exploration by Radar—W. E. Gordon, Cor- 
nell University—Free electrons in an ionized 
medium scatter radio waves weakly. Under 
certain conditions only incoherent scattering 
exists. A powerful radar can detect the in- 
coherent backscatter from the free electrons 
in and above the earth’s ionosphere. The 
received signal is spread in frequency by the 
Doppler shifts associated with the thermal 
motion of the electrons. 

On the basis of incoherent backscatter by 
free electrons a powerful radar, but one 
whose components are presently within the 
state of the art, is capable of 


1) measuring electron density and elec- 
tron temperature as a function of 
height and time at all levels in the 
earth’s ionosphere and to heights of 
one or more earth’s radii; 

2) measuring auroral ionization; 

3) detecting transient streams of charged 
particles coming from outer space; 

4) exploring the existence of a ring cur- 
rent. 


The instrument is capable of 


1) obtaining radar echoes from the sun, 
Venus, and Mars, and possibly from 
Jupiter and Mercury; 
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2) receiving from certain parts of femote 
space hitherto-undetected sources of 
radiation at meter wavelengths. 


A Theory of Electrostatic Fields in a Non- 
homogeneous, Nonisotropic Conducting Me- 
dium, with Application to the Ionosphere— 
D. Farley, Jr., Cornell University—A theory 
is developed to describe quantitatively the 
idea that, in an ionized gas subject to an 
imposed magnetic field, the lines of magnetic 
flux are approximately equipotential lines. 
With the ionosphere in mind, the case in 
which the gas is stratified perpendicular to 

- the magnetic field is considered. The analysis 
shows that the variation of conductivity 
with height in the ionosphere strongly affects 
the electrostatic equations, in some cases 
more than the nonisotropy due to the mag- 
netic field. 

With a view towards elucidating the 
phenomena of spread-F and radio star scin- 
tillation, small-scale electrostatic fields are 
considered. For a reasonable model of the 
ionosphere, it is shown that it is possible, 
under certain conditions, for a horizontal 
electric field one kilometer or larger in ex- 
tent, at a height of about 120 kilometers or 
greater, to produce a similar localized elec- 
tric field in the F region not appreciably re- 
duced in strength. The height of the source 
is a very important factor. The strength of 
the field in the F region may be reduced by 
as much as a factor of ten, in some cases, if 
the height of the source is reduced by 10 
kilometers. 

Evidence for a 200-MC Ionospheric For- 

ward Scatter Mode Associated with the 
Earth’s Magnetic Field*—J. L. Heritage, S. 
Weisbrod, and W. J. Fay, Smyth Research 
Associates—In July, 1958, two experiments 
were carried out to study the gross features 
of an ionospheric scatter mode observed at 
200 mc in the southwestern United States. 
The transmitter is pulsed, high-powered, and 
transmits during alternate one-minute pe- 
riods on one of two pencil beams, differing 
in azimuth by 5 degrees. The direction of 
transmission is southeast to northwest, and 
the hot spots, or areas of strong illumination 
in the E layer, are about 850 km from the 
transmitter. 

Contours representing specular reflec- 
tion from earth magnetic field lines passing 
through the hot spots were calculated. In 
the first experiment one mobile receiver was 
positioned on the specular contour for each 
beam. Both receivers were well south of the 
great circle paths. As the beams were 
switched, the level of the scatter signal 
changed in antiphase at the two receivers, 
suggesting that the scattered energy is fairly 
sharply peaked about the specular contour. 
The scatter signal was characterized by 
rapid fading, absence of a clear height-gain 
function at the receiver, and broad angle of 
arrival in azimuth. 

The second experiment used one receiver 
on the great circle path and the second on 
one of the specular magnetic field contours. 
No scatter-type signals were observed on the 
great circle while the station located on the 


* This work was carried out under the sponsorship 
of Rome Air Development Center, Air Research and 
Development Command, Griffiss Air Force Base, 
N. Y., under Contract No. AF30(602)-1624. 
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magnetic contour showed the usual rapid 
fading scatter signals. 

The Simultaneous Observation of Me- 
teor Echoes over a 1250-KM Path at Two 
VHF Frequencies}|—M. L. Meeks, J. C. 
James, and J. B. Berry, Georgia Institute of 
Technclogy—Simultaneous transmissions at 
49 and 74 mc, originating at Walpole, 
Mass., were received at a site near Columbia, 
S. C., via scattering from meteor trails (and 
also by ionospheric scatter at 49 mc). Two 
entirely separate receiving systems were 
used on each frequency, and the four receiver 
outputs, together with the simultaneous dif- 
ferences in the two signals on each fre- 
quency, were recorded on a six-channel Edin 
recorder. The meteor-signal rates were com- 
pared for various combinations of antenna 
heights on each frequency, and the shapes of 


‘the recorded bursts were compared at these 


frequencies. No large effects of antenna 
height on average signal rate were observed 
even though the terrain in front of the re- 
ceiving antenna was sufficiently flat and un- 
cluttered to permit the formation of well- 
defined interference lobes. Height differences 
in the antennas, however, did decorrelate 
the peak amplitudes of the echoes from un- 
derdense trails. The decay time-constants 
were observed to be 2.2 times greater at the 
lower frequency as predicted by theory. 

Wave Propagation Through Ionized 
Gases—F. J. Tischer, The Ohio State Uni- 
versity—The theory of wave propagation 
through nonhomogeneous ionized gas is re- 
viewed and plasma resonance discussed. 
Plasma resonance affects the wave propaga- 
tion particularly in the case of small irregu- 
larities of ionized gas. The resonance effects 
cause scattering of the passing wave energy. 
Scattering cross sections are calculated and 
discussed for a number of interesting cases. 

A Surface Wave Antenna Paradox— 
F. J. Zucker, Azr Force Cambridge Research 
Center, and A. F. Kay, Technical Research 
Group, Inc.—Antenna engineers calculate 
the radiation pattern of a surface wave an- 
tenna by integrating the tangential field 
component of the surface wave over the 
length of the antenna. This results in a sin 
x/x-type pattern, which is perturbed by di- 
rect radiation from the feed. (Method I.) 

An alternative method would be to start 
with an infinitely long antenna and, follow- 
ing Sommerfield, calculate the direct feed 
radiation and the surface wave excited by 
the source. If the antenna is now made finite 
in length, the terminal discontinuity will 
diffract the incoming surface wave, the re- 
sulting radiation field interfering with that 
from the feed to produce the total antenna 
pattern. (Method II.) ; 

We choose the simple two-dimensional 
case of a reactive strip embedded in an in- 
finite ground plane, excited by a line source 
located above its center. Assuming equal 
excitation efficiencies of the source, the two 
methods should result in identical patterns. 

This turns out not to be so. The two 
methods in fact imply entirely different 
mechanisms of surface wave antenna radia- 
tion, and lead to contradictory design prin- 
ciples for such antennas. 


h earch described in this paper has been 
We atoe be the Air Force Cambridge Research 
Center under Contract No. AF19(604)-1593. 
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To resolve the apparent paradox, we 
show that turbulence in the surface field 
near the feed, which Method I neglects, 
plays an important part in forming the an- 
tenna pattern. This neglect accounts for the 
discrepancy between the two methods. 

If, as is usually the case, the surface wave 
antenna is excited at one end instead of in 
the center, Method II needs to be modified. 
We indicate the nature of this modification, 
and also show why Method I, in spite of its 
serious shortcomings, nevertheless yields cer- 
tain results that are useful in engineering de- 
sign, 

Four-Dimensional Antenna Systems— 
H. E. Shanks and R. W. Bickmore, Hughes 
Aircraft Company—This paper describes an 
entirely new and fundamental technique 
which has wide application to many fields of 
the antenna art as well as important system 
implications. It is the object of these con- 
cepts to provide an additional degree of free- 
dom to the antenna operation which results 
in a greatly enhanced information handling 
capacity. In addition this technique allows 
synthesis of antenna radiation character- 
istics which might be unobtainable by con- 
ventional methods. 

The essence of this philosophy is the 
utilization of the time domain as an addi- 
tional variable with which to control an- 
tenna radiation characteristics. One way to 
accomplish this is by periodically time 
modulating one or more of the antenna 
parameters (aperture excitation, aperture 
shapes, frequency, phase distribution, aper- 
ture size, etc.) in a prescribed way. The re- 
sult of this modulation is a radiation pattern 
whose characteristics are periodically chang- 
ing as a function of time. By virtue of the 
periodic nature of the pattern fluctuations, 
an infinite number of independent informa- 
tion channels are available corresponding to 
the harmonic frequency components of the 
modulated patterns. Since each harmonic 
will, in general, have a different space factor 
associated with it, proper data processing 
can be utilized to provide simultaneous op- 
eration of a single antenna in a variety of 
modes. 

The general theory is presented and is 
applied to such typical applications as: Si- 
multaneous Scanning (Radar-Vision), Mul- 
ti-Pattern Operation, Simultaneous Lobing, 
and Sidelobe Suppression. Mathematical de- 
tails are discussed as well as important prac- 
tical considerations, such as: system require- 
ments, countermeasure capability, error 
analysis and possible physical configura- 
tions. Preliminary experimental results, veri- 
fying the general theory, are also presented. 


A Reciprocity Relation for Nonperiodic 
Fields—G. Goubau, Signal Engineering Lab- 
oratories—A reciprocity relation will be 
derived which is applicable to electromag- 
netic fields of any time dependence. This re- 
lation formulates cross-correlation properties 
between two arbitrary fields EZ, (¢), H, (¢) and 
E,(—t), He(—t) within a space free of 
sources. If both fields have the same time 
dependence factor e/* the relation reduces 
to the well-known Lorentz reciprocity theo- 
rem. The relation may therefore be con- 
sidered as a generalization of this theorem to 
nonperiodic fields. The generalized theorem 
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is also applicable to fields of movable 
sources. Some applications will be discussed. 

The Far Fields Excited by a Point Source 
in a Dissipationless Passive Anisotropic 
Uniform Waveguide—A. D. Bresler, Micro- 
wave Research Institute, Polytechnic Institute 
of Brooklyn—It is shown that when a point 
source is introduced into any dissipationless 
passive uniform waveguide at a point whose 
axial coordinate is =z, then the far fields, 
|z—zg!|—>00, excited by this source will con- 
sist only of some superposition of propagat- 
ing modes (z.e., modes characterized by real 
propagation constants). If, as is often the 
case in anisotropic waveguides, the direction 
of the net power flow associated with a 
propagating mode is opposite to its direc- 
tion of (phase) propagation, then it is shown 
that this mode contributes to the far field 
only in that direction for which the power 
flow associated with the mode is directed 
away from the source. The proof given is 
based on the known properties of the fre- 
quency dependence of the physical param- 
eters of any linear passive system in which 
the causality restriction is satisfied. 

The Calculation of Reflector Antenna 
Polarized Radiation—L. E. Raburn, General 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


Electric Company—A procedure is described 
for calculating the cross-polarized as well as 
the direct-polarized directive patterns of 
paraboloid reflector antennas. The two 
orthogonal components of the illumination 
field radiated by the primary feed are first 
assumed or measured. These components are 
assumed to propagate from a phase center 
point to the reflector surface and then into 
the aperture with new values which are cal- 
culated by simple trigonometric equations. 
The far-field patterns are then calculated by 
integration of these aperture plane fields. A 
practical example is given which employs 
integration by a limited number of ele- 
mental area-moments. 

High-Frequency Diffraction of Electro- 
magnetic Waves by a Circular Aperture in 
an Infinite Plane Conducting Screen—S. R. 
Seshadri and T. T. Wu, Gordon Mc Kay 
Laboratory of Applied Science, Harvard Uni- 
versity—The scattering of plane electromag- 
netic waves of wave number & by a circular 
aperture of radius @ in an infinitely con- 
ducting plane screen of zero thickness and 
infinite extent is considered. An exact solu- 
tion to this problem was obtained by the 
method of separation of variables of the 


wave equation in oblate spheroidal coordi- 
nates. But the solution in the form of a 


series of eigenfunctions converges slowly at | 


high frequencies. In this paper, the high fre- 
quency problem is treated in an alternate 
way and the asymptotic series for the trans- 
mission cross section is found up to the order 
(ka)-/2, for the case of normal incidence. 

The formulation is based on the integral 
equation for the current induced on the 
shadow side of the screen. In this formula- 
tion the geometrical optics part separates 
out in a ‘natural way in the expression for 
the transmission cross section. Two simul- 
taneous integral equations are obtained for 
the two components of the current on the 
shadow side of the screen. The radial and 
the angular components of the current have 
simple dependencies on the angle variable 
and the integrals occurring in the kernels of 
the integral equations are approximated by 
an asymptotic evaluation with respect to the 
angle variable. The resulting simultaneous 
integral equations for the components of the 
current involve only the radial coordinate 
and are of the Wiener-Hopf type. These are 
solved by an iterative procedure using the 
Fourier transform. 
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MISSILE INSTRUMENTATION 
AND CONTROL I 


Inertial Guidance of Ballistic Missiles, J. S. 
Farrior, Army Ballistic Missile A gency—A fan- 
tastically accurate, relatively simple, and en- 
tirely self-contained apparatus is being used to 
guide both long and short range ballistic mis- 
siles. This ingenious device, the Intertial Guid- 
ance System, contains precision instruments 
known as “accelerometers” which measure the 
missile accelerations in accurately known direc- 
tions permitting on-board computation of the 
instantaneous velocity and distance traveled. 
Using this data, it is possible to derive path 
guidance signals in yaw and pitch and also 
thrust cutoff signals. 


Telemetry Techniques for Satellite Vehicles, 
O. B. King, Army Ballistic Missile Agency— 
Data transmission systems for satellite vehicles 
involve the same factors associated with any 
communication link. In addition a number of 
additional parameters become of prime impor- 
tance. In many instances a number of these re- 
quirements conflict directly. The paper outlines 
these problems and discusses techniques which 
shave been evolved to provide workable solu- 
tions. To illustrate the practicality of these ap- 
proaches representative component designs 
developed for satellite applications are de- 
scribed. In conclusion probable future trends 
are enumerated. 


Spatial Attitude Control of Explorer I, 
F. Digesu, Army Ballistic Missile Agency— 
This report gives a derivation of the Euler equa- 
tions governing the motion of the Jupiter C top 
(with its gyroscopic moments in pitch and yaw 
due to the rotating solid propellent 2nd, 3rd, 
and 4th stages) from the time of separation of 
the Redstone booster until firing of the solid 
stages for orbital injection of Explorer I at 
apex. 

The derived equations are then used to show 
how Guidance and Control Laboratory de- 
signed a conventional control system which 
tilted and held the top unit in the prescribed 
firing direction for ignition at Stage II. 

Also, a brief description of the computer set- 
up used in the Flight Simulation study of the 
in-flight dynamics of the top unit and the con- 
trol system is given. 

Finally, a comparison between predicted 
and actual (telemetered) flight control dynam- 
ics is offered as justification of the design phi- 
losophy followed. 


The Importance of the Systems Concept in 
Missile Systems, S. L. Johnston, Army Rocket 
and Guided Missile Agency—The advent of the 
guided missile system, with its merger of many 
technical fields which formerly functioned 
separately, requires that a new look be given to 
the interrelationships between these fields. 
Composition of a guided missile system is dis- 
cussed and some of the interrelationships are 
considered, with principal attention being given 
to the guidance subsystem. Goals for the opti- 
mization of a guided missile are cited to show 
that no subsystem can be considered as a sepa- 
rate isolated item. 


MISSILE INSTRUMENTATION 
AND CONTROL II 


Performance of Copper Mandrel Potentiome- 
ters in AC Operational Amplifiers, H. H. Hosen- 
thein, Army Ballistic Missile Agency—In ac 
analog computers which use suppressed carrier 
amplitude modulation, the gain setting of the 
operational amplifiers can be accomplished by 
means of a precision variable feedback resist- 
ance. If this variable feedback resistance con- 
sists of a multiturn copper mandrel potentiom- 
eter, considerable phase errors result from the 
distributed capacity between resistance wind- 
ing and copper mandrel. This paper presents an 
analysis of this effect, based on transmission 
line theory. 

A simple method of phase error compensa- 
tion is presented whereby the potential of the 
copper mandrel is held close to one-third the 
potential of the potentiometer slider with re- 
spect to the beginning of the resistance wind- 
ing. A figure of merit of compensation is estab- 
lished. The stability of the operational ampli- 
fier with phase error compensation is discussed. 
Practical circuit configurations employing 
phase error compensation are presented. 

By means of the modulation-equivalent 
method of analysis (reference 2), the effect of 
the distributed capacity of the copper mandrel 
potentiometer upon the amplitude and phase 
of the modulating signals is derived from the 
modulation-equivalent direct and quadrature 
transfer functions. 


An Approach to the Data Transmission Prob- 
lems of Ballistic Missiles, W. O. Frost, Army 
Ballistic Missile Agency—The paper begins 
with a brief description of some of the out- 
standing problems encountered in missile-to- 
ground data links. Some of the factors which 
make the problems different, and in most cases 
more difficult than other applications of telem- 
etry, are mentioned. 

The discussion then proceeds to the ap- 
proach to these problems taken in the R and D 
versions of the Redstone and Jupiter Missiles. 
An account of the telemetry systems developed 
for these missilesis given with system and hard- 
ware descriptions. The paper concludes with a 
comparison of the old and new systems with 
emphasis on the miniaturization and other 
improvements that have resulted from state 
of the art advances and experience with the 
previous systems. 


Transistor Circuits Alter Frequency Response 
of Magnetic Amplifiers, J. C. Taylor and C. L. 
Wyman, Avmy Ballistic Missile Agency—One 
of the most serious limitations of full-wave 
magnetic amplifiers is their relatively long time 
constant associated with the control winding. 
Furthermore, the variance of time constant 
with gain is so large that convenient compen- 
sating methods are quite difficult to employ. 
[This problem has often led to the use of high- 
gain transistor (reference 1) or vacuum tube 
preamplifiers preceding the magnetic amplifier 
or one or more stages of half-wave amplifiers 
(reference 2), which are considerably more in- 
efficient and are generally lower gain amplifiers. 


This paper describes a simple and conven- 
ient means of employing transistors to shape 
the dynamic response of self-saturating mag- 
netic amplifiers without disturbing the de gain 
or adding additional drift problems. Thereby, 
the range of application of the efficient high- 
gain full-wave magnetic amplifiers is greatly 
extended. It should be mentioned that the 
techniques employed are general and are not 
limited to a given type of magnetic amplifier. 


Operation Gaslight, D. D. Woodbridge and 
R. V. Hembree, Army Ballistic Missile A gency 
—The first recovery of a scaled Army Ballistic 
Missile Agency Jupiter nose cone was accom- 
plished in August, 1957. A recovery fleet sup- 
plied by the Navy was in an excellent position 
to observe the nose cone as it re-entered the 
atmosphere. A member of ABMA’s scientific 
staff was stationed on each ship to observe 
re-entry phenomena and the recovery opera- 
tion. : 

In addition to these visual observations, a 
Navy photographer succeeded in capturing a 
few motion picture frames of the body, heated 
to incandescence, as it plunged through the 
atmosphere. Analyses of the reports of observ- 
ers and the motion picture film indicated the 
practicality of a more extensive radiation meas- 
urement program of future re-entry tests. 

The outstanding success of the August test 
with the Jupiter-C launched, scaled nose cone 
prompted the decision to proceed at once to 
recovery of a full scale Jupiter nose cone. 


A Tracking Comb Filter for the Detection of 
Pulsed Signals in Noise, W. H. Todd, Army 
Rocket and Guided Missile Agency—A filter 
termed a “comb” filter has been utilized to ef- 
fect an improvement in the signal-to-noise ratio 
in the detection of pulsed signals in noise. The 
“comb” filter, whose transfer function resem- 
bles the “teeth” of a comb, reproduced the 
steady state pulse train by passing the energy 
represented by the spectral lines of a repetitive 
pulse while providing zero transmission for 
other frequencies. However, if the received sig- 
nal contains information in the form of phase 
variations, it is necessary that the filter be ac- 
tive or self-tuning. Such a filter, termed a 
tracking comb filter, has been mechanized and 
investigated in the laboratory. 

The heart of the tracking comb filter is the 
phase lock loop which will detect and track a 
relatively weak, narrow-band signal in the 
presence of wide-band noise. The constant am- 
plitude outputs of the active elements are 
weighted and summed to produce the output 
pulse. Noise at the input results in phase jitter 
of the reconstituted pulses. Jitter is investi- 
gated in terms of input signal-to-noise ratios. 


An Experiment for Electron Density Determi- 
nation by a Rocket Method, E. A. Mechtly, 
Ionosphere Res. Lab., Pennsylvania State Uni- 
versity—Ionospheric sounding by the usual 
method of reflecting radio pulses from the iono- 
sphere has revealed the electron density max- 
ima of the D, E, Fi, and F2 regions, their gross 
structures, and their periodic variations. Be- 
cause sounding pulses experience changes over 
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their entire path through the ionosphere and 
not only at specific heights, however, the in- 
formation in reflected echoes reveals integrated 
effects from which only gross ionospheric struc- 
ture can be deduced. 

With the use of rockets, measurements at 
well-defined heights and determination of the 
details of ionospheric structure become possible. 

Seddon and Jackson of the Naval Research 
Laboratory are currently probing the iono- 
sphere with Aerobee rockets. The NRL experi- 
ment is limited, however, by the performance 
characteristics of the Aerobee. 

The weight carrying capacity, stability, and 
altitude of more recently developed rockets 
offer advantages in their use as vehicles for 
ionospheric probes. The Ionosphere Research 
Laboratory is preparing instruments to probe 
the ionosphere. The object of this paper is to 
outline the technical aspects of the proposed 
experiments. 


IONOSPHERIC PROPAGATION 


Review of Radio Propagation Research Pro- 
grams at the M.I.T. Lincoln Laboratory, J. H. 
Chisholm, M.I.T. Lincoln Laboratory—An ex- 
tensive program of radio propagation research 
has been conducted over the past seven years 
by the M.I.T. Lincoln Laboratory with par- 
ticular emphasis on the radio propagation fac- 
tors related to the development of communica- 
tions and radar systems for air defense. These 
propagation programs have been in the follow- 
ing general areas: 1) Studies of the communica- 
tions capacity of tropospheric scattering at 
UHF and SHF over paths ranging from 200 to 
830 miles in length. 2) Studies of the communi- 
cations capacity of ionospheric scattering at 
VHF for both ground point-to-point and air- 
ground applications over ranges 1000 to 2000 
miles. 3) Studies of the influence of auroral 
phenomena at VHF, utilizing radar backscatter 
and lunar reflections. 4) Studies of the reflec- 
tions from meteor trails in the UHF band. 
5) Studies of radio refraction in the earth’s 
atmosphere. The results of these programs are 
discussed in relation to system applications and 
current theoretical models. 


The Frontier of Space—The Ionosphere, A. H. 
Waynick, Pennsylvania State University—A 
summarization of the factors involved in 
ionospheric region formation and the current 
state of knowledge concerning the more impor- 
tant of these is attempted in this paper. The 
parameters considered include: effective solar 
radiations, their penetration into the earth’s 
atmosphere, the neutral atmosphere and elec- 
tron density-height profiles. Brief statements 
are made concerning future research needs in 
this field. 


The Prediction of Meteor Echo Rates, M. L. 
Meeks, Georgia Institute of Technology—The 
meteor-echo rate has been observed to vary 
with the time of day, and this diurnal pattern, 
furthermore, changes slowly from month to 
month, In general the meteor rate is highest 
during the early morning hours and lowest in 
the late afternoon. However, the details of the 
diurnal pattern of rate variation depend on 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


parameters such as the geographical position of 
the meteor-scatter path, the antenna patterns, 
and the season. 

The observed diurnal variations in meteor 
rate for several meteor-scatter paths have been 
predicted satisfactorily by representing the dis- 
tribution of sporadic meteor radiants by means 
of a small number of point radiants. These 
computations, of course, can be made for 
meteor showers as well, and good agreement 
has been found with rate data taken during 
showers. 


Radio Astronomy at Air Force Cambridge Re- 
search Center, J. P. Castelli, AF Cambridge 
Research Center—The radio astronomy section 
of the Propagation Laboratory of AF Cam- 
bridge Research Center has made atmospheric 
absorption, refraction, and scintillation meas- 
urements during the summers of 1956, 1957, 
and 1958 at 3.2 cm, 8.7 mm, 6.4 cm, and 10 
cm using the sun as a signal source. Equip- 
ment used has beenthe “Dicke” type radiometer 
using superhet receiver at X and KA bands, and 
a traveling-wave tube tuned radio frequency 
receiver at C and S bands. A small radar alt- 
azimuth antenna mount, with relatively small 
dishes, and the drift technique for data re- 
cording were used in making the measurements. 


Ionospheric Ray Tracing with Analog Com- 
puter, M. S. Wong, AF Cambridge Research 
Center—The equations of ray paths in the 
ionosphere, as given by Hamiltonian optics, are 
solved by an electronic differential analyzer. 
This computer has input-function devices ca- 
pable of accommodating variations with height 
and horizontal distance of the electron-number 
density, and accommodating the earth’s dipole 
magnetic field. 

Ray patterns are obtained showing the spa- 
tial distribution of rays emitted from a radio 
transmitter, including cases when the rays are 
at arbitrary orientations with respect to the 
earth’s magnetic field. Emphasis is on anoma- 
lous situations, for example those giving rise to 
extremely far reaching rays, and others giving 
rise to diminished ray density in some spatial 
regions. Results on deviations of initial angles 
and angles of arrival of the rays are also given 
by the computer. 

The point of view is taken that the geome- 
try of a system of rays, in a ray pattern, has an 
invariant meaning irrespective of whether the 
medium in which the rays occur is homogene- 
ous or inhomogeneous. Caustics, cusps, and foci 
occurring in the ray patterns under ionospheric 
situations can be established in ray patterns in 
a homogeneous atmosphere with suitable con- 
ductive boundaries. The electromagnetic wave 
equations for this case of homogeneous atmos- 
phere can be solved, and results obtained for 
the radio field intensity near caustics, cusps, and 
foci. These same results can be taken to apply, 
in a wave theoretically consistent way, for the 
corresponding entities occurring in the inhomo- 
geneous, anisotropic ionosphere (where the 
wave equations are beyond solution by analyti- 
cal methods), Also, the ray-tracing results can 
be wave theoretically supplemented where the 
reflection coefficient is under unity. 
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MISSILE RANGE ACTIVITIES 


Management of Navy Technical Programs on a 


Tri-Service Range, R. F. Sellars, AF Missile 
Test Center—This paper is designed to point 
out types of management necessary in support 
of Navy technical programs on a tri-service 
missile range such as the AF Missile Test 
Center. It discusses cases in which conflicting 
administrative and technical management 
problems have been resolved satisfactorily. It 
gives an unclassified review of initial difficulties 
encountered in starting Navy missile programs, 
and how these difficulties were solved on the 
missile test range. Conclusions are drawn as 
to the most effective types of technical manage- 
ment to be followed in working with other 
military services on a joint missile range. 


Telemetry Tomorrow, C. H. Hoeppner, Radia- 
tion Inc.—Recent advances in technology, the 
video-frequency magnetic tape recorder, the 
60-foot automatic tracking antenna, the phase- 
locked discriminator, and solid-state pulse code 
modulation converters have opened new hori- 
zons in telemetry for both aircraft and missile 
testing. The trend of Telemetry Tomorrow 
is to place more sophisticated and extensive 
equipment on the ground and less in the vehi- 
cle. Always, there is the requirement for more 
channels at greater accuracies but this is being 
tempered with the realization that in many 
cases the data channel is not required all of the 
time and that many measurements do not re- 
quire high accuracy. Greater versatility of 
telemetry is becoming apparent and a wider 
variety of equipment is being required. Pulse- 
code modulation telemetry is a reality and 
the choice of standard systems is imminent. A 
discussion of pulse-code modulation telem- 
etry standards is treated in some detail. 


Education and Training of Personnel for Nu- 
clear Industry, J. Weil, University of Florida— 
(Abstract not available.) 


Test Operations at the Atlantic Missile Range. 
P. T. Cooper, AF Missile Test Center—This 
will be an unclassified side presentation of 
missile test activities at the Atlantic Missile 
Range. Information will be given concerning 
the configuration of the test range, including 
the Cape Canaveral launching complex area, 
down range instrumentation stations and picket 
ships, and airborne recording stations. The 
various range instrumentation sites are needed 
for the tracking of test vehicles and acquisition 
of data from them. Instrumentation includes 
radar, telemetry, timing, optical, and CW 
tracking systems. The instrumentation sites 
are connected by elaborate networks -of sub- 
marine cable, radio, and microwave communi- 
cation circuits, In addition, various technical 
problems and features surrounding actual test 
operations will be outlined, as well as opera- 
tional procedures, coordination between the 
various activities, etc. The need for and use of 
special equipment for range safety will be dis- 
cussed. 
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__ Robert E. Collin (M’54) was born in 
Donalda, Alberta, Can., on October 24, 
1928. He received the B.S. degree in engi- 
neering physics from 
the University of 
Saskatchewan, Can., 
in 1951. The follow- 
ing two and a half 
years were spent in 


graduate work at 
Imperial College, 
London, England, 


from which he re- 
ceived the Ph.D. de- 
gree and the Diploma 
of Imperial College. 
Upon returning to 
Canada, he worked for four years at the 
Canadian Armament Research and De- 
velopment Establishment. In February, 
1958, Dr. Collin joined the professorial 
staff of the Electrical Engineering Depart- 
ment at Case Institute of Technology. 
He is a member of Sigma Xi. 


R. E. CoLiin 
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A. A. De Carvalho Fernandes (M’47) 
was born on October 11, 1920, in Reigada, 
Portugal. He graduated from the school of 
electrical engineering 
at the Technical Uni- 
versity of Lisbon, in 
1943, and remained 
there as an instructor 
in electrical engineer- 
ing. He became “pro- 
fessor catedratico” of 
applied electronics in 
July, 1956. He 
has simultaneously 
worked on the tech- 
nical staff of Stand- 
ard Eléctrica, an as- 
sociated company of ITT. He became chief 
engineer in September, 1949, technical direc- 
tor in September, 1954, and managing 
director in May, 1957. 

Mr. Fernandes has published several 
papers on transmission lines and antennas, 
and a book on rhombic antenna arrays. 


A. FERNANDES 


Peter Foldes (M’58) was born in Buda- 
pest, Hungary, on April 8, 1928. He received 
the B.S. degree in electrical engineering from 
the Technical Uni- 
versity of Budapest 
in 1950. From 1950 
to 1956 he was a re- 
search engineer at 
the Hungarian Tele- 
communication Re- 
search Institute and 
from 1953-1956, on 
a part-time basis, was 
also a lecturer on an- 
tennas at the Techni- 
P. FoLpEs cal University. of 
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Budapest. In 1957 he joined RCA Victor 
Co., Ltd., Montreal, Can. His work has been 
mostly in the field of antenna, propagation, 
and system engineering studies. 

Mr. Foldes is a member of the American 
Institute of Electrical Engineers. 
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J. R. Johler (A’47-M’55-SM’55) was 
born in Scranton, Pa., February 23, 1919. 
He received the B.A. degree from American 
University, Washing- 
ton, D. C., in 1941, 
and the B.S. degree 
in engineering from 
George Washington 
University, Washing- 
ton, D. C., in 1950, 
with major study in 
physics and electrical 
engineering. He also 
attended the Gradu- 
ate School of the Na- 
tional Bureau of 
Standards and the 
University of Colorado in Boulder. 

From 1942 to 1946 he was associated 
with the Ballistic Research Laboratory of 
the Aberdeen Proving Ground, Aberdeen, 
Md., and was primarily concerned with the 
computational and engineering details of 
exterior ballistics. From 1944 to 1946 he was 
on military leave on active duty in the U. S. 
Navy, during which time he attended the 
Radio Materiel School of the Naval Re- 
search Laboratory in Washington, D. C. 

In 1946 he was employed by the National 
Bureau of Standards, first in Washington, 
D. C., and later at Boulder, Colo., as physi- 
cist, radio engineer, electronic engineer, and 
supervisory electronic scientist in the field of 
radio wave propagation. He was concerned 
with instrumentation and measurement of 
radio noise of natural origin, especially in the 
VHF band, and radio astronomy and the 
measurement of cosmic radio noise, having 
been in large measure responsible for the de- 
sign and development of certain specialized 
equipment for the measurement of atmos- 
pheric radio noise. Since 1953 he has been 
primarily concerned with radio navigation 
systems evaluation, low and very-low fre- 
quency radio wave propagation, and sferics. 
He was responsible from 1953 to 1955 for the 
theoretical prediction of the performance of 
certain pulse-type radio navigation systems. 

Mr. Johler is now a project leader in the 
radio navigation systems section of the Cen- 
tral Radio Propagation Laboratory, Radio 
Propagation Engineering Division, Boulder, 
Colo., and is responsible for the solution of 
various theoretical problems which develop 
as a result of low and very-low frequency 
systems evaluation studies. 


J. R. JoHLER 
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Alan F, Kay (M’55) was born in Newark, 
N. J., in 1925. He received the B.S. degree 
from the Massachusetts Institute of Tech- 


nology in 1948, and the Ph.D. degree from 
Harvard University in 1951, both in mathe- 
matics. Since then he has worked on micro- 
Wave and antenna 
problems. In 1957 he 
was appointed secre- 
tary to the corpora- 
tion of Technical Re- 
search Group, where 
he has been em- 
ployed for the last 
five years. He as- 
sisted in the founding 
of the microwave and 
antenna laboratory 
at TRG which was 
recently relocated in 


A. F, Kay 


Somerville, Mass. 
Dr. Kay isa member of SIAM and AMS. 
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Irvin W. Kay was born on April 19, 1924, 
in Savannah, Ga. He received the B.A. de- 
gree in 1948, the M.S. degree in 1949, and 

the Ph.D. degree in 
— 1953, from New York 


University, New 
York, N. Y. 
He taught mathe- 


matics and physics in 
the Bell Laboratories 
training program; 
undergraduate math- 
ematics at New York 
University, and. 
mathematics in’ the 
graduate division of 
Adelphi College, Gar- 
den City, Long Island, N. Y. 

Since 1953, Mr. Kay has held the po- 
sition of research associate at the Electro- 
magnetic Division of the Institute of Mathe- 
matical Sciences, New York University, and 
in addition, in September, 1958, became an 
assistant professor of mathematics at the 
University. 


I. W. Kay 


Ronold King was born in Williams- 
town, Mass., in 1905. He received the A.B. 
degree in 1927, and the S.M. degree in 1929 
from the University 
of Rochester, Roch- 
ester, N. Y., where 
he majored in phys- 
ics. He was awarded 
the Ph.D. degree by 
the University of 
Wisconsin, Madison, 
in 1932 after having 
done graduate work 
at the University of 
Munich, Germany, 
and Cornell Uni- 
versity, Ithaca, N. Y. 
He served as teaching and _ research 
assistant at the University of Wisconsin in 


R. KING 
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1932-1934 and as instructor and assistant 
professor of physics at Lafayette College, 
Easton, Pa., in 1934-1937. The year 1937- 
1938 was spent in Germany as a Guggenheim 
Fellow. In 1938 he joined the faculty of Har- 
vard University, Cambridge, Mass., where 
he advanced to the rank of professor in 1946. 
He is now Gordon McKay Professor of ap- 
plied physics at Harvard University. In 1958 
he studied and traveled abroad as Guggen- 


heim Fellow. 


Dr. King is the author of “Electromag- 


netic 


Engineering,” 


“Transmission-Line 


Theory,” and “Theory of Linear Antennas.” 
He is coauthor of “Transmission Lines, An- 
tennas, and Wave Guides.” His research has 
been primarily in the field of antennas, 
transmission lines, and microwave circuits. 

He is a Fellow of the American Physical 
Society and the American Academy of Arts 
and Sciences, and a member of the Ameri- 
can Association of University Professors and 
the American Association for the Advance- 
ment of Science. He is a member of Phi Beta 


Kappa and Sigma Xi. 


Shiu-Chang Loh (M’58) was born on 
September 3, 1932, in Shanghai, China. He 
received the B.S. and Ph.D. degrees in elec- 


trical engineering, 
from the University 
of Leeds, England, 
in 1955 and 1957, re- 
spectively. 

In 1957, Dr. Loh 
was awarded a fel- 
lowship by the Na- 
tional Research Coun- 
cil of Canada and is 
now employed in re- 
search studies in their 
Microwave Labora- 
tories in Ottawa. 


Hans J. Schmitt (A’58) was born in 
Dortmund, Germany, on August 3, 1930. 
He received the degree of Dipl. Phys. from 


H. J. Scumirr 


the University of 
Goettingen, Ger- 
many, in 1954. This 
was followed by re- 
search work in mi- 
crowave techniques, 
for which he received 
the Dr.rer.nat. de- 
gree in 1955. After 
one year as research 
assistant at the Uni- 
versity of Goettin- 
gen, where he carried 
out research in di- 


electric materials, he became associated with 
Harvard University, Cambridge, Mass., as 
research fellow, working on scattering prob- 
lems and antenna theory. 

Dr. Schmitt is a member of Sigma Xi, 


Harold Staras (M’50-SM’53) was born 
in New York, N. Y., on December 24, 1922. 
He received the B.S. degree in physics from 
the College of the 
City of New York in 
January, 1944, and 
then joined the staff 
of the National Ad- 
visory Committee for 
Aeronautics at Lang- 
ley Field, Va., as a 
junior physicist. In 
1945, he entered ac- 
tive military duty 
with the Air Corps, 
his major assignment 
being that of a coun- 
ter-intelligence officer in Germany. He re- 
turned to full-time graduate study at N.Y.U. 
in 1947, and obtained the M.S. degree in 
physics in 1948. 

From 1948 to 1954, he was on the staff of 
the National Bureau of Standards where he 
was engaged in the study and analysis of the 
vagaries of tropospheric propagation phe- 
nomena. During this time he continued with 
his graduate studies in physics on a part- 
time basis, receiving his Ph.D. degree from 
the University of Maryland in 1955. 

In 1954, Dr. Staras joined the Advanced 
Development Section of RCA, Camden, 
N. J., where his efforts were directed to the 
study, analysis, and system design of scatter 
circuits in many parts of the world. He was 
also involved in the analysis of tracking 
radar performance in the presence of scintil- 
lating targets and ground clutter. In July, 
1956, he transferred to the RCA Research 
Laboratories in Princeton, N. J., where, in 
addition to continuing research in propaga- 
tion phenomena, directed mostly to space 
communication problems, he is also engaged 
in information theory considerations of opti- 
mum modulation techniques for various ap- 
plications, e.g., bandwidth compression and 
minimizing required signal-to-noise ratios. 

Dr. Staras is a member of the IRE Wave 
Propagation Committee, the American 
Physical Society, Sigma Xi, the U. S. Na- 
tional Committee of URSI Commission II, 
and Study Group V of the U. S. Preparatory 
Committee of CCIR. He is also a lecturer 
in mathematics and physics at LaSalle Col- 
lege, Philadelphia, Pa. 
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Lillie C. Walters (SM’57) was born No- 
vember 18, 1911, in Butte, Mont. She re- 
ceived the B.A. and M.A, degrees in mathe- 
matics in 1933 and 
1948, respectively, 
from the University 
of Colorado, Boulder, 
Colo. She was an in- 
structor in applied 
mathematics at the 
University of Colo- 
rado from 1945 to 
1953. Prior to this 
she taught mathe- 
matics at the Uni- 
versity of Wyoming 


L. C. WALTERS 


in Laramie, the Junior College of Northeast 
Colorado in Sterling, and the Junior College 
of Southeast Colorado in Lamar. 

Since 1953, Mrs. Walters has been em- 
ployed as mathematician at the National 
Bureau of Standards, Central Radio Propa- 
gation Laboratories, Boulder, Colo. 
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A. D. Wheelon (M’56-SM’58) was born in 
Moline, Ill., on January 18, 1929. He re- 
ceived the B.S. degree in engineering science 
from Stanford Uni- 
versity, Stanford, 
Calif., in 1949. Until 
1952, when he re- 
ceived the Ph.D. de- 
gree in physics, he 
was a teaching fellow 
in the Physics De- 
partment of M.I.T., 
Cambridge, Mass., 
as well as a research 
assistant in the Re- 
search Laboratory of 
Electronics. 

He is now a senior member of the techni- 
cal staff of Space Technology Laboratories 
Inc., where he is manager of the applied 
physics department. He is working on ballis- 
tic missiles, space vehicles, and radiowave 
propagation. His research has been directed 
to tropospheric and ionospheric scatter 
propagation and the associated problems of 
turbulence theory, line-of-sight phase and 
amplitude instabilities, applied mathemat- 
ics, and orbital analysis for earth satellites. 

Dr. Wheelon is a consultant to the direc- 
tor of the National Bureau of Standards 
Boulder Laboratories, and a lecturer in the 
Engineering Department of the University 
of California at Los Angeles. 

He isa member of the American Physical 
Society, URSI Commission II, and Sigma Xi. 
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James Y. Wong (S’46—A’53—M’56-SM’58) 
was born in Elm Creek, Manitoba, Can., on 
November 21, 1926. He received the B.S. 

degree in electrical 
engineering from the 
University of Mani- 
toba in 1948 and the 
M.S. and Ph.D. de- 
grees in electrical en- 
gineering from the 
University of Illinois, 


Urbana, in 1949 
and 1952, respec- 
tively. 


From 1950 to 1952 
J. ¥Y. Wone Dr. Wong was a re- 
search assistant in 
the University of Illinois Antenna Labora- 
tory, where he was engaged in aircraft an- 
tenna research. Since 1952 he has been a re- 
research scientist in the Antenna Group of 
the Microwave Section, National Research 
Council, Ottawa, Can. 

Dr. Wong is a member of Eta Kappa Nu, 
and Sigma Xi, 
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® Complete description in McGraw-Hill Radiation 
W Laboratory Series, Volume I, page 284 and page 
ashington 7, D. oO 209, and Volume 26, page 333." : 


We have a complete, as new, SCR-584 Radar Sys- 
tem in stock for immediate delivery. Call us for 


Telephone: details. P. J. Plishner 


L wave circuitry, 
_ and other fields. 
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Federal 3-4800 RADIO RESEARCH iGceN73 


NEW YORK 


INSTRUMENT CO. Bee 


6-4691 


AVAILABLE BACK ISSUES OF IRE TRANSACTIONS 
1 ON ANTENNAS AND PROPAGATION 


Publication Prices 
Group IRE Non- 
Members Members Members* 

AP-1, No. 1, July, 1953 $1.20 $1.80 $3.60 
AP-1, No. 2, October, 1953 $1.20 $1.80 $3.60 
AP-2, No. 1, January, 1954 $1.35 $2.00 $4.05 
AP-2, No. 2, April, 1954 $2.00 $3.00 $6.00 
AP-2, No. 3, July, 1954 $1.50 $2.25 $4.50 
AP-3, No. 4, October, 1954 $1.50 $2.25 $4.50 
AP-3, No. 1, January, 1955 $1.60 $2.40 $4.80 
AP-3, No. 2, April, 1955 $1.60 $2.40 $4.80 : 
AP-4, No. 4, October, 1956 $2.10 $3715 $6.30 the West s | 
AP-5, No. 1, January, 1957 $3.20 $4.80 $9.60 
AP-5, No. 2, April, 1957 $1.75 $2.60 $5.25 
AP-5, No. 3, July, 1957 $2.00 $3.00 $6.00 
AP-5, No. 4, October, 1957 $1.70 Ra 5 $5.10 co. ee 
AP-6, No. 1, January, 1958 $3.85 $5.80 ee | REseARcH a beveL 
AP-6, No. 2, April, 1958 $1.15 $1.75 $3.45 8 fe 2 
AP-6, No. 3, July, 1958 $2.40 $3.60 $7.20 L =F ABCRATOR 
AP-6, No. 4, October, 1958 $1.50 $2.25 $4.50 


* Colleges, Universities, Subscription Agencies, and all Libraries, may 
purchase at IRE Member rate. 
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PLEB IN Stacks INSTITUTIONAL LISTINGS 


The IRE Professional Group on Antennas and Propagation is grateful for 
the assistance given by the firms listed below, and invites application for 
Institutional Listing from other firms interested in the field of Antennas and 
Propagation. 


ANDREW CORPORATION, 363 E. 75th St., Chicago 19, Ill. 
Antennas, Antenna Systems, Transmission Lines, Development and Production. 


ANTLAB, INC., 6330 Proprietors Rd., Worthington, Ohio 
Antenna Pattern Range Systems—Recorders & Mounts. 
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BLAINE ELECTRONETICS, INC., 14757 Keswick St., Van Nuys, Calif. 
Antennas, Paraboloids, Scale Models, Antenna Radiation Pattern Measurement Towers. 


COMMUNICATION PRODUCTS COMPANY, INC., Marlboro, N. J. 
Fixed Station and Vehicular Antennas and Associated Cable Systems 
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. b| 
DEVELOPMENTAL ENGINEERING CORP., 1001 Conn. Ave. N.W., Washington, D. C. and Leesburg, Va. 
Research, Development, Installation of Antennas and Antenna Equipment for Super Power Stations. 5 


DORNE AND MARGOLIN, INC., 29 New York Ave., Westbury, L. I., N. Y. 
Research, Development, and Manufacture of Airborne Antennas and Systems 


THE GABRIEL LABORATORIES, Div. of the Gabriel Co., 135 Crescent Road, Needham Heights 94, Mass. 
Research and Development of Antenna Equipment for Government and Industry. 


HUGHES AIRCRAFT COMPANY, Culver City, Calif. 
Research, Development, Mfr.: Radar, Missiles, Antennas, Radomes, Tubes, Solid State Physics, Computers. s 


I-T-E CIRCUIT BREAKER CO., Special Products Div., 601 E. Erie Ave., Philadelphia 34, Pa. 
Design, Development and Manufacture of Antennas, and Related Equipment. 


JANSKY & BAILEY, INC., 1339 Wisconsin Ave. N.W., Washington 7, D.C. 
Radio & Electronic Engineering; Antenna Research & Propagation Measurements; Systems Design & Evaluation. 


MARK PRODUCTS CO., 6412 W. Lincoln Ave., Morton Grove, III. 
Multi Element Grid Parabolas, Antennas for Two-Way Communications, R & D. 


THE RAMO-WOOLDRIDGE CORPORATION, Los Angeles 45, Calif. 


TRANSCO PRODUCTs, INC., 


12210 Nebraska Ave., Los Angeles 25, Calif. 
Res., Design, Dev., & Mfr. of Antenna Systems 


& Components for Missile, Aircraft & Ground Installations. 


WHEELER LABORATORIES, ING; 


122 Cutter Mill Road, Great Neck, N. Y. 
Consulting Services, Research and Development, 


Microwave Antennas and Waveguide Components. 


WIND TURBINE COMPANY, West Chester, Pa. 
Complete Antenna Systems and Towers 


The charge for an Institutional Listing is $25.00 per issue or $75.00 for four 
consecutive issues. Application may be made to the Technical Secretary, 3 
The Institute of Radio Engineers, 1 East 79th Street, New York 21, N.Y. 
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